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Abstract

We study the updating of beliefs under ambiguity for invariant biseparable preferences. In
particular, we show that a natural form of dynamic consistency characterizes the Bayesian

updating of these beliefs.
JEL classification: D81
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Introduction

Dynamic consistency is a fundamental property in dynamic choice models. It requires that
if a decision maker plans to take some action at some juncture in the future, he should
consistently take that action when finding himself at that juncture, and vice versa if he plans
to take a certain action at a certain juncture, he should take that plan in mind when deciding
what to do now.

However compelling prima facie, it is well known in the literature that there are instances
in which the presence of ambiguity might lead to behavior that reasonably violates dynamic
consistency, as the next Ellsberg example shows.!

Example 1 Consider the classical “3-color” Ellsberg problem, in which an urn contains 90
balls, 30 of which are known to be red, while the remaining 60 are either blue or green. In
period 0, the decision maker only has the information described above. Suppose that at the
beginning of period 1 a ball is extracted from the urn, and the decision maker is then told
whether the ball is blue or not. The decision maker has to choose between bets on the color
of the drawn ball. Denoting by [a,b, c] an act that pays a when a red ball is extracted, b when

a green ball is extracted and c otherwise, let

f = [1,0,0]
g = [0,1,0]
= [1,0,1]
g = [0,1,1]

Suppose that in period 0, the decision maker, like most people in Ellsberg’s experiment, dis-

plays the following preference pattern

g-f=fy (1)

(the middle preference being due to monotonicity). Letting A = {R, G}, it follows immediately

from comsequentialism that, conditionally on A€,
fl ~ pe gl'

On the other hand, if the decision maker’s conditional preferences satisfy dynamic consis-
tency it must be the case that if he finds an act to be optimal conditionally on A and also

conditionally on A€ in period 1, he must find the same act optimal in period 0. So, dynamic

We owe this example to Denis Bouyssou, who showed it to us at the RUD 1997 conference in Chantilly.



consistency implies that g’ =4 f' (as otherwise we should have f' = ¢'). That is, a dynami-
cally consistent and consequentialist decision maker who is told that a blue ball has not been
extracted from the Ellsberg urn (i.e., is told A) must strictly prefer to bet on a green ball
having been extracted.

Yet, it seems to us that a decision maker with the ambiguity averse preferences in Eq. (1)
might still prefer to bet on a red ball being extracted, finding that event less ambiguous than
the extraction of a green ball, and that constraining him to choose otherwise is imposing a

strong constraint on the dynamics of his ambiguity attitude.

In view of this example, we claim that dynamic consistency is a compelling property
only for comparisons of acts that are not affected by the possible presence of ambiguity. In
other words, we think that rankings of acts unaffected by ambiguity should be dynamically
consistent.

This is the starting point of this paper. We consider the preferences represented by

V(f) = a(f) min / u(f(s)) dP + (1 - a(f)) max / u(f(s)) dP, ()

pPeC pPeC

where f is an act, a is a function over acts that describes the decision maker’s attitudes
toward ambiguity, and C' is a set of priors that represents the ambiguity revealed by the
decision maker’s behavior. We provided an axiomatic foundation for such preferences in Ghi-
rardato et al. (2004, henceforth GMM).? There, we also introduced a notion of unambiguous
preference which is derived from the observable preference over acts. We argued that such
derived unambiguous preference only ranks pairs of acts whose comparison is not affected by
ambiguity. That is, unambiguous preference is a partial ordering, which is represented a la
Bewley (2002) by the set of priors C' (see Eq. (3) below).

Our main intuition is then naturally modelled by assuming that the derived unambigu-
ous preference is dynamically consistent, while, in the presence of ambiguity, the primitive
preference might well not be. This natural modelling idea leads to a simple and clean charac-
terization of updating for the preferences we discuss in GMM. The main result of the present
paper, Theorem 11, shows that the unambiguous preference is dynamically consistent if and
only if all priors in C' are updated according to Bayes’ rule. This result thus characterizes
prior by prior Bayesian updating, a natural updating rule for the preferences represented by

Eq. (2).

2The multiple priors model of Gilboa and Schmeidler (1989) corresponds to the special case in which

a(f) =1 for all acts f. The Choquet expected utility model of Schmeidler (1989) is also seen to be a special

case.



We also consider a stronger dynamic consistency restriction on preferences, which can be
loosely described as imposing dynamic consistency of the decision maker’s “pessimistic self.”
We show that such restriction (unlike the one considered earlier) leads to imposing some
structure on the decision maker’s ex-ante perception of ambiguity, which corresponds to the
property that Epstein and Schneider (2003) have called rectangularity. This shows, inter
alia, that rectangularity is not in general (i.e., for the preferences axiomatized in GMM) the
characterization of dynamic consistency of the primitive preference relation, but of a different
dynamic property which might even be logically unrelated to it.

We close by observing that we retain consequentialism of the primitive preference, an-
other classic dynamic property that requires that preferences conditional on some event A
only depend on the consequences inside A. This property has been weakened in Hanany
and Klibanoff (2004), which also offers a survey of the literature on dynamic choice under

ambiguity.

1 Preliminaries

1.1 Notation

Consider a set S of states of the world, an algebra ¥ of subsets of S called events, and
a set X of consequences. We denote by § the set of all the simple acts: finite-valued
Y-measurable functions f: S — X. Given any « € X, we abuse notation by denoting z € §
the constant act such that z(s) = « for all s € S, thus identifying X with the subset of the
constant acts in §. Given f,g € § and A € ¥, we denote by f A g the act in § which yields
f(s) for s € A and g(s) for s € A° =S\ A. We model the DM’s preferences on § by a binary
relation =. As usual, = and ~ denote respectively the asymmetric and symmetric parts of
.

We let By(X) denote the set of all real-valued ¥-measurable simple functions, or equiva-
lently the vector space generated by the indicator functions 14 of the events A € 3. If f € §
and u : X — R, we denote by u(f) the element of By(X) defined by u(f) (s) = u(f(s)) for
all s € S. A probability charge on (S,X) is function P : ¥ — [0, 1] that is normalized and
(finitely) additive; i.e., P(AU B) = P(A) + P(B) for any disjoint A, B € ¥. Abusing our
notation we sometimes use P(y) in place of [ ¢ dP, where ¢ € By(X).

Given a functional I : By(X) — R, we say that [ is: monotonic if I(y) > I(¢) for all
v, € By(X) such that ¢(s) > ¢(s) for all s € S; constant additive if I(p+ o) = I(p) +
for all ¢ € By(X) and « € R; positively homogeneous if I(ap) = al(y) for all ¢ € By(X)

and a > 0; constant linear if it is constant additive and positively homogeneous.



Finally, as customary, given f € §, we denote by X(f) the algebra generated by f.

1.2 Invariant Biseparable Preferences

We next present the preference model used in the paper. We recall first the MEU model
of Gilboa and Schmeidler (1989). In this model, a decision maker is represented by a util-
ity function u and a set of probability charges C, and she chooses according to the rule
minpec [u(-) dP. A generalization of this model is the so-called a-maxmin (a-MEU) model,

in which the decision maker evaluates act f € § according to

peC pPeC

o min / w(£(s)) dP(s) + (1 — o) max / w((s)) dP(s).
S S

The a-MEU model is also a generalization —to an arbitrary set of priors, rather than the
set of all possible priors on ¥>— of Hurwicz’s a-pessimism decision rule, which recommends
evaluating an act by taking a convex combination (with weight «) of the utility of its worst
possible result and of the utility of its best possible result. In collaboration with Arrow (1972),
Hurwicz later studied a generalization of his rule, which allows the “pessimism” weight « to
vary according to the identity of the worst and best results that the act may yield.

As it turns out, there is a similar generalization of the a-MEU model allowing the weight
« to depend on some features of the act f being evaluated. It is the model studied by GMM
(see also Nehring (2001) and Ghirardato et al. (2003)), which relaxes Gilboa and Schmeidler’s
axiomatization of MEU by not imposing their “ambiguity aversion” axiom (and is constructed
in a fully subjective setting). We present its functional characterization below, referring the
reader to the cited (2004, 2003) for the axiomatic foundation and further discussion. (The
axioms are simply those of Gilboa and Schmeidler (1989) minus their “uncertainty aversion”

axiom.)

Definition 2 A binary relation = on § is called an tnvariant biseparable preference
if there exist a unique monotonic and constant linear functional I : By(X) — R and a
nonconstant convex-ranged utility u : X — R, unique up to a positive affine transformation,

such that I(u(-)) represents =; that is, for every f,g € §,
[z ge I(u(f)) = I(u(g)).

It is easy to see (see GMM, page 157) that a functional I : By(X) — R that satisfies mono-

tonicity and constant linearity is also Lipschitz continuous of rank 1; i.e., [I(p) — I(¢)| <
I — || for any ¢, 1) € Bo(%).



In order to show how this model relates to the a-MEU model, we need to show how to
derive a set of priors and consequently the decision maker’s ambiguity attitude.

Suppose that act f is preferred to act g. If there is ambiguity about the state space, it is
possible that such preference may not hold when we consider acts which average the payoffs
of f and ¢ with those of a common act h. Precisely, it is possible that a “mixed” act g A h,

which in each state s provides the average utility

u(g Ah)(s) = Au(g(s)) + (1 = Au(h(s)),

be preferred to a “mixed” act f A h, which offers an analogous average of the payoffs of f and h.
Such would be the case, for instance, if g A h has a utility profile which is almost independent
of the realized state —while f Ah does not— and the decision maker is pessimistic. On
the other hand, there might be pairs of acts for which these “utility smoothing effects” are

second-order. In such a case, we have “unambiguous preference.” Precisely,
Definition 3 Let f,g € §. Then, f is unambiguously preferred to g, denoted f =* g, if
fAh>=gAh

for all X € (0,1] and all h € F.

Notice that in general »=* is a coarsening (hence incomplete) of %=, while on the other hand
for any z,y € X, x =" y if and only if = = y.

In GMM we show that given an invariant biseparable preference there exists a unique
nonempty, convex and (weak*) closed set C of probability charges that represents the unam-

biguous preference relation =* in the following sense

f="g<—= /Su(f(s)) dP(s) > /Su(g(s)) dP(s) forall PeC. (3)

That is, unambiguous preference corresponds to preference according to every one of the
possible “probabilistic scenarios” included in C. The set C therefore represents the ambiguity
that is revealed by the decision maker’s behavior.

Given the representation C, the decision maker’s index of ambiguity aversion a is then
extracted from the functional I in the following natural way:

I(u(f)) = a(f) min /S u(f(5)) dP(s) + (1 — a(f)) max /S u(f()) dP(s).

pPeC pPeC

The coefficient a : § — [0, 1] is uniquely identified (GMM, Thm. 11) on the set of acts whose

expectation is nonconstant over C; i.e., those f for which it is not the case that

/Su(f(s))dP(s) = / u(f(s)) dQ(s) for every P,Q € C. (4)

S



Moreover, wherever uniquely defined, a also displays a significant regularity, as it turns out
that a(f) = a(g) whenever f and g “order” identically the possible scenarios in C. Formally,
for all P,Q € C,

/S u(f(s)) dP(s) > /S u(f(s)) dQ(s) = /S u(g(s)) dP(s) > /S u(g(s))dQ(s).  (5)

(See GMM, Prop. 10 and Lemma 8 respectively for behavioral equivalents of the above
conditions.) In words, the decision maker’s degree of pessimism, though possibly variable,
will not vary across acts which are symmetrically affected by ambiguity. Notice that in our
environment the Arrow-Hurwicz rule corresponds to the case in which a decision maker’s
degree of pessimism only depends on the probabilities that maximize and minimize an act’s
evaluation. Thus, letting the degree of pessimism depend on all the ordering on C is a
generalization of the Arrow-Hurwicz rule. Clearly, the SEU model corresponds to the special
case in which C is a singleton. Thus, all SEU preferences whose utility is convex-ranged are
invariant biseparable preferences. Less obviously, also CEU preferences with convex-ranged
utility are invariant biseparable preferences. Hence, this model includes both a-MEU and
CEU as special cases.

Unless otherwise noted, for the remainder of the paper preferences are always (but often

tacitly) assumed to be invariant biseparable in the sense just described.

2 Some Derived Concepts

We now introduce three notions which can be derived from the primitive preference relation
via the unambiguous preference relation. Besides being intrinsically interesting, such notions

prove useful in presenting the main ideas of the paper.

2.1 Mixture Certainty Equivalents
For any act f € §, denote by C*(f) the set of the consequences that are “indifferent” to f in
the following sense:

C*'(f)={z e X: forally € X, y =" f implies y =" =, f =" y implies = =" y}.

Intuitively, these are the constants that correspond to possible certainty equivalents of f.
The set C*(f) can be characterized (GMM, Prop. 18) in terms of the set of expected utilities

associated with C:



Proposition 4 For every f € §,

z € C7(f) <= min P(u(f)) < u(z) < max P(u(f)).

Moreover, u(C*(f)) = [minpec P(u(f)), maxpec P(u(f))].
It follows immediately from the proposition that x € C*(f) if and only if there is a P € C
such that u(x) = P(u(f)). That is, u(C*(f)) is the range of the mapping that associates
each prior P € C with the expected utility P(u(f)).

There is another sense in which the elements of C*(f) are generalized certainty equivalents

of f. Consider a consequence x € X that can be substituted to f as a “payoff” in a given
mixture. That is, such that for some A € (0,1] and h € §,

2 Ah ~ fAh.

The following result shows that, while not all the elements of the set C*(f) can in general
be expressed in this fashion, each of them is infinitesimally close (in terms of preference) to

a consequence with this property.?

Proposition 5 For every f € §, C*(f) is the preference closure of the set
{zr € X :3X€(0,1], 3h € § such that t Xh ~ f Ah}.

In light of this result, we abuse terminology somewhat and call x € C*(f) a mixture cer-
tainty equivalent of f, and C*(f) the mixture certainty equivalents set of f.
2.2 Lower and Upper Envelope Preferences

Given the unambiguous preference =* induced by %, we can also define the following two

relations:

Definition 6 The lower envelope preference is the binary relation =* on § defined as
follows: for all f,g € §,

frlge={reX: f="a}D{zeX g}

The upper envelope preference is the binary relation =' on § defined as follows: for all

[,9€3,
f>;Tg<:>{xEX:x>;*f}g{xeX:a}>;*g}.

3In the statement by “preference closure” of a subset Y C X, we mean u ! (u(Y))

7



The relation =! describes a “pessimistic” evaluation rule, while = an “optimistic” evaluation
rule. To see this, notice that =! ranks acts by the size of the set of consequences that are
unambiguously worse than f. In fact, it ranks f exactly as the most valuable consequence
that is unambiguously worse than f. The twin relation =' does the opposite. We denote by
! and ~! (resp. =T and ~T) the asymmetric and symmetric components of 3=} (resp. =)
respectively.

This is further clarified by the following result, which shows that the envelope relations

can be represented in terms of the set C derived in the previous section.
Proposition 7 For every f,g € §, the following statements are equivalent:

(i) f=tg (resp. =" g).

(77) minpee P(u(f)) > minpee P(u(g)) (resp. maxpee P(u(f)) > maxpee P(u(g))).

It follows from this result that = is a 1-MEU preference, in particular an invariant biseparable
preference, and that (=')* is represented by C. Moreover, while for every z,y € X, z = y
if and only if z =} y, ==3=! holds if and only if %= is 1-MEU, so that = and =! will be in
general distinct. Symmetric observations hold for =1.

The relations between =*, =1 and = can be better understood by recalling the relative

ambiguity aversion ranking of Ghirardato and Marinacci (2002).

Proposition 8 The preference relation =t is more ambiguity averse than =, which is in

turn more ambiguity averse than =.

Therefore, the envelope relations can be interpreted as the “ambiguity averse side” and the
“ambiguity loving side” of the DM. Indeed, =} is ambiguity averse in the absolute sense of

Ghirardato and Marinacci (2002), while =! is ambiguity loving.

3 Revealed Ambiguity and Updating

Suppose that our DM has an information structure given by some subclass II of ¥ (say, a
partition or a sub-algebra), and assume that we can observe our DM’s ez ante preference
on §, denoted interchangeably = or =g, and his preference on § after having been informed
that an event A € II obtained, denoted =4. For each A € II' = I U S, the preference =4
is assumed to be invariant biseparable, and the utility representing =4 is denoted by wu4.
Clearly, a conditional preference = 4 also induces an unambiguous preference relation =%, as

well as mixture certainty equivalents sets C(-) and a lower envelope preference relation &ﬁl.



Because =4 is invariant biseparable, it is possible to represent =% in the sense of Eq. (3) by
a nonempty, weak® compact and convex set of probability measures C4.
We are interested in preferences conditional on events which are (ez ante) unambiguously

non-null in the following sense:

Definition 9 We say that A € ¥ is unambiguously non-null if t Ay = y for some (all)
T -y,

That is, an event is unambiguously non-null if betting on A is unambiguosly better than
getting the loss payoff y for sure (notice that this is stronger than the definition of non-null
event in Ghirardato and Marinacci (2001), which just requires that Ay > y). This property
is equivalently restated in terms of the possible scenarios C as follows: P(A) > 0 for all P € C.

We next assume that conditional on being informed of A, the DM only cares about an
act’s results on A, a natural assumption that we call consequentialism: For every A € II,
f ~a fAg for every f,g € §. Consequentialism extends immediately to the unambiguous

and lower envelope preference relations, as the following result shows:
Lemma 10 For every A € II, the following statements are equivalent:*
(i) fr~afAg forevery f,g €.
(it) f~% fAg for every f,g € §.
(7i1) f Ni fAg for every f,g € §.

For the remainder of this section we tacitly assume that all the preferences =4 are invariant
biseparable and consequentialist.
An important property linking ex ante and ex post preferences is dynamic consistency:
For all A € IT and all f,g € §,
frage= fAgi=g. (6)

This property imposes two requirements. The first says that the DM should consistently
carry out plans made ex ante. The second says that information is valuable to the DM, in
the sense that postponing her choice to after knowing whether an event obtained does not
make her worse off (see Ghirardato (2002) for a more detailed discussion).

As announced in the Introduction, we now inquire the effect of requiring dynamic consis-

tency only in the absence of ambiguity; i.e., requiring Eq. (6) with = and =4 replaced by the

“In this and the remaining results of this section, we omit the equivalent statements involving the upper

envelope preference relation.



unambiguous preference relations =* and =% respectively. We show that (for a preference
satisfying consequentialism) this is tantamount to assuming that the DM updates all the
priors in C, a procedure that we call generalized Bayesian updating: For every A € II,

the “updated” perception of ambiguity is equal to
ClA=co" {Py: PeC},

where P4 denotes the posterior of P conditional on A, and %" stands for the weak* closure

of the convex hull.

Theorem 11 Suppose that A € 11 is unambiguously non-null. Then the following statements

are equivalent:
(i) For every f,g € 5,
[ 74 9= Pa(u(f)) = Pa(u(g)) for all P € C. (7)
Equivalently, C4 = C|A and uy = u.
(1) The relation =* is dynamically consistent with respect to A. That is, for every f,g € §:
frag=[Ag*="yg. (8)
(i4i) For every x,a' € X, x =o' = x =4 2. For every f € § and x € X :

x e CY(f) <= xeC*(fAx). (9)

(iv) For every f € § and xz € X:

f&ﬁlx(:ﬁan:&lx. (10)

Alongside the promised equivalence with dynamic consistency of unambiguous preference,
this results presents two other characterizations of generalized Bayesian updating. They are
inspired by a result of Pires (2002), who shows that when the primitive preference relations

=4 are 1-MEU, generalized Bayesian updating is characterized by (a condition equivalent to)
fra(va)e <= fAzx = (~)x (11)

for all f € §F and z € X. Statement (7i7) in the proposition departs from the indifference part
of Eq. (11) and applies its logic to the “indifference” notion that is generated by the incomplete

10



preference =* Statement (iv) is a direct generalization of Pires’s result to preferences that
are not 1-MEU. Notice that Eq. (10) is equivalent to requiring that f =% « if and only if
fAz =* x, a weakening of Eq. (8) that under the assumptions of the proposition is equivalent
to it.

It is straightforward to show that dynamic consistency of the primitives {=4} e im-
plies condition (i7). Thus, dynamic consistency of the primitives is a sufficient condition for
generalized Bayesian updating. The following example reprises the Ellsberg discussion in the

Introduction to show that it is not necessary.

Example 12 Consider the (CEU and) 1-MEU preference described by (linear utility and)
the set C = {P : P(R) = 1/3, P(G) € [1/6,1/2]}. It is clear that a decision maker with
such C would display the preference pattern of Eq. (1). It follows from Theorem 11 that her
preferences will satisfy consequentialism and unambiguous dynamic consistency if and only

if conditionally on A = {R,G} her updated set of priors is
Ca={P:P(R)€[2/52/3]}.

Assuming that the decision maker is also 1-MEU conditionally on A, this implies that in
period 1 she will still prefer betting on a red ball over betting on a green ball. As discussed
in the Introduction, this cannot happen if the decision maker’s conditional preferences satisfy

dynamic consistency tout court; i.e., Eq. (6).

A different way of reinforcing the conditions of Theorem 11 is to consider imposing the
full strength of dynamic consistency on the lower envelope preference relations, rather than
the weaker form seen in Eq. (10). We next show that this leads to the characterization of the
notion of rectangularity introduced by Epstein and Schneider (2003).

Suppose that the class II forms a finite partition of S; i.e., I = {Ay,...,A,}, with
A;NAj; =0 for every i # j and S = U_; A;. Given a set of probabilities C such that each A;

is unambiguously nonnull, we define
C] = {P :3Q, P1,..., Py € C such that VB € X, P(B) =Y Pi(B|A)) Q(Al-)} .
i=1

We say that C is II-rectangular if C = [C].> (We refer the reader to Epstein and Schneider

(2003) for more discussion of this concept.)

Proposition 13 Suppose that 11 is a partition of S and that every A € 11 is unambiguously

non-null. Then the following statements are equivalent:

SWe owe this presentation of rectangularity to Marciano Siniscalchi.

11



(1) C is I-rectangular, and for every A € I, ug = u and C4 = C|A.
(ii) For every f,g € § and A € I1:

fehge= fAg=tyg.

The rationale for this result is straightforward: Since the preference =! is 1-MEU with set of
priors C, it follows from the analysis of Epstein and Schneider (2003) that C is rectangular
and that for every A € II, C4 is obtained by generalized Bayesian updating. But the sets Cy
are also those that represent the ambiguity perception of the primitive relations =4, as they
represent the ambiguity perception of ki.

We have therefore shown that the characterization of rectangularity and generalized
Bayesian updating of Epstein and Schneider can be extended to preferences which do not
satisfy ambiguity hedging, having taken care to require dynamic consistency of the lower
envelope (or equivalently of the upper envelope), rather than of the primitive, preference
relations. The relations between dynamic consistency of the primitives {4} acr and of the

lower envelopes {>Il4} Aerr are not obvious and are the object of ongoing research.

12



A Appendix

We begin with a preliminary remark and two pieces of notation, that are used throughout this
appendix. First, notice that since u(X) is convex, it is w.l.o.g. to assume that u(X) D [-1,1].
Second, denote by By(2, u(X)) the set of the functions in By(X) that map into w(X). Finally,
given a nonempty, convex and weak* compact set C of probability charges on (S, ), we denote
for every ¢ € By(%),

C(¢) = min P(¢),  C(p) = max P(p).

peC peC
A.1 Proof of Proposition 5
Since the map from By(X) to R defined by

Y= I(u(f) +¢) = 1(¢)

is continuous and By (X) is connected, the set

J = () +9) W) b € B
{r(un+ 5 20) -1 (15 2u0) e e 5 e 0,11

is connected. That is, it is an interval. From Lemma B.4 in GMM, it follows that

J = [C(u(f)), C(u(f))]-

Let
M(f)={x € X :3x € (0,1], 3h € § such that xt \h ~ f A\h}.

We have x € M(f) iff

(@) = 1 <u(f> ;1 ;)\u(h)> iy (1 - Au<h)>

iff € u=1(J). Hence, u(M(f)) C J. Conversely, if t € J, t € [C(u(f)), C(u(f))] and there
exists © € X such that u(z) = t. Clearly, x € M(f), whence u(M(f)) = J. We conclude

observing that

0 (1) = (Ipgiy P g PGl ) =t (7) = (7).

pPeC peC
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A.2 Proof of Proposition 7

To prove the statement for »=! (that for = is proved analogously), we only need to show that
f 7t g == Clulf)) = Clulg)).

Applying the definition of =! and the representation of Eq. (3), we have that f =! g iff for
every x € X,

P(u(g)) > u(zx) for all P € C = P(u(f)) > u(z) for all P € C.

That is, iff for every x € X,

C(u(g)) = u(z) = C(u(f)) = u(x).

This is equivalent to C(u(f)) > C(u(g)), concluding the proof.

A.3 Proof of Proposition 8

We have proved in Proposition 7 that $=! is represented by the functional C(u(-)), and 3='
by C(u(-)). Consider = and *=!, and notice that (GMM, Prop. 7) for any f € §, C(u(f)) <
I(u(f)) < C(u(f)). Tt is clear that C(u(f)) < I(u(f)) is tantamount to saying that for every
r € X,

= f=aEtf

The argument for 3= and »=' is analogous.

A.4 Proof of Lemma 10

(i) < (i1): Assume that, for every A € II, f ~4 f Agfor every f,g € §, hence, for every h € §
A+ (1 =XNh] ~a [N+ (1 =XNh]A[Ag+ (1 =N)h], that is A\f + (1 = N)h ~4 A\fAg+ (1 —N)h,
thus f ~% fAg. Conversely, if f ~% fAg for every f,g € §, then in particular f ~4 fAg
for every f,g € §.

(i1) & (iii): By Eq. (3), f ~% fAg iff P(ua(f)) = P(ua(fAg)) for all P € Ca. It
immediately follows that C4(ua(f)) = Ca(ua(fAg)). By Proposition 7, this is equivalent to
f~h fAg.

Conversely, suppose that f Nil fAg forevery f,g € §. Consider z >4 y. Since x Nll4 T Ay,

it follows from Proposition 7 that

ua(@) = min fua(z) P(A) +ualy) (1 - P(A)]
= uy(x) Igréicri P(A) +ua(y) (1 — Igréicri P(A)).
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Since ua(x) > ua(Y), this implies that minpec, P(A) = 1, or equivalently, that P(A) = 1
for all P € C4. It follows that P(ua(f)) = P(ua(fAg)) for all P € C4, which is equivalent
to f ~% fAg.

A.5 Proof of Proposition 11

First, we observe that the fact that Eq. (7) implies C4 = C|A is a consequence of Prop. A.1
in GMM. That it implies ug = u is seen by taking f = x and g = 2’ to show that z =4 2’ &
z = 2'. The converse is trivial.
(i) & (i1): fAg =" gforall P e Ciff [, u(f)dP+ [, u(g)dP > [,u(g)dP+ [,.u(g)dP
forall P e Ciff [,u(f)dP > [, u(g)dP for all P € Ciff Po(u(f)) > Pa(u(g)) for all P € C.
(i) = (#i7): Suppose that u = uy. We first observe that it follows from Proposition 4
that for every f € § and x € X, with obvious notation,

z € CA(f) <= Caulf)) < u(@) < Calu(f)). (12)
Next, we prove that for every f € § and « € X, again with obvious notation,
z € C*(f Ax) <= ClA(u(f)) < u(z) < CIA(u(f)). (13)
To see this, apply again Proposition 4 to find

v € C*(f Ax) <= C(u(f Aw)) < u(w) < C(u(f Ax)).

That is, x € C*(fAx) iff both

r}glelrcl/su(fo) dP < u(x) (14)
and
u(x) < I}I)lgé(/su(fo) dP. (15)

Denote resp. P and P the probabilities in C that attain the extrema in Eqs. (14) and (15).

Then we can rewrite Eq. (14) as follows:

1
) > 5 /A u(f) dP,

which is equivalent to saying that

ua) > min [ u(f)dPa = ClAGu().

PeC
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Analogously, Eq. (15) can be rewritten as

ul(z) < (1,4) /A u(f) dP.

which is equivalent to

u(z) < max /S u(f) APy = CTA(u(f)).

This ends the proof of Eq. (13).

To prove (i), notice that = = 2/ = x =4 2’ obviously follows from the assumption
u = uga, and that, given Eqgs. (12) and (13), Eq. (9) follows immediately from the assumption
C|A =Cau.

(i4i) = (i): First, observe that the assumption that = = 2’ = = =4 2/ implies u = uy
by Corollary B.3 in GMM. Hence, it follows from Egs. (12) and (13) above that Eq. (9) is

equivalent to

Ca(u(f)) < u(x) < Calu(f)) <= ClA(u(f)) < u(x) < ClA(u(f)).

In particular, this implies that for every ¢ € By(X, u(X)),

Prgé?AP(w) = ngicri Q(p) (16)

The result that C|A = C4 now follows from two applications of Prop. A.1 in GMM.
(1) = (iv): By Proposition 7 and the assumption that uq = u, for every f € Fand z € X
we have that f &i x iff Q(u(f)) > u(x) for all @ € C4. Next, we show that

fAz =tz < P(u(f)) >u(x) forall PcC|A, (17)

so that the result follows from the assumption that C|A = C4.
To see why Eq. (17) holds, notice that by Prop. 7, fAz =} x iff P(u(fAzx)) > u(x) for all
P € C. Equivalently, for every P € C,

/A u(f)dP + (1 - P(A)) u(x) > u(x),

which holds iff Ps(u(f)) > u(x) (recall that P(A) > 0 for all P € C). In turn, the latter is
equivalent to saying that P(u(f)) > u(x) for every P € C|A.

(iv) = (i): We first show (mimicking an argument of Siniscalchi (2001)) that Eq. (10)
implies that ug = u. To see this, notice that we have ua(z) > wua(x’) iff x =4 o' iff
x Az =t iff

min [u(z)P(A) + u(2')(1 — P(A))] > u(z').
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Using the assumption that minpee P(A) > 0, the latter is equivalent to u(z) > u(z’), proving
that ugq = u.

We now show that C|A = C4 by showing that Eq. (16) holds for every ¢ € By(X, u(X)),
so that the result follows again from Prop. A.1 in GMM. As argued above, Eq. (10) holds for
f and z iff

P(u(f)) > u(z) forall P e ClA <= Q(u(f)) > u(z) forall Q€ Ca.

Fix ¢ € Bo(X,u(X)) and suppose that, in violation of Eq. (16), a = minpeci4 P(¢) >
mingec, @(p) = B. Then there exists v € (5,a). Let x denote the consequence such that
u(x) = 7. By the assumption we just made, we have that (if f € § is such that u(f) = ¢),
in P > d > mi ,

Juin, Plu(f)) > u(@) and u(z) > min Q(u(f)
which, as proved above (the proof for strict preference works mutatis mutandis as that for
weak preference, recalling that C| A is weak* compact), is equivalent to fAz > x and f <£‘ x,
a contradiction. Suppose instead that o < 3 and let v € (a, 3). In this case we obtain

min P(u <wu(xr) and wu(x)< min Q(u ,

Juin, Pu(/) < u(a) (@) < guin Qu(f)
which is equivalent to f >i1 z and x = fAx (to see the latter, let P* € C be the probability

whose posterior minimizes the left-hand inequality; it follows that minpee P(u(fAz)) <
P*(u(fAx)) < u(z)), again a contradiction. This concludes the proof of Eq. (16).
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