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Abstract

Bayesian nonparametric techniques rely on suitable construction of random probability
measures. The canonical example is without doubt the Dirichlet process, however in some
situations different models are more suitable or preferred. Whereas most available alternatives
to the Dirichlet process tend to generalized it in order to overcome certain prediction or fitting
drawbacks, some of these issues might be rather solved with simpler models. Here we will
review one of these simpler nonparametric priors, which can be seen as generated through a
set of ordered weights within a species sampling model representation. We discuss various
aspects of these random distributions as well as some of their applications in nonparametric
mixtures, covariate or time dependent settings.

Keywords: Dirichlet process; Geometric distribution; Gibbs sampler; Measure-valued process;
Nonparametric mixture model; Nonparametric regression; Random partitions.

1. Introduction. The chapter by [Walker (2011)] stresses the importance of having a de-
pendent sample so that learning, about the distribution that generates the observations, can
take place. It was also noted that if one assumes that the nature of the phenomenon under
study generates independent and identically distributed (i.i.d.) observations, hence the de-
pendence in the sample needed for Bayesian learning reduces to exchangeability. Whether
one shares the notion of a correct model or prefers to think of the Bayesian approach to
inference as implied by assuming exchangeability among the observations, the role of such a
dependence property is apparent.

From de Finetti’s representation theorem we see that a set of random variables (Xi)i≥1
defined on some probability space (Ω,F ,P) and taking values in a complete separable metric
space X, endowed with the Borel σ-field X , is exchangeable if and only if for any n ≥ 1

P(X1 ∈ A1, . . . , Xn ∈ An) =

∫
PX

n∏
i=1

P(Ai) Q(dP), Ai ∈ X (1)

where PX denotes the set of probability measures on (X,X ). An interpretation immediately
follows from the above representation, namely the unknown, say P, that allows to desegregate
the join law of (X1, X2, . . . ) into conditional independent and identical measures, is random
and uniquely driven by Q. Therefore it is evident its relation to Bayesian statistics and thus
the importance of specifying such a distribution Q for a random probability measure (r.p.m.),
P.

Currently there are various approaches to define r.p.m.s, namely via extensions of fi-
nite dimensional distributions (Ferguson, 1973; Lijoi et al., 2005); suitable normalization of
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stochastic processes (Ferguson, 1973; Regazzini et al., 2003); representations through predic-
tive distributions and species sampling models (Pitman, 1996); stick-breaking constructions
(Sethuraman and Tiwari, 1982; Sethuraman, 1994; Ishwaran and James, 2001), etc. Up to
date reviews of these approaches and their applications can be found in Walker et al. (1999)
and Hjort et al. (2010). Each of these constructions provide different strengths either from an
analytical perspective, from an numerical perspective or when used in particular applications
or for extensions to non-exchangeable contexts. Without doubt the canonical example is Fer-
guson (1973) Dirichlet process, whose different constructions have in part served as gateway
for the above extensions, aside from still being the main r.p.m. used in applications. Remem-
ber that for a partition (B1, . . . , Bk) of X and a finite measure α > 0 on (X,X ), Ferguson
(1973) defined the Dirichlet process (Dα) as the stochastic process having finite dimensional
distributions (P(B1), . . . ,P(Bk)) ∼ Dir(α(B1), . . . , α(Bk)), where Dir(a1, . . . , ak) denotes the
Dirichlet distribution over the (k − 1)-dimensional simplex.

Although tractable generalizations, such as the two parameter Dirichlet process (Pitman,
1995), have sometimes proven to be more adequate, the dominance of the Dirichlet process
still prevails in the applied community. This is perhaps due to its mathematical and com-
putational tractability which in part are due to its Blackwell and MacQueen (1973) Pólya
urn representation which establishes that the DθP0 can be seen as the limit of predictive
distributions

P(Xn+1 ∈ · | X1, . . . , Xn) =
θ

θ + n
P0(·) +

n

θ + n
Pn(·), n ≥ 1 (2)

with X1 ∼ P0, P0(·) := α(·)/θ, θ := α(X) and Pn(·) := n−1
∑n

i=1 δXi(·). Generalizations of
the above urn representation of predictive distribution typically involve complicated weights
which in turn are cumbersome to incorporate in MCMC algorithms (see for instance Lijoi
et al., 2005, 2007b). Indeed, most constructive approaches of r.p.m.s seek to generalize
the Dirichlet process, resulting in richer r.p.m.s but at the same time posing additional
complications when applying or studying such objects.

Here we will undertake a somehow different rationale, namely instead of searching for
another construction to generalize the Dirichlet process we look for a somehow simpler r.p.m.
that in turn simplifies some of its applications to non exchangeable situations via the con-
struction of dependent processes. Before bringing out the main idea let us first review some
well-know facts about the Dirichlet process and some other nonparametric priors.

1.1. Disentangling the total mass parameter of the Dirichlet process. A general
approach to construct discrete r.p.m.s can be derived from the simple definition of a purely
discrete measure on (X,X ), that is

P(B) =

∞∑
i=1

wi δZi
(B), B ∈ X (3)

but with the difference that in this case the weights wi and locations Zi are random, that

is
∑

i wi = 1 a.s., and independent of Zi
iid∼ P0, with P0 a non-atomic measure on (X,X ).

Such general class of models are termed proper species sampling models (see Pitman, 1996).
It easily follows that E[P] = P0, thus calling such a term the prior guess at the shape of P,
which clearly turns into an important component when applying and studying (3).

In particular Sethuraman (1994) (see also Sethuraman and Tiwari, 1982) proved that if
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the weights are given in the following stick-breaking form

w1 = v1 and wi = vi

i−1∏
j=1

(1− vj) (4)

with vi
iid∼ Be(1, θ), θ > 0, hence the Dirichlet process is recovered, i.e. P ∼ DθP0 . The two

parameter Poisson-Dirichlet proceses (PD(σ, θ)) follows from picking vi
ind∼ Be(1− σ, θ + iσ)

with θ > −σ and σ ∈ [0, 1) (cf. Ishwaran and James, 2001).
An appealing feature of the Dirichlet process, and other r.p.m.s constructed as in (3), is

its almost surely discreteness (see Blackwell, 1973), which also follows intuitively from the
Pólya urn form of (2) where a positive probability is assigned to ties, i.e. P[Xi = Xj ] > 0
for any i 6= j. This implies that X(n) := (X1, . . . , Xn) contains Kn ≤ n distinct observations
(X∗1 , . . . , X

∗
Kn

) with corresponding frequencies NKn = (N1, . . . ,NKn) such that
∑Kn

j=1 Nj = n.
Hence selecting an exchangeable sample of size n driven by Dθ P0 induces a partition into
groups {G1, . . . ,GKn}, Gj := {i : Xi = X∗j }, j = 1, . . . ,Kn each with probability

P[{Kn = k} ∩ {N1 = n1, . . . ,NKn = nk}] =
θk

(θ)n

k∏
i=1

(ni − 1)! (5)

where nj = #Gj and (θ)n := θ(θ+1) · · · (θ+n−1). Notice that Kn and NKn are sufficient for
the grouping probabilities, namely they depend only on the clustering structure among the
Xi’s and not their actual values, e.g. if n = 4 and k = 2, the groups {{X1, X2, X3}, {X4}} and
{{X1, X2, X4}, {X3}} receive (a priori) the same grouping probability as both are encoded
by the same integer composition of 4, (n1, n2) = (3, 1). In fact, the support of the above
grouping probabilities is in bijection with the set of partitions of a set with n elements,
[n] = {1, . . . , n}, here denoted by P[n], and whose cardinality is identified with the nth Bell
number, Bn. In particular, such a number can be obtained through the recursion Bn+1 =∑n

k=0

(
n
k

)
Bk, with B1 = B0 = 1. Due to the clear symmetry in the right hand side of

(5) these probabilities, hereafter denoted by Π
(n)
k (n1, . . . , nk), can be typically encoded to

be in bijection with smaller combinatorial structures, such as the space of compositions, or
the space to integer partitions. These kind of distributions are known in the literature as
exchangeable partition probability functions (EPPFs) and are widely used to study random
partitions in areas such as population genetics (Ewens, 1972), combinatorics (Hansen, 1994),
Economics (Aoki, 2004) and excursion theory (Pitman, 1996) among many others (see also
Ewens and Tavarè, 1997). Within Bayesian nonparametric inference they can be applied to
depict the clustering structure among observations in hierarchical mixture models (see Lo,
1984) or to give robust solutions to species sampling problems (see Lijoi et al., 2007a).

Summing expression (5) over all integer compositions corresponding to set partitions for
a fixed k one obtains the prior probability on the number of distinct values

P[Kn = k] =
θk

(θ)n
|s(n, k)|, k = 1, . . . , n (6)

where s(n, k) identifies the Stirling number of the first kind. Figure 1 shows the above
probabilities for n = 50 and various choices of θ. Clearly the parameter θ is quite informative
on the a priori number of groups.
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Figure 1: Prior probability on the number of different species corresponding to a sample of
size 50 driven by DθP0 as θ varies.

Remark 1. The total mass parameter θ corresponding to a Dirichlet process is highly infor-
mative on the a priori number of groups.

One of the most popular applications of the Dirichlet process, and also other discrete
r.p.m’s, is when used as building block in hierarchical mixture models. Indeed following Lo
(1984), a random density could be constructed as

Yi | Xi
ind∼ f(Yi | Xi) (7)

Xi | P
iid∼ P

P ∼ Q

where f(· | X) is typically a Lebesgue probability density and therefore used to model data
of a continuous nature. Notice that if f(· | X) = δX(·) then we recover the no-mixture
case. This means that we can model a set of Y-valued observables (Yi)i≥1, also defined on
(Ω,F ,P), though the random density

f(y) =

∫
X
f(y | x) P(dx)

namely the discrete r.p.m., P, incorporates its clustering structure at the level or latent
variables Xi’s. In particular, when Q = DθP0 , Escobar (1988, 1994) and Escobar and West
(1995) used this model, together with its representation (2), to propose one of the first
Bayesian nonparametric MCMC implementations that in turn aid to promote the use of
Bayesian nonparametric techniques and the Dirichlet process (see also Lenk, 1988; Berry and
Christensen, 1979, for other earlier numerical approaches in Bayesian nonparametrics) .
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Using representation (3) of a discrete r.p.m. the above model can be written as

f(y) =

∫
X
f(y | x) P(dx) =

∞∑
i=1

wi f(y | Zi) (8)

with Zi
iid∼ P0, namely an infinite mixture model. This clearly establishes a connection with

the theory of finite mixture models typically used in model-based clustering (see Banfield and
Raftery, 1993) and density estimation problems. In fact, if we are interested in the clustering
among the observables Yi’s, it seems natural to think it as being induced by a clustering at
the latent level of the Xi’s. In particular, if we denote by pn ∈ P[n] a particular partition

of X(n), and thus of Y(n), where each Yi is iid from the random density (8), hence we can
compute (cf. Lijoi and Prünster, 2010) the posterior probability

P(pn | Y(n)) ∝ P(pn)P(Y(n) | pn) (9)

where
P(pn) = Π

(n)
k (n1, . . . , nk)

is the corresponding EPPF to P, e.g. expression (5) when P ∼ DθP0 , and

P(Y(n) | pn) =

k∏
j=1

∫
X

∏
i∈Gj

f(yi | xj)P0(dxj), (10)

sometimes termed the clustering likelihood of Y(n) for a given partition {G1, . . . ,Gk}. Al-
though computing (9) can be simplified for specific choices of f and P0, its direct evaluation
throughout all its support, namely the subset Pk[n] ⊂ P[n] of partitions of size k, is computa-
tionally unfeasible when n is large as a Stirling number of the second type, Sn,k, of evaluations
would be needed. Unlike the EPPF, the posterior distribution (9) is not longer exchangeable
due to the effect of the kernel f in the observations Yi’s when evaluated in a particular group
partition. Clearly, the problem becomes larger when we are also interested in the number of
groups as we would need to compute

P[Kn = k] ∝
∑

pn∈Pk
[n]

Π
(n)
k (n1, . . . , nk)

k∏
j=1

∫
X

∏
i∈Gj

f(yi | xj)P0(dxj) (11)

for k = 1, . . . , n. Therefore resorting to MCMC or other kind of numeric methods is impera-
tive for real applications. At the outset, building P[n]-valued Markov chains does not appear
to be an easy task, luckily this is implicitly done with most MCMC methods based on Pólya
urn schemes (cf. Escobar and West, 1995) as track of the k and frequencies (n1, . . . , nk) can
easily be recorded iteration-wise. See also Lau and Green (2007) and the references therein
for other approaches.

An important observation here is that when inferring about the clustering structure of
Y(n) using quantities such as (9) and (11) the interpretation is different to that typically
obtained in analyses based on finite mixture models (cf. Richardson and Green, 1997), as
under this latter approach the number of clusters is explicitly identified by the number of
components in the mixture. Having said this, we could still say that the former approach,
based on the posterior probabilities on partitions, is also “ model based ” as it also depends
on the choice of f , P0 and particular model for r.p.m.
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Example 1. For computationally feasibility let us assume we observe the following small
data set y = (−1.522,−1.292,−0.856,−0.104, 2.388, 3.080, 3.313, 3.415, 3.922, 4.194), namely
n = 10 with a B10 = 115975 possible groups. Assuming the hierarchical model (7), with
Q = DθP0 ,

f(· | µ, ξ) = N(· | µ, ξ−1) and P0(dµ, dξ) = N(µ | 0, (τ ξ)−1)Ga(ξ | α, β)dµ dξ, (12)

for τ, α, β > 0, the intra partition likelihood (10) becomes

k∏
j=1

{
τ

nj + τ

} 1
2 βα Γ(α+

nj

2 )

(2π)
nj
2 Γ(α)

[
β +

Sj

2

]α+nj
2

where Sj =
∑

i∈Gj y
2
i − nj ȳ2j /(nj + τ) and ȳj = n−1j

∑
i∈Gj yi. Hence by direct evaluation

across the 115975 possible partitions we can compute the posterior probabilities (9) and
(11). Figure 2 shows an histogram of the data from where it is evident that two groups is
the most intuitive choice. In particular, if we set τ = 0.1 and α = β = 1, we obtain the
values in Table 1, from where it is clear that the choice of total mass parameter θ influences
the posterior clustering probabilities. Indeed, when θ = 0.5 or θ = 1, the posterior mode
of (9) sits on the most intuitive partition, say p = {{y1, y2, y3, y4}, {y5, y6, y7, y8, y9, y10}},
with probabilities 0.522 and 0.332 respectively whereas when θ = 5 the posterior mode is on
p∗ := {{y1}, {y2}, {y3}, {y4}, {y5, y6, y7, y8, y9, y10}} with probability 0.0204. To some extent,
these observations could have been predicted since the prior expectation of Kn is given by

E[Kn] =
n∑
i=1

θ

θ + i− 1

which for θ = 0.5, θ = 1 and θ = 5 one it yields 2.13, 2.93 and 5.84 respectively, thus slightly
coinciding with the posterior results of Table 1. Clearly the effect of the prior could be
diminished as the simple size n increases.

Remark 2. The total mass parameter θ corresponding to a Dirichlet process strongly influ-
ences the posterior inference on the number of groups in a Bayesian non parametric mixture
model.

The remark that the choice of θ, in Dirichlet processes applications, strongly influences
the prior and posterior results is not new, indeed in order to attain consistent results, e.g.
within MCMC implementations based on Pólya urn schemes, one typically needs to assign a
prior to θ and then incorporate it within the learning process of the sampler as noticed by
Escobar and West (1995). Although such an effect of an informative prior can be attenuated
with other choices of r.p.m.s such as the two parameter Poisson-Dirichlet or normalized
generalized gamma processes (cf. Lijoi et al., 2007b), a similar effect still remains present for
their corresponding parameters.

In fact such a total mass parameter takes different interpretations in the literature, e.g.
the scale parameter of the DθP0 , namely it regulates the concentration mass around the
prior mean at the shape P0, it can be thought as the prior sample size (cf. Sethuraman
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Figure 2: Histogram for the small data set.

k θ = 0.5 θ = 1 θ = 5

1 0.019469 0.00619 0.000071
2 0.591630 0.37634 0.021504
3 0.312288 0.39729 0.113509
4 0.067986 0.17298 0.247113
5 0.008033 0.04088 0.291972
6 0.000568 0.00578 0.206592
7 0.000025 0.00051 0.090763
8 6.74 E−7 0.00003 0.024486
9 1.03 E−8 8.38 E−7 0.003740
10+ 6.85 E−11 1.12 E−8 0.000249

Table 1: Exact posterior probabilities (11) for the number of groups Kn corresponding to the
small data set and different choices of θ. In bold face the modal probabilities.
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and Tiwari, 1982), it can also be used to match some moments of linear functionals of the
Dirichlet process (cf. Walker and Mallick, 1997). Furthermore it arises in other areas such
as populations genetics, where it takes the role of the mutation rate in a Wright-Fisher-type
population model (cf. Ewens, 1972).

Remark 3. In practical implementations based on the Dirichlet process, the total mass
parameter θ needs to be incorporated in the learning process.

A relevant remark is at hand: some numerical techniques to estimate Bayesian non-
parametric mixture models, based on Dirichlet processes and on other more general stick-
breaking r.p.m.s, are based on truncations of the infinite series representation (3), namely

PT (·) =

T∑
i=1

wi δZi
(·) (13)

for T <∞, and thus rely on a L1 error bound to determine the value of the truncation point
T (see Theorem 2 in Ishwaran and James, 2001). The problem is typically that stick-breaking
weights are not necessarily ordered and therefore such a bound is dependent on the parameters
corresponding to the weights. Notice that when weights are ordered we could simply take
maximum possible weight to set a unique error bound. This consideration, together with our
previous remarks about θ, imply that we would also need to incorporate T in the MCMC
analysis, which is certainly neither commonly done nor an easy task. For instance, if we
denote by L(Y) the marginal density of Y under the mixture model (7) with Q = DθP0 and
LT (Y) the one corresponding to the above truncation, hence Ishwaran and James (2001) show
that ||L(Y)−LT (Y)|| ≈ 4n exp{−(T − 1)/θ}. This means that if we have n = 50 data and a
big number of distinct values k, i.e. big θ, then we would need a relatively large truncation
point. Of course we could potentially use a deliberately huge value for T , however, this is
not always possible. Mostly when DθP0 is instrumental for other more complex models such
as those found in some dependent Dirichlet processes applications.

Remark 4. Unordered random weights in species sampling models might result in trunca-
tions methods highly dependent on their parameters.

So we have underlined some issues of the Dirichlet process that in part are mainly result of
the randomness of its weights, and so clearly reflected on its only parameter θ. The objective
of this work is then to present a somehow easier r.p.m. that to some extent overcome such
issues. In Section 2 we present the geometric weights prior as one of such simpler models, some
estimation aspects and an intuitive derivation through a more general class of r.p.m.s are also
presented. Being a simpler object it also makes it appealing to extensions to non-exchangeable
contexts, in Section 3 some applications to construct dependent nonparametric processes are
presented. In particular its application to build models for Bayesian nonparametric regression
and to construct probability measure-valued diffusion processes is explored. Some examples
illustrating the proposed models are also presented. Some concluding remarks are deferred
to Section 4.

2. Geometric weights priors. A simple inspection to representation (3) of a discrete ran-
dom probability measure tell us that there are two main sources of randomness, namely the
weights and the locations. From the observations in the above discussion we learned that we
need to put a prior on the parameters of the weights, particularly on the total mass param-
eter corresponding to the Dirichlet process. In part, this can be thought as originated for

8



an excess of randomness on the corresponding weights. In fact, as noticed in the chapter by
[Walker (2011)], the lack of order in the Dirichlet process weights, induces a non identifiability
problem. In other words, the fact that the stick-breaking weights are not deterministically
ordered provokes that mass in a particular location B ∈ X , i.e. P(B), can be attained by
many different combinations of weights, wi’s and locations Zi’s, this issue is clearly inherited
by mixtures based in such a prior. Hence one wonders whether one can define a r.p.m. with
simpler weights, that from one side makes better use of the availability of infinite locations
to attain a particular mass and at the same time solve the identifiability issue. As we will
see below the answer to this question is positive and it turns out to be very simple, namely
by removing a level of randomness in the stick-breaking weights.

Instead of considering weights as in (4), consider

ωi := E [wi] = E

vi

i−1∏
j=1

(1− vj)

 = µi(ψ)
i−1∏
j=1

(1− µj(ψ))

with µi(ψ) := E[vi] and where ψ here generically denotes the parameter (or parameters)
corresponding to the distribution of the vi’s. Next, assume that the vi’s have been chosen
such that ωi > ωi+1, that is µi+1(ψ) < µi(ψ)(1 − µi(ψ))−1 for all i. Notice also that when
randomizing ψ the arguments in the right hand side product of the above expression are not
longer independent.

For the Dirichlet process we have vi
iid∼ Be(1, θ), thus setting λ := µi(θ) = (1 + θ)−1, we

have

ωi = λ(1− λ)i−1 (14)

namely geometric weights. Accordingly with the idea or randomizing θ, we could also assign
a prior distribution to λ, say λ ∼ Be(a, b). In other words, we can consider the following
r.p.m.

Definition 1. Let PX the set of probability measures on (X,X ). We called a r.p.m. P ∈ PX
a geometric weights prior, GWP(a, b) if

P(B) = λ

∞∑
i=1

(1− λ)i−1 δZi
(B), B ∈ X (15)

with Zi
iid∼ P0 and λ ∼ Be(a, b), a, b > 0.

Notice that P ∼ GWP(a, b) is an almost surely discrete random probability measure and
that, as for the Dirichlet process, and other species sampling models, the probability measure
P0 can be thought of as the prior guess at the shape of P, since E[P] = P0.

In some manner, the above definition simplifies that of DθP0 with random θ, as one level
of randomness in the weights has been removed by replacing them with their expected values
while keeping the required prior on θ. Indeed, it is a somehow simpler object than the
Dirichlet process, as it is constructed through random weights that depend on only one Beta
random variable, instead of on an infinite number of them as in the Dirichlet process. In other
words the stick is always broken with the same Beta random variable in order to construct
the weights.

In fact, at first sight the random probability measure provided by (15) can be misin-
terpreted as a special case of the Dirichlet process, since the weights of the former can be
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obtained as in (4) by letting (v1, v2, . . .) be all equal to the same realization of a Beta random
variable, so that wi, i = 1, 2, . . . , are mixed geometric with Beta(a, b) as the mixing distri-
bution. However this proves not to be the case. First because in the Dirichlet process case
the parameter a of the Beta distribution is constrained to be one. And more significantly
because the Dirichlet process, P ∼ DθP0 is characterized by the distributional equation

P
d
= v1δZ1 + (1− v1)P (16)

with v1 ∼ Be(1, θ) and Z1 ∼ P0, stochastically independent of P (cf. Sethuraman, 1994). The
same procedure applied to P∗ ∼ GWP(a, b) yields

P∗
d
= λ δZ1 + (1− λ)P∗ (17)

The crucial difference between these two cases is that in (16), P is independent of (v1,Z1),
while in (17), P∗ is independent of Z1 but not of λ. Hence we are dealing with a different
random probability measure.

A key issue that arises when considering whether to use a random probability measure
of type (15) is the impact of the strong constraint on inference in terms of flexibility, namely
one wonders whether it has full support. This could be a more relevant concern when one
compares the Dirichlet process, or other more complex r.p.m.s, with the rather simplistic
r.p.m. of Definition 1. The following proposition, whose proof easily follows from results in
Ongaro and Cattaneo (2004), justifies the use of the proposed model for inferential purposes.

Proposition 1. Let P be the probability distribution induced on PX by random probability
measures P ∼ GWP(a, b). Then the support of P in the topology of weak convergence on
PX is given by all probability measures G ∈ PX such that the support of G is included in that
of P0.

Therefore the geometric weights prior constitutes a valid alternative to the Dirichlet
process in Bayesian nonparametric applications. In particular, it all points out towards
a good prior candidate for mixture models, i.e. it has simpler and ordered weights, full
support, same prior guess at the shape driven by our choice of P0. However, before going
into illustrations we provide with an alternative derivation of P ∼ GWP(a, b) that allows us
to have a better intuition of why such a simpler object works just as fine.

2.1. An intuitive derivation. Walker (2007) proposed an alternative method for poste-
rior inference based on the nonparamteric mixture model (7) that overcomes the infinite
summation in (8). By augmenting (8) through a latent uniform variable one can slice the
corresponding infinite summation by considering the joint density

f(y, u) =

∞∑
i=1

I(u < wi) f(y | Zi) (18)

with conditional density

f(y | u) =
1

|Au|
∑
i∈Au

f(y | Zi), (19)

where

Au := {j : u < wj} (20)
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and |Au| :=
∑∞

i=1 I(u < wi). Notice that given u the random set of component-indexes in
the mixture, Au, is finite, i.e. |Au| <∞. Based on this idea Walker (2007) proposed a Gibbs
sampler for posterior analysis, based on the nonparametric mixture model (7), that avoids
truncations such as (13). See also Kalli et al. (2011) for more efficient implementations.

Here we are interested in the conditional distribution (19), as it can also be used to
construct other kind of random densities, namely

f(y | A) =
1

|A|
∑
i∈A

f(y | Zi), (21)

where A is a random finite subset of N+ and, as before, Zi
iid∼ P0. This somehow resembles the

approach undertaken in finite mixture models, but with some differences. First notice that if
we assume model (21) for each observation, Yj , then there will be a random set Aj for each of
them, whereas in the finite mixture model approach the number of components, N , suffices
for all observations. In fact this is one of the reasons for having complex weight and location
specifications in the finite mixture approach, i.e. to build a richer model able to allocate
the required mass in a particular location. On the other hand, for Bayesian nonparametric
mixtures such as those based on the Dirichlet process and other discrete r.p.m.s, there are
an infinite number of locations, Zi’s, at our disposal to allocate a particular mass, therefore
the complexity in the weights modulating a r.p.m. can be relaxed. In particular, notice
that the random set A corresponding to the Dirichlet process might have gaps, i.e. we can
have realizations of the sort of {2, 5, 10, 345, 1004}, namely it is not a consecutive sequence
of integers from 1 to N as it is typically for finite mixture models. In fact, having an infinite
number of locations at our disposal, we do not see a clear need to have index sets with gaps.

Hence, an idea is to consider the random set A := {1, . . . ,N} so (21) reduces to

f(y | N) =
1

N

N∑
i=1

f(y | Zi)

where N is random and modeled through a distribution supported on N+, namely qN (· | λ),
where for now λ denotes a generic parameter of the chosen distribution for N.

If we write out the model by marginalizing over N then we have

f(y) =

∞∑
l=1

1

l

l∑
i=1

f(y | Zi) qN(l | λ)

which can also be written as

f(y) =

∞∑
i=1

ωi f(y | Zi) (22)

where

ωi =
∞∑
l=i

qN(l | λ)

l
(23)

If we further randomize λ and assign a prior for it, e.g. λ ∼ π, then (22) becomes a mixture
based on a species sampling model (or simply a species sampling model if we take f(· | Zi) =
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δZi(·)). Clearly the weights (23) sum up to one (a.s. if λ is random) and are in decreasing
order as one sees that ωi+1 = ωi − qN(i | λ)/i.

Therefore (22) and (23) provide with an alternative to the stick-breaking way of con-
structing species sampling models. By changing the choice of qN(· | λ) and the prior for λ,
we obtain different r.p.m.s.

Of particular interest here is when we assume N ∼ Neg-Bin(2, λ), that is

qN(l | λ) = lλ2(1− λ)l−1 I(l ∈ N+)

which evaluating (23) allows us to recover the geometric weights, that is

ωi = λ(1− λ)i−1

Hence, the r.p.m. of Definition 1 can be recovered as a r.p.m.s of the sort

P(B) = EqN

[
1

N

N∑
i=1

δZi
(B)

]
(24)

where Zi
iid∼ P0, qN = Neg-Bin(2, λ) and λ ∼ Be(a, b).

2.2. Posterior inference. Based on the construction of the previous subsection Fuentes et
al. (2010) proposed an algorithm for posterior inference under the following setting. Suppose
we have a sample Y(n) := (Y1, . . . , Yn) modeled by the nonparametric mixture model (7)
where P follows a r.p.m. as in (24). Introducing a latent variable di that, given Ni, indicates
from which component Yi came from we can rewrite the nonparametric mixture model as

Yi | Z(n), di,Ni
ind∼ f(Yi | Zdi) (25)

di | Ni
ind∼ U{1, . . . ,Ni}

Ni
iid∼ qN(· | λ)

λ ∼ π

with Zi
iid∼ P0. Following Fuentes et al. (2010) a Gibbs sampler algorithm, for the case

qN = Neg-Bin(2, λ) and λ ∼ Be(a, b), i.e. for a mixture model (7) when P ∼ GMP(a, b),
reduces to sample from the following full conditional distributions

f(Zj | · · · ) ∝ P0(Zj)
∏
di=j

f(yi | Zj), for j = 1, . . . ,M (26)

P(di = l| · · · ) ∝ f(Yi | Xl) I(l ∈ {1, . . . ,Ni})

P(Ni = j | · · · ) = λ(1− λ)j−1I(j ≥ di)

f(λ | · · · ) = Be

(
λ | a+ 2n, b+

n∑
i=1

Ni − n

)
(27)

for i = 1, . . . , n and where M = max{N1, . . . ,Nn}. Clearly, the Gibbs sampler simplifies
when f and P0 form a conjugate pair.

12
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Figure 3: Dynamics of the density estimator, based on the geometric weights prior, through
the first 100 iterations of the Gibbs sampler algorithm for the mean-scale mixtures data set.
The hyper–parameters are given by (τ, α, β, a, b) = (100, 0.5, 0.5, 0.5, 0.5) and initial values
Ni = 10 and di ∈ {1, . . . , 10} for all i = 1, . . . , 240.

Example 2. In order to illustrate the performance of the above mixture of GWP(a, b),
let us consider 240 data points coming from a mean-variance mixture of six normal distri-
butions with weights (0.17, 0.08, 0.125, 0.2, 0.125, 0.21) and mean-variance parameters given
by (−18, 2), (−5, 1), (0, 1), (6, 1), (14, 1) and (23, 125). We assume the same kernel and prior
guess at the shape specifications as in (12).

Figures 3 and 4 show the dynamics of the density estimator for the first 100 iterations
based on mixtures of GWP(a, b) and on mixtures of DθP0 respectively. From Figure 3 we
note that the availability of an unlimited number of Zj ’s to represent a particular cluster
location always results in a improvement in subsequent iterations whereas for the Dirichlet
process case, Figure 4, the algorithm requires several iterations to detect a good candidate
for the Zj representing a particular location. This feature is better appreciated in the mode
welling around −18, which can be thought as being far from the overall mean of the data. It
can also be observed at the tails of the density estimators in Figure 3, where for the initial
iterations a bigger mass, than that shown for the Dirichlet process case, is allocated.

It is probably worth mentioning that the above drawback of nonparametric mixtures based
on the Dirichlet process, and also on other discrete r.p.m.s, has received considerable attention
in the Bayesian nonparametric literature resulting in algorithms that aim to accelerate the
identification of good candidates for the Zj ’s identifying particular cluster locations. (see for
instance MacEachern and Müller, 1998). However, despite these efforts, this issue is not fully
resolved.

Figure 5 shows the estimates for both, the Dirichlet process the geometric weights prior

13
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Figure 4: Dynamics of the density estimator for the mixture of Dirichlet process, through
the first 100 iterations of the Gibbs sampler algorithm for the mean-scale mixtures data set.

cases, at a convergent stage. This figure also compares the true model that generated the
observations, as we can see both approaches can be thought as being relatively satisfactory,
however the approach based on GWP(a, b) appears to be closer to the true model.

3. Dependent processes based on geometric weights priors. As we underlined in the
introduction the type of dependence driving Bayesian statistics is exchanegability. However
there are many phenomena where models with a more structured dependence are needed
and would also benefit from a nonparametric approach, e.g. regression analysis, time series
analysis, stochastic processes, etc. This has motivated that the Bayesian nonparametric com-
munity devotes considerable attention to what currently is termed dependent nonparametric
processes. The idea is simple, to provide a family of random probability measures linked by
a suitable dependence structure, e.g. by means of a set of covariates or a time parameter,
and use it for drawing inferences on random phenomena in appropriate frameworks, usually
with the aid of simulation techniques.

When this dependence structure can be indexed via a continuous time parameter, then we
are effectively dealing with probability-measure-valued processes devised for nonparametric
inference purposes. Apart from the theoretical developments offered by the probabilistic
study of measure-valued processes, whose literature is certainly broad and well established
(see for example Ethier and Kurtz, 1986), on the statistical side this is a relatively young
area and to date the most productive ideas have involved the Dirichlet process.

Initiated in part with the papers by MacEachern (1999) (see also Feigin and Tweedie,
1989) who introduced the notion of dependent Dirichlet process, the current literature on the
topic includes, among others, De Iorio et al. (2004) who proposed a model with an ANOVA-
type dependence structure, Gelfand et al. (2005) who apply the dependent Dirichlet process
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Figure 5: Density estimates for the 6 modes simulated data set based on both GWP(a, b)
and DθP0 . The estimates are based on 10,000 after a burn in period of 2000 iterations. The
hyper–parameters are given by (µ, τ, α, β, a, b) = (0, 100, 0.5, 0.5, 0.5, 0.5) and Ni = 10 and
di ∈ {1, . . . , 10} for all i = 1, . . . , 240.

to spatial modeling by using a Gaussian process for the atoms, Griffin and Steel (2006) who
let the dependence on the random masses be directed by a Poisson process, Caron et al.
(2006) who model nonparametrically the noise in a dynamic linear model, Dunson and Park
(2008) who construct an uncountable collection of dependent random probability measures
based on a stick-breaking procedure with kernel-based weights. See also Dunson et al. (2007),
Rodriguez and Ter Horst (2008), Petrone et al. (2009), Rodriguez and Dunson (2011), Griffin
and Steel (2010) for other contributions in these directions.

Hence, the main idea is to construct a PX-valued stochastic process {Pz}z∈Z , which
following representation (3) of a random probability measure, extends to

Pz(B) =

∞∑
i=1

wi(z) δZi(z)(B), B ∈ X (28)

where {wi(z)}∞i=1 and {Zi(z)}∞i=1 are infinite collections of stochastic processes, indexed by
z ∈ Z. Hence the dependence structure set in the weights and locations drives the dependence
relations at the r.p.m. level. Clearly while specifying a dependent nonparametric process we
could have both weights and locations dependent or only one of them.

A natural idea when constructing dependent processes is to keep their marginal behavior
to be a known r.p.m., e.g. a Dirichlet process, a two parameter Dirichlet process, a geometric
weights prior, etc. This is easily done by setting strictly stationary processes with the desired
marginal distribution. In what follows we will revise a couple of these examples based on
geometric weights priors.
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3.1. Covariate dependence for regression problems. A well-known problem in general
regression analysis is to set a link function between observations and covariates. A Bayesian
nonparametric approach to deal with this problem is to propose dependent random densities
such as

fz(y) =

∫
f(y | x) Pz(dx).

where {Pz}z∈Z follows a covariate dependent nonparametric process.
Fuentes et al. (2009) followed this idea and proposed a dependent nonparametric process

with marginals GWP to model {Pz}z∈Z , that is

Pz(·) =
∞∑
i=1

λ(z)(1− λ(z))i−1 δZi
(·),

where Zi
iid∼ P0 and

λ(z) =
eξ(z)

1 + eξ(z)
(29)

with ξ := {ξ(z)}z∈Z a Gaussian process with continuous mean µ and continuous covariance
function σ. Namely we retain the iid locations and induce the dependence only through the
simple structure of the geometric weights prior.

Some z-dependence properties can be directly studied from the geometric structure of the
weights, for instance it is easy to see (see Fuentes et al., 2009) that for B ∈ X

corr(Pz(B),Pz′(B)) =
ρ(z, z′)√

ρ(z, z)
√
ρ(z′, z′)

(30)

where

ρ(z, z′) = E
{

λ(z)λ(z′)

1− [1− λ(z)][1− λ(z′)]
.

}
When λ(z) ∼ LGP(µ,σ), i.e. it follows the logistic Gaussian process (29), the above expres-
sion reduces to

ρ(z, z′) = E

{
eξ(z)+ξ(z

′)

eξ(z) + eξ(z′) + eξ(z)+ξ(z′)

}
.

Hence, returning to the dependent mixture model we can write

fz(y) = λ(z)

∞∑
i=1

(1− λ(z))i−1 f(y | Zi), (31)

The logistic transformation (29) ensures that 0 < λ(z) < 1 as required for the geometric
weights prior.

Following the alternative derivation of geometric weights priors of Section 2.1 we can
again make use of the latent variable di to build up a Gibbs sampler algorithm, which is
essentially based on the same full conditionals as in (40) but replacing (27) with the full
conditional for ξ(n) = (ξ1, . . . , ξn), ξi := ξ(zi), which can be updated component-wise via

P(ξi | ξ−i) ∝
1

(1 + eξi)Ni+1
N

ξi;µi − 1

cii

∑
j 6=i

(zj − µj)cij +
1

cii
,

1

cii
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where µi = µ(zi) and cij is the ij-term of the precision matrix Σ−1, Σ = {σ(zi, zj); i, j =
1, . . . , n}. The above density is log-concave and thus can be easily sampled via the adaptive
rejection sampling (ARS) algorithm of Gilks and Wild (1992).

Example 3. Consider a simulated data set with 61 observations coming from

Yi = 0.2 z3i + εi

where εi
iid∼ N(0, 0.25) and z = (−3,−2.9, . . . , 2.9, 3). Hence assuming the dependent mixture

model (31), with same kernel and prior guess at the shape specifications as in (12), one can
implement a MCMC algorithm, based on full conditionals (40) with the above component-
wise update of the logistic Gaussian process, to infer about any random functional of the
form

ηz(h) =

∫
Y
h(y) fz(y)dy.

This can be done through the Rao-Blackwellized MCMC estimator

η̃zi(h) =
1

M

M∑
l=1

El[h(y) | zi]

where M denotes the number of effective iterations in the MCMC. For example, one might
be interested in the mean functional El[y | zi] ≈ µdi , which in practice can be obtained as
the updated mean value sampled from (40) in the Gibbs sampler.

Figure 6 shows the MC estimator for the distribution of the mean functional (h(y) = y)
together with the observed data. For the corresponding Gaussian process we have set µ(z) =
−|z| and σ(zi, zj) = e−φ||zi−zj ||.

Just as in the marginal GWP case, simpler weights with an infinite number of locations,
seems to be enough to allocate the required mass at a particular location. In particular,
having the first and largest weight for each covariate point, z, combined with the choice of
locations seems enough for regression purposes.

3.2. A nonparametric diffusion process based on geometric weights priors. Al-
though there are currently many examples of dependent nonparametric priors, the current
available statistical literature devoted to the study of continuously dependent measures seems
little. Indeed, it is of interest to study this case from a statistical perspective as it would allow
us to exploit the flexibility of a Bayesian nonparametric approach while enjoying desirable
properties such as Markovianity, reversibility, regularity of sample paths for the constructed
model, etc.

These features are appealing in various modeling contexts and applications of stochastic
processes such as finance or population genetics, where diffusion processes are typically used
to model random phenomena evolving in time and structural properties as the aforementioned
ones are essential.

In this section we present an approach to construct PX-valued continuous time stochastic
processes (Pt)t≥0 (Mena et al., 2011) by simply introducing the time dependence through the
weights, while keeping the locations fixed (but random) over time, in the species sampling
representation for the GWP(a, b). That is we will consider

Pt(B) = λt

∞∑
i=1

(1− λt)i−1 δZi
(B), B ∈ X . (32)
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Figure 6: MC estimator for the density of ηz(y) for simulated data set. The spheres represent
the observed data and the surface the Rao-Blackwellized MC estimator for ηz(y). The results
are based on 10000 iterations of the Gibbs sampler algorithm.
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with Zi
iid∼ P0 and (λt)t≥0 a suitable stochastic process. In order to keep the same marginal

r.p.m. GWP(a, b), we assume (λt)t≥0 follows a strictly stationary diffusion process with
Be(a, b) invariant distributions. There are many choices for such a model, here we use a
slight generalization of the well-known two-type Wright-Fisher diffusion process which can
be described as the solution of the stochastic differential equation (SDE) on [0, 1] given by

dλt =

[
c

a+ b− 1
(a− (a+ b)λt)

]
dt+

√
2c

a+ b− 1
λt(1− λt) dBt (33)

where (Bt)t≥0 is a standard Brownian motion. The typical parametrization of the two-type
Wright-Fisher with mutation SDE is found when c = (a+ b− 1)/2.

Definition 2. (Mena et al., 2011) A geometric stick-breaking process with parameters a, b, c >
0 is a random process (Pt)t≥0 taking values in PX defined at each t ≥ 0 by (32) with (λt)t≥0
a two-type Wright-Fisher diffusion and P0 a nonatomic probability measure on (X,X ). We
denoted it as GSB(a, b, c,P0).

It can be seen that the Wright-Fisher diffusion is time reversible, strictly stationary with
invariant measure Be(a, b), so an immediate question is whether some of this properties are
inherited by the GSB(a, b, c,P0) process.

Before undertaking this problem, first let us note that constructing stationary one di-
mensional diffusion processes with desired stationary distributions can be done via stochastic
differential equations (see Bibby et al., 2005), however this is not entirely useful when, for
estimation purposes, one needs to keep track of an analytical form or an exact representa-
tion of the corresponding transition density. Here we use an idea to construct continuous
time Markov processes (see Mena and Walker, 2009) that allows to have a representation of
the transition density of the Wright-Fisher diffusion process. The idea starts with a Gibbs
sampler Markov process based on the join density

f(y, x) = Po(y | φx) Ga(x | a, b),

form which we can construct a Markov process (Xt)t≥0 with Ga(a, b) marginals by the condi-
tional updating Yt | X0 ∼ Po(φtX0) and Xt | Yt ∼ Ga(a+ Yt, b+ φt). Indeed, such updating
leads to the transition density

p(xt | x0) =

∞∑
y=0

Ga(xt | a+ y, b+ φt)Po(y | φtx0) (34)

=
e−[φt(xt+x0)+bxt]

(φt + b)−(a+1)/2 φ
(a−1)/2
t

(
xt
x0

) a−1
2

Ia−1

(
2
√
xt x0φt(φt + b)

)
,

with φt := b(ect−1)−1. It can be verified that the above transition corresponds to the solution
of a SDE given by

dXt = c
(a
b
−Xt

)
dt+

√
2c

b
Xt dBt

known as the Cox-Ingersoll-Ross model for interest rates (see Cox et al., 1985). Therefore
having a continuous-time Markov process with Ga(a, b) invariant distribution suggests a
simple transformation of two independent copies of these to obtain a diffusion with Be(a, b)
invariant densities. That is λt = X1t/(X1t + X2t), where (Xit)t≥0, i = 1, 2 are independent
Markov diffusion processes with Ga(a, 1) and Ga(b, 1) invariant densities respectively and
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transition probabilities (34). In fact, it easily follows (see Mena and Walker, 2009) that the
transition corresponding to this newly transformed process is given by

p(λt | λ0) =
∞∑
m=0

pt(m)D(λt | m,λ0) (35)

where

pt(m) =
(a+ b)m e

−mc t

m!
(1− e−c t)a+b,

and

D(λt|m,λ0) =
m∑
k=0

Be(λt|a+ k, b+m− k) Bin(k|m,λ0).

which again can be seen to correspond to the general class of Beta-binomial diffusion processes
given by the solution of the SDE (33). Also, from the Gibbs sampler type construction, it
easily follows that such a process is time reversible and has Be(a, b) stationary distributions.

Having established our approach to construct the diffusion process with Be(a, b) marginals,
we can go back to our questions regarding the dependent nonparametric process of Defini-
tion 2. Let PgX ⊂ PX be the set of purely atomic probability measures with geometric
weights as in Definition 1 and denote CPg

X(X)
([0,∞)) the space of continuous functions from

[0,∞) to PgX. Furthermore, for given locations Z = {Zi}∞i=1 define the continuous map
ΦZ(λ) =

∑∞
i=1 λ(1 − λ)i−1δZi

. Hence, due to the decreasing order of the geometric weights
we can set Φ−1 = gZ, where gZ(P) = P({Z1}) = λ and let B̃(a, b) = Be(a, b) ◦Φ−1X . Therefore
we can state the following proposition whose proof can be found in Mena et al. (2011)

Proposition 2. Let (Pt)t≥0 be a GSB(a, b, c,P0) process on PgX. Then (Pt)t≥0 is a reversible
and stationary, with respect to B̃(a, b), Feller process with sample paths in CPg

X(X)
([0,∞)).

In other words the stability properties of the Wright-Fisher diffusion process are inherited
by the GSB(a, b, c,P0) process at the probability measure-valued level. This is quite intuitive
since the locations (Zi)i≥1 are random but fixed across time. An immediate observation
would be that letting the Zi’s also vary leads to a more flexible model. While this is certainly
true, we have two reasons for keeping the locations fixed. On the probabilistic side this would
most likely tear apart the nice properties this process enjoys. But more importantly, on the
inference side this is not even needed, in view of Proposition 1 and as the example below will
show.

All distributional properties of a diffusion process can be explained through its infinites-
imal generator, in particular for the GSB(a, b, c,P0) process the generator can be found in
Mena et al. (2011), thus providing with a valid alternative to other measure-valued processes
found in the literature (cf. Ethier and Kurtz, 1986)

As in the previous section, interest might be on modeling a process taking values on
the space of continuous densities. For this purpose the GSB(a, b, c,P0) process can also be
incorporated into a dependent nonparametric mixture model given by

ft(y) =

∫
f(y | x) Pt(dx) = λt

∑
l≥1

(1− λt)l−1 f(y | Zl) (36)

with Zl
iid∼ P0. In fact, for a set of observations Y(n) recordered at times {ti}ni=1 and modeled

through the above dependent density, Mena et al. (2011) proposed a Gibbs sampler algorithm
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based on some slice sampler techniques that aid to overcome both the infinite summations,
the one in (36) and the one in the representation of the Wright-Fisher transition density (35).
The algorithm is a bit more demanding than those used in previous sections and so we briefly
discuss it.

First, it is convenient to start by considering the part of the model related to the Wright-
Fisher diffusion (λt)t≥0. Hence to overcome the infinite summation in (36), we proceed as
before and introduce the latent variable di that indicates form which component f(· | Zi) the
observation Yi comes from, namely we have the augmented observations (ti, di)

n
i=1 and the

model can then be written as
di | λi ∼ Geom(λi)

with λi := λti and corresponding transition density p(λi | λi−1) given as in (35), where t
has to be replaced by τ i = ti − ti−1. Hence, to avoid the infinite summations needed for
the transition (35), we introduce a further set of latent variables (ui, si, ki)

n
i=1 whereby the

augmented transition density is given by

p(λi, ui, si, ki | λi−1) = I(ui < g(si))
pi(si)

g(si)
Be(λi | a+ ki, b+ si − ki)Bin(ki | si, λi−1)

where g is a decreasing function with known inverse. Therefore the likelihood with the
complete data is given by

l(a, b, c) = Be(λ0 | a, b)
n∏
i=1

p(λi, ui, si, ki | λi−1)λi(1− λi)si−1.

Hence if, for instance, we assume independent standard exponential distributions as priors
for a, b, c, we see that the full conditionals, e.g. π(a | b, c, . . .) ∝ l(a, b, c)e−a are log-concave
and easily sampled through the ARS algorithm. For instance we have

log π(c | a, b, · · · ) =

n∑
i=1

{(a+ b) log(1− e−cτ i)− si c τ i} − c+O

where O is a constant which does not depend on c. The full conditionals for a and b follow
similarly. The full conditional distribution for ki is given by

π(ki| . . .) ∝
(
si
ki

)
1(ki ∈ {0, 1, . . . , si})

Γ(a+ ki)Γ(b+ si − ki)

{
λiλi−1

(1− λi)(1− λi−1)

}ki
which is clearly easy to sample since ki can only take a finite number of values. The full con-
ditional for ui is simply a uniform distribution on (0, g(si)), where g is chosen at convenience,
for example g(s) = e−s or g(s) = s−2, so that g−1 is known. The benefit of this becomes
apparent when we consider the full conditional for si. This is indeed given by

π(si| . . .) ∝
pi(si)

g(si)

(
si
ki

)
Γ(a+ b+ si)

Γ(b+ si − ki)
{(1− λi−1)(1− λi)}si 1(ki ≤ si ≤ g−1(ui))

which by virtue of ui is restricted to a finite set. The full conditional for λi, for i 6= 0, n, is
given by

π(λi| . . .) = Beta(1 + a+ ki + ki+1, di − 1 + b+ si + si+1 − ki − ki+1), (37)
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whereas
π(λ0| . . .) = Beta(a+ k1, b+ s1 − k1) (38)

and
π(λn| . . .) = Beta(1 + a+ kn, dn − 1 + b+ sn − kn). (39)

This deals with the part of the model related to the Wright-Fisher process. For the
remaining part of the model, which for a given observation is given by

yi|ti, λi,Z(n) ∼
∞∑
l=1

λi(1− λi)l−1f(yi|Zl),

we procede as before and introduce two latent variables (si, vi) and a deterministic decreasing
sequence of numbers (ψl) for which {l : ψl > v} is a known set, such that

yi, vi, di|λi,Z(n) ∼ ψ−1di 1(vi < ψdi)λi(1− λi)
di−1 f(yi|Zdi).

Namely, we slice the infinite summation again. In order to complete the Gibbs sampler for
the model we need to describe how to sample the si from their full conditional and also the
Zs’s. Now,

π(di| . . .) ∝ ψ−1di λi(1− λi)
di−1 f(yi|Zdi) 1(di ∈ {l : ψl > vi})

and clearly the full conditional for vi is the uniform distribution on (0, ψdi). Since {l : ψl > vi}
is a finite set this is easy to sample. Finally, we sample the Zl’s from

f(Zj | · · · ) ∝ P0(Zj)
∏
di=j

f(yi | Zj), for j = 1, . . . ,M (40)

Notice that, as before, we only need to consider a finite number of location updates (Zl)
M
l=1

where M = maxiMi and {1, . . . ,Mi} = {l : ψl > vi}. We thus have all the full conditional
distributions required to implement the Gibbs sampler needed for the estimation of model (36)
given a discretely observed trajectory. The following algorithm summarizes the procedure.

Algorithm

1. Select g(·) and ψ(·) functions, e.g. g(x) = ψ(x) = e−x

2. Set initial values for:

• Wright-Fisher diffusion parameters (a0, b0, c0)

• Parameters in the Kernel K and possibly in P0, e.g. θ0

• Latent variables needed to overcome infinite summations,
(u0i , s

0
i , k

0
i , d

0
i )
n
i=1. For these an initial value for the augmented random probability

measure is also needed, e.g. M0 = 20

• Use these values to initiate λ0 = (λ0i )
n
i=0

then for j = 1, . . . , I

3. Update vj = (vji )
n
i=0, i.e. vji ∼ U[0, ψ

sj−1
i

], and compute

M j = maxM j
i with {1, . . . ,M j

i } = {l : ψ(l) > vji }
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4. Update λj = (λji )
n
i=0, θj = (θjl )

M
l=1 and (uji , s

j
i , k

j
i , d

j
i )
n
i=1 using the corresponding full

conditionals

5. Update (aj , bj , cj), e.g. via ARS algorithm

The I iterations can then be used to build a Monte Carlo estimator for ft of any desired
functional of it.

Example 4. In order to illustrate how the modeling scheme described above is able to
capture the dynamics of continuous time phenomena we will consider data coming from 251
daily observations (corresponding to a financial year) from the adjusted close quotations of
the S&P 500 index during the period 03.03.2008 to 27.02.2009 (the data set can be found at
http://finance.yahoo.com).

These type of data are typically modeled through parametric diffusion processes, however,
one could argue to what extent such restrictive assumptions are justified. For example, in the
case of interest rates one could choose among many existing models, such as the Cox-Ingersoll-
Ross (CIR) diffusion, the Brennan-Schwartz diffusion or the Duffie-Kan diffusion (see Aı̈t-
Sahalia (1996)). Adopting a nonparametric approach based on measure-valued processes
provides enough flexibility to avoid such committing assumptions.

As in our previous examples we use the kernel and prior guess at the shape specifications
given by (12) and concentrate on the mean functional ηt :=

∫
y ft(y)dy, namely the evolution

of the mean, which imitate that of one-dimensional diffusion process. Figure 7 shows the
MCMC estimate (heat contours) for the density process, f̂t, and the corresponding mean
of the functional η̄t (solid line) for the S&P 500 data set (points). For both data sets
the choice of hyper-parameters was τ = 1000 and (α, β) = (10, 1). The results are based on
100,000 iterations, after a 20,000 of burn in (thinned each 10), enough to attain a satisfactory
convergence of the sampler. Figure 8 shows the Markov chains corresponding to parameters
(a, b) and the corresponding posterior densities, the results corresponding to c are proportional
to those corresponding to b. A standard convergence analysis was performed, in particular
the Gelman and Rubin (1992) visual test and the Raftery and Lewis (1992) diagnosis test
were satisfactory.

It is apparent that the probability measure-valued approach here undertaken is able to
capture the dependence induced by these datasets. Furthermore the model adapts well to
drastic changes like those observed in the S&P 500 index and typically not captured by
(parametric) diffusion process. Note that the strict stationary and reversibility properties of
the GSB(a, b, c,P0) process are at the probability measure-valued level and not at the level
of observations, therefore certain sudden changes of regime and unstable behaviors might be
well captured by this model without compromising the measure-valued stationarity property.

4. Discussion. We have seen that r.p.m.s with simpler weights structure are able to provide
good alternatives to more complex nonparametric priors. The key idea is that having simpler
weights results in a more efficient use of the infinite collection of locations to assign the
required mass to a particular set B ∈ X . Having simpler weights also result in simpler ways
to estimate models and extend them to non-exchangeable contexts as seen in Section 3.

Although for simplicity we mainly concentrated in the geometric weights case, several
generalizations are at issue, for instance one could consider the expected weights correspond-
ing to the two-parameter Poisson-Dirichlet process, i.e. with corresponding stick-breaking
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Figure 7: MCMC density estimator for the random density process (36), f̂t, (heat
contour), mean of mean functional η̄t (solid) for the S&P 500 data set (dots). The
estimates are based on 10000 effective iterations, drawn from 100000 iterations
thinned each 10, of the Gibbs sampler algorithm after 20000 iterations of burn in.

weights (4), with vi
ind∼ Be(1− σ, θ + iσ), which implies

ωi =
1− σ

θ + 1 + (i− 1)σ

i−1∏
j=1

θ + jσ

θ + 1 + (i− 1)σ

and then (σ, θ) ∼ π. Furthermore, using the alternative derivation in Section 2.1 we could
have a different choice of prior for N, e.g. N ∼ Neg-Bin(r, λ) which would lead to

wl =
1

l

(
l + r − 2

r − 1

)
λr(1− λ)l−1 2F1(1, l + r − 1; l + 1;λ), (41)

where 2F1(a, b; c;λ) denotes the Gauss hypergeometric function. Both of the above possi-
bilities are clearly more general than the geometric weights while keeping their decreasing
feature, however some algorithmic modifications would be needed when randomizing their
parameters.

Alternatively, one could also look for intersections with other general constructions, such
as those via normalizations of known processes, as those would clearly open different ways to
construct discrete r.p.m.s with decreasing weights.

We have also seen that from an numerical point of view having a simpler r.p.m. such
as the GWP might lead to more efficient posterior inferences than those obtained via other
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Figure 8: MCMC iterations and posterior densities for parameters (a, b). The
estimates are based on 10000 effective iterations, drawn from 100000 iterations
thinned each 10 iterations, of the Gibbs sampler algorithm after 20000 iterations
of burn in.

nonparametric priors such as the Dirichlet process. However, some important points are at
issue: as we mentioned before posterior inferences about the clustering behavior based in
quantities such as (9) and (11) are different, and have a different interpretation, than that
typically drawn from finite mixture models, in that several “ components ” from the corre-
sponding infinite mixture model might be used to represent a group. Although this behavior
is already seen from Dirichlet process mixtures applications, the observation becomes even
stronger when a simple weight structure, such as the one featuring the GWP, is considered,
as the need of even more components to attain a particular mass for a given location would
be required. Clearly the ultimate word of this kind of inferences, based on the GWP, can be
answered through its corresponding EPPF.

Another appealing feature of the simplicity inherent to the GWP is that it is easily
generalized to dependent nonparametric processes. This is in principle conceivable with
other more complicated r.p.m. such as the Dirichlet process, however keeping a canonical
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construction of the resulting dependent process is not necessarily straightforward. Indeed
further inspection of structural properties such as path-continuity, Markovianity, reversibility
and other stability properties, is of interest in a number of applications where models need to
be encompassed within general theories build upon these properties. The PX-valued diffusion
process presented in Section 3.2 gives an example of such kind of models, bridging the gap
between the theory of superprocesses and statistics. In fact, to the best of our knowledge,
Section 3.2 presents the first instance of a measure-valued Markovian process applied to
model single trajectory phenomena (cf. Example 4). Also notice that the way inference and
analyses are done in areas such as finance would be different when using random functionals,
since we could speak of objects as the stochastic process driving the mean functional. This
clearly constitutes a very appealing feature of probability measure-valued process and posses
some challenges within these areas.
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