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Abstract

We study information sales in financial markets with strategic risk-averse traders. Our main
result establishes that the optimal selling mechanism is one of the following two: (i) sell to as
many agents as possible very imprecise information; (ii) sell to a single agent a signal as precise
as possible. As noise trading per unit of risk-tolerance becomes large, the newsletters or rumors
associated with (i) dominate the exclusivity contract in (ii). The optimal information sales
contracts share similar properties in market-orders and limit-orders markets, while models in
which competitive behavior is assumed yield qualitatively different equilibria. The endogeneity
of the information allocation implies a ranking reversal of the informational efficiency of prices
across markets and models. Equilibrium prices become more informative in market-orders than
in limit-orders markets, and the model with imperfect competition yields more informative
prices than its competitive counterpart. These results are driven by the seller of information
offering more precise signals when the externality in the valuation of information is relatively

less intense.

JEL classification: D82, G14.

Keywords: markets for information, imperfect competition, share auctions.



1 Introduction

This paper explores the allocation of information that arises when information is sold, via a
financial intermediary, to a set of strategic risk-averse traders. We study the problem in the
standard market microstructure setting, where agents have CARA preferences and payoffs and
signals are normally distributed, across different types of markets (limit-order versus market-
order). Our framework allows for strategic trading with multiple informed risk-averse agents,
and accommodates a large class of information allocations, both important features of the
problem. Furthermore, this class of models is one of the few tractable share auctions models
with common values,! which allows us to link our results to both the finance literature as well

as the literature on uniform-price auctions with endogenous informational asymmetries.

Our main finding is that the optimal sales of information take on a particularly simple form
in a limit-order market: (i) sell to as many agents as possible very imprecise information; (ii)
sell to a single agent a signal as precise as possible. Whether one form or the other dominate
depends on the level of noise trading per unit of risk-tolerance of the bidders: as this becomes
small, the ezclusivity contract (ii) dominates the large scale newsletters or rumors associated
with (i). We show that the optimality of one type of contract versus the other is driven by the
tradeoff between maximizing aggregate expected profits and ex-ante risk-sharing. The rumors
equilibrium maximizes ex-ante risk-sharing by splitting the information in such a way that
agents hold very small risky portfolios, at the cost of introducing competition and noise in the
information, both of which reduce traders’ interim utility. The exclusivity contract maximizes

expected trading profits, at the cost of leaving ex-ante risk-sharing gains untapped.

We show that the optimal information sales in a model with market-orders exhibits a
similar duality as in the case of limit-orders. For high values of noise trading per unit of risk-
tolerance, the seller finds it optimal to sell to as many agents as possible very noisy signals.
In this equilibrium the informational properties of asset prices are identical to those that arise
under limit-orders. On the other hand, for low values of noise trading per unit of risk-tolerance,
the information seller may decide to sell to a small number of traders very accurate signals.
Intuitively, traders are always exposed to some execution-price risk when submitting market-
orders, no matter how precise their information is. This residual risk opens the possibility of
risk sharing among perfectly informed agents, and for positive values of risk aversion the seller

may find it optimal to sell precise signals to a small number of them.

Comparing equilibrium properties at the optimal information allocations, we find a ranking

reversal of the informational efficiency of prices across markets and models. The ranking in the

!Share auctions, first studied in Wilson (1979), allow bidders to receive fractional amounts of the good for
sale. Examples in financial markets abound, from auctions of Treasury securities, the actual opening mechanism
in markets such as the NYSE, to auctions of equity stakes at IPOs.



exogenous information case is driven by the different usage of private information: limit-orders
yield more efficient prices that market-orders because execution-price risk dampens trading
aggressiveness (Brown and Zhang, 1997); models in which competitive behavior is assumed
are more informative than their imperfect competition counterpart because traders do not
internalize their price impact (Kyle, 1989). As the seller of information wants to maximize
its value, she finds it optimal to sell less information when the negative externality associated
with information leakage is relatively more intense. In equilibrium, the monopolist sells suf-
ficiently less information so as to reverse the original ranking, highlighting the importance of

endogenizing information allocations when studying how prices aggregate information.

Our analysis yields two other ancillary results. First, the paper provides an example of
a large auction market where imperfect competition yields different equilibria than a purely
competitive equilibrium concept. In particular, we complement the examples in Kyle (1989)
and Kremer (2002),2 by providing a simple economic problem where the type of limiting econ-
omy studied in these papers arises (with precision vanishing as the number of informed agents
increases). Second, we find that assuming perfect competition at the trading stage the monop-
olist seller will always choose to sell noisy newsletters to traders, i.e. the exclusivity contracts
that arise when traders are strategic are never optimal if one assumes competitive behavior.
Intuitively, it is the fact that the monopolist trader fully internalizes his trades’ impact on
price (partially with multiple traders) which drives the dominance of the exclusive contracts
versus the newsletters. Thereby, models with and without the price-taking assumption yield

qualitatively different implications.?

Our paper contributes to the information sales literature by showing how particularly
simple sale strategies are optimal. Furthermore, the types of optimal contracts described
above seem to compare well with some of the types of sales we see in markets for information:
many financial services firms do sell newsletters that seem to have little informational content
(see, for example, Graham and Harvey, 1996; Jaffe and Mahoney, 1999; Metrick, 1999) and
many financial consulting services are associated with exclusivity contracts. The duality that
the solution exhibits provides a rationale for regime shifts in asset prices. The equilibria with
exclusive contracts exhibits low price revelation and low trading volume, whereas the equilibria
with noisy newsletters yields more informative prices and high trading volume. A repeated
version of the model can thereby generate some of the stylized facts on the time variation
and persistence of trading volume and price volatility reported in the empirical asset pricing

literature.

2See pages 339-340 of Kyle (1989), and in particular Theorem 9.1. Kremer (2002)’s counterexample concludes
his paper.

3This is in sharp contrast to the results in Kovalenkov and Vives (2004), who argue that the competitive
and strategic models we study (in particular the competitive and strategic versions of Kyle, 1989) have similar
equilibrium properties. In our application the models are truly different, both quantitatively and qualitatively,
even when there are large numbers of agents.



Our paper is closely related to previous work on information sales, as well as the literature
on mutual funds and analysts.* We model information sales as direct, in the sense defined
in Admati and Pfleiderer (1986).> The paper by Admati and Pfleiderer (1988), who study
information sales in a Kyle (1985) framework with risk-averse traders is perhaps the closest to
our model. Admati and Pfleiderer (1988) show that in the context of photocopied noise (see
Admati and Pfleiderer, 1986) a monopolistic seller of information would like to sell to finite
number of traders, depending on the risk-aversion of the traders. We extend their analysis
by allowing the information seller to add personalized noise, which as argued in Admati and
Pfleiderer (1986) and Dridi and Germain (1999) is potentially more beneficial in terms of
dampening the effects of competition between traders. We go further than these papers by
studying information sales across different market settings, allowing the monopolist to choose

among a larger class of allocations of information, obtaining remarkably simple solutions.

The second strand of the literature to which our paper contributes is that of share auctions
and information aggregation.® The main contribution of our paper is to endogenize the alloca-
tion of information in two special types of share auctions with risk-averse buyers.” Prices in the
share auctions we study indeed aggregate the diverse pieces of information that agents receive
from the monopolist seller. On the other hand, the type of information received by agents is
a non-trivial function of the number of informed agents in the equilibrium that yields optimal
rumors, in sharp contrast to most of the limiting equilibria studied in the literature, where
signals’ precision are typically held constant as new traders are added to the auction. Our
results highlight the importance of endogenizing the allocation of information when studying

issues of information aggregation.

2 The model

In this section we present the main ingredients of our economy with endogenous asymmet-
ric information. We first discuss the elements of the model as well as the assumptions on

information sales, and then characterize the resulting equilibria and the monopolist’s problem.

“Some early work includes Admati and Pfleiderer (1986), Admati and Pfleiderer (1987), Admati and Pflei-
derer (1988), Admati and Pfleiderer (1990), Benabou and Laroque (1992), Fishman and Hagerty (1995). See
Ross (2000), Biais and Germain (2002), Veldkamp (2003), Germain (2005), Morgan and Stocken (2003), Cespa
(2007), and Garcia and Vanden (2006) for some recent contributions.

°In essence, we take the information sales problem of Admati and Pfleiderer (1986), and extend it to the
non-competitive markets of Kyle (1985) and Kyle (1989).

5Some classic papers on information aggregation include Wilson (1977), Milgrom (1979), and Milgrom (2000).
See Pesendorfer and Swinkels (1997), Pesendorfer and Swinkels (2000), Hong and Shum (2004), Reny and Perry
(2003) and Cripps and Swinkels (2004) for some recent work on the area.

"The work on information acquisition in auctions in general is a rapidly growing field. See Matthews (1984),
Hausch and Li (1991), Guzman and Kolstad (1997), Persico (2000), Moresi (2000), Gaier and Katzman (2002),
Jackson (2003).



2.1 The share auction setting

All agents have CARA preferences with a risk aversion parameter r. Thus, given a final payoff
m;, each agent i derives the expected utility E [u(m;)] = E[—exp(—rm;)]. There is a large
number of uninformed traders who participate in the stock market alongside the traders who
can become informed. This makes the specification of the economy, post information sales,
identical to the one discussed in Kyle (1989) under the assumption of free entry of uninformed
speculators. This assumption is equivalent to the existence of a competitive market-making
sector that clears the market, as in Kyle (1985). This equivalence allows us to compare the

limit- and market-orders based models on equal footing (Bernhardt and Taub, 2006).

There are two assets in the economy: a risk-less asset in perfectly elastic supply, and a risky
asset with a random final payoff X € R and variance normalized to 1. All random variables in
the economy are defined on some probability space (€2, F,P), and unless stated otherwise, are
normally distributed, uncorrelated, and have zero mean. There is random noise trader demand
Z for the risky asset. This variable is the usual driver in preventing private information to be
revealed perfectly to other market participants.® We let 02 denote the variance of Z. We use
0; to denote the trading strategy of agent i, i.e. the number of shares of the risky asset that
agent i acquires. With this notation, the final wealth for agent i is given by m; = 6;(X — P,),

where P, denotes the price of the risky asset.’

2.2 The monopolist information seller

There is a single agent who has perfect knowledge about the payoff from the risky asset X,
whom we shall refer to as the information seller. We will focus on direct sales of personalized
information (see Admati and Pfleiderer, 1986), i.e. the case where the seller of information
gives agent i a signal of the form Y; = X + ¢;, with ¢; i.i.d. and s. = var(e;)~! denoting the
precision of the signals offered by the monopolist. The information seller can write contracts
for the delivery of signals Y; to N agents, where N is large. We allow the seller of information
to ration the market, i.e. to sell to m < N agents, and to freely choose the signal quality
se. Essentially, we allow the monopolist to sell different pieces of her information to different

agents.

Figure 1 sketches the major stages of the model. The monopolist seller of information

8We note that the size of the noise trading demand is fixed, in sharp contrast with much of the literature,
where some notion of large noise is introduced in order to justify competitive trading behavior (Hellwig, 1980;
Verrecchia, 1982; Admati, 1985; Garcia and Urosevié, 2007). Furthermore, one could equivalently interpret this
noise trading demand as stemming from aggregate supply shocks.

9We normalize here, as is customary in the literature, the agents’ initial wealth and the risk-free rate to zero.
These assumptions are innocuous since the model contains only one period of trading and agents are assumed
to have CARA preferences. In addition, there are no borrowing or lending constraints imposed on the agents.



contacts m agents and offers them signals as specified above for a price ¢. If an agent accepts
he pays the fee ¢, and next period he receives the signal Y;, which he will use to make his
portfolio decision. If an agent declines he trades as an uninformed investor when financial
markets open. Traders are not allowed to resell the information they receive to other traders
and the precision of the signals is assumed to be contractible. The type of information sales
we are considering can be thought as subscriptions to some future advice, for which trades pay

some ex-ante price ¢, and later get to observe information about the risky asset.

We should emphasize that all the assumptions on the information sellers of Admati and
Pfleiderer (1986) are in place. In particular, there is no reliability problem between the in-
formation seller and the buyers, in the sense that she can commit to truthfully revealing the
signal Y; that she promised. Furthermore, the information seller is not allowed to trade on her

information.?

2.3 The equilibrium at the trading stage

We describe next the three models that we will study: (1) the limit-orders model of Kyle
(1989), (2) the market-orders model of Kyle (1985), (3) the competitive version of Kyle (1989).
A linear rational expectations equilibrium is defined by a linear function P, : 2 — R such
that (i) agents’ trading strategies are optimal given their information set, (ii) markets clear
in all states. We should emphasize that agents do not act as price takers in (1) and (2) -
they anticipate the dependence of prices on their trading strategies as in the Kyle (1985) and
Kyle (1989) models. Studying the competitive version of Kyle (1989) allows us to determine
whether such a standard assumption conditions the results we obtain in the particular problem

of information sales.

We follow the literature and search for equilibria where prices are linear functions of the
primitives in the economy, namely the vector (X, {e;}[",Z). We let 6; denote the number of
units of the stock that agent i trades. Without loss of generality, due to the CARA /normal
setup, we characterize informed agents’ trading strategies in the limit-order model by two
positive constants (3,7), defined by 0; = 5Y; — yP,, for i = 1,...,m; whereas we use 6; = Y;
in the market-order model. The parameter § measures the intensity of trading on the basis
of private information, whereas -y is the intensity with which they trade as a function of price

(including their optimal response to its informational content). From the market-clearing

0Following the discussion in Admati and Pfleiderer (1988), we conjecture that allowing the information seller
to trade would only condition some of our results on the optimal sales. For high values of the risk-tolerance per
unit of noise parameter the information seller would choose to not sell her information and just trade on her
own account (analogous to selling to one single agent), whereas for low values she would choose to sell to as
many agents as possible.



condition prices will be of the form

PI=A<ﬂ§jYi—Z>;
i=1

for some A\ > 0.

Before proceeding to the characterization of the equilibrium, we follow Kyle (1989) and
introduce a set of equilibrium variables that facilitate the presentation of our results. We
define the informational content parameter ¢ by var(X|P,)~! =7, = 1 4+ ¢ms.. The variable
1) measures the fraction of the informed agents’ precision that is revealed by prices. It is
useful to define the product of the number m of signals sold times the precision in each
signal, y = ms,, as the “stock of private information” in the economy, so that 7, = 1 4+ ¢y.
Furthermore, we define the conditional precision of payoffs and trading profits for an informed
agent as 7; = var(X|F;) ! and 7, = var(X — P,|F;) ! respectively. In the market-order model
Fi = o(Y;), i.e. an informed agent’s information set reduces to the sigma-algebra generated by
Y;; whereas in the limit-order model F; = o(Y;, Py), i.e. traders can condition their investment
decisions on prices, so that 7; = 7. Following Kyle (1989), we also define the informational
incidence parameter ¢ = SAvar(X|F;)~!/s.. This variable is related to strategic considerations
in the following way: ¢ measures the change in the price that obtains when an informed agent’s
valuation of the risky asset goes up by one dollar as a result of a larger realization of his signal
Y;. At its extreme values, ( = 1/2 corresponds to the case of risk neutral monopoly, ¢ = 0 to
a perfectly competitive market.

The equilibrium in the limit-order market of Kyle (1989) is characterized, for a given

information allocation m and s, via the non-linear equation!!

v -9 (-2
(= vymse ~"m=—u) (1-0)

K

(1)
where k = ro,. The corresponding condition in the market-order model is given by

Y :Tw(l—w) (1-2¢).
(1 —v)mse it (1-¢)"

K

and in the competitive version of Kyle (1989) by

v -v
(1_¢)m56 (m—¢)

K

3)

1A technical appendix on the authors’ websites contains the details of the solution and the characterization
of the equilibrium for the three models considered.



These three models have been studied in the literature with exogenous information allo-
cations, i.e., taking the number of informed traders m and the quality of their information s,
as given. Kyle (1989) shows that prices in the equilibrium with with imperfect competition
are less informative than in the equilibrium with perfect competition. This follows immedi-
ately by comparing (1) and (3), since the term which includes ¢ in (1) is less than 1. The
intuition for his result is that agents who internalize their price impact trade less aggressively
on their private information. Brown and Zhang (1997) and Bernhardt and Taub (2006) show
that limit-order models, of the type characterized by (1), yield more informative prices than
market-order models given in (2).!? The intuition for their results is that agents who can
submit demand schedules, instead of market-orders, trade more aggressively on their infor-
mation because of two reasons. On the one hand they face less execution-price risk due to
noise-trading; on the other each of them internalizes the order-reducing effect of his order on
the trades of other speculators, increasing competition. This paper builds on these results by
endogenizing the allocation of information via a financial intermediary who sells information

directly, and characterizing the corresponding equilibrium properties.

2.4 The monopolist’s problem

The monopolist seller of information would charge a price ¢ that makes each of the agents just
indifferent between accepting the monopolist’s offer or trading as an uninformed agent. The
profits earned by the seller of information from a particular allocation depend on the number
of traders m to which information is sold, and on the value of signals to each trader given by
the certainty equivalent of wealth. The next Proposition shows that the monopolist’s problem

can be equivalently stated in terms of the expected interim certainty equivalent.

Proposition 1. The monopolist’s problem can be expressed as

m
€ =—1 1 2rlE il) s 4
mep X o Clmosg) =5 log (14 2rEly)) )

such that one of the equilibrium conditions (1)-(8) holds, where
xi = Elmi| Fi] - Svar(mi| F), (5)
and m; = 0;(X — P,) denotes trading profits of agent i.

The Proposition provides a simple expression for the monopolist’s profits, which is valid

12The models in these two papers are not isomorphic to the ones we study here. Brown and Zhang (1997)
look at a version of the Vives (1995) model, with a continuum of informed agents. The analysis in Bernhardt
and Taub (2006) differs from ours along two dimensions: they only consider the risk neutral case, and the
information structure is of the form > | ¥; = X.



across the three models introduced the previous section.'® The ex-ante consumer surplus C is a
concave function of E[x;], the expected interim certainty equivalent. The variable x; is precisely
the objective function that trader ¢ maximizes at the interim stage (this is ¢ = 2 in Figure 1).
The monopolist seller controls E[x;] by choosing both s. and m. More precise signals generate
smaller interim discounts due to risk, the second term in (5). On the other hand, the expected
profits component may or may not increase in signals’ precision: too much information can
induce agents into trading very aggressively, and as a consequence eliminate their trading
profits. Increasing m the monopolist is also affecting the interim certainty equivalent - more
agents will compete more aggressively, thereby reducing expected interim profits. On the other
hand, given the concavity of the log function, increasing m increases the ex-ante risk-sharing

gains, since noise trader risk is being shared among more risk-averse traders.

The rest of the paper endogenizes the allocation of information in the economy by con-
sidering the solution to (4), namely the choice of the number of agents the monopolist sells
information to, m, and the quality of the signal she offers, s., for the three different market
structures introduced in section 2.3. We remark that, given the symmetry assumption and
the fact that the information allocation is endogenous, the only two primitives in (4) are the
risk-aversion of each trader r and the total amount of aggregate noise o,. Although r and o,
have different effects on the consumer surplus, the optimal information allocation is determined
solely by the product of the two, which we denote as k = ro,. We remark that the risk-neutral
case implies k = 0 for any o,. We refer to x as the noise per unit of risk-tolerance in the

economy.

3 Optimal information sales in the limit-order market

3.1 General considerations

The monopolist’s problem introduced in the previous section is driven by the interaction of
strategic trading, externalities in the valuation of information and risk sharing considerations.
Before exploring the full problem, it is worthwhile to look at it for a fixed number of informed
traders m. The next Proposition characterizes the optimal stock of information y as a function

of m and k.

Proposition 2. When m = 1, the monopolist seller optimally gives the agent what she knows,
i.e. S¢ = 00. Fizing m > 2, the optimal stock of information y is given by the unique positive

solution to the quadratic equation

13 As far as we know this is the first time such an expression has been given in the literature.




where the functions A, B, C' are provided in the proof of the Proposition.

The above Proposition shows that if the monopolist sells information to only one trader,
then it is optimal not to add any noise to the signal. This is rather intuitive: in absence of
competition the informed trader fully internalizes the price impact of his trades, and the seller

maximizes the value of the signal giving him full information.

On the other hand, if she were to sell perfect information to multiple traders, speculators
would compete very aggressively, making the price reveal all their private information and
driving profits to zero (see Kyle, 1989, Theorem 7.5). The seller can avoid this outcome
by adding noise to the signals she sells, thereby dampening the competition problem, and
allowing informed traders to earn positive profits.'* However, traders with imperfect signals
only partially distinguish price movements related to fundamentals from those related to noise-

trading. This risk creates a discount at the interim stage.

The amount of noise that optimizes this trade-off between competition and interim risk-
sharing considerations is implicitly defined by Proposition 2. One can verify, solving the
system defined by (1) and (6) numerically, that the optimal stock of private information y
is an increasing function of k. Rather intuitively, the higher noise trading per unit of risk
tolerance, the smaller the negative externality of price revelation. The monopolist responds
by increasing the stock of information she offers to the m traders as a consequence. Similarly,
as the number of traders m increases, the negative externality from competition among them
increases, and the monopolist optimally cuts down the information offered, i.e. the stock of

information y offered is decreasing in the number of agents m that receive information.

Summarizing, there are two opposing forces. On one hand the information seller wishes
to maximize interim consumer surplus, by providing agents with high aggregate profits and
low trading risk via precise signals. Concentrating the information allocation maximizes the
interim certainty equivalent, because traders compete over profits. On the other hand, more
traders share the noise-trading risk, so dispersing the information allocation by spreading noisy
signals among different agents improves ex-ante risk-sharing. When solving her problem (4),

the monopolist seller of information optimally weights these forces.

4This resembles the optimality of adding noise from Admati and Pfleiderer (1986). The motivations for
adding noise in our paper are related, but not identical to theirs. For instance, the seller would never sell perfect
information to a single trader in the competitive model of Admati and Pfleiderer (1986). In section 4.2 we
further compare our results to a case closely related to Admati and Pfleiderer (1986), where agents act as price
takers.



3.2 Optimal exclusivity contracts and noisy newsletters

In this section we study the problem in (4) for open sets around the risk-neutral and large

risk-aversion cases.

Proposition 3. There exists k such that for all kK < k, the monopolist optimally sells to a
single agent, m = 1, and sets s = oo, i.e. tells the agent what he knows. In this case,

informational efficiency and monopolist’s profits satisfy:
var(X|P,) ™! = 2, (7)
1
Ci(r,oz) = o log (1 +710,). (8)

The Proposition establishes that if risk-aversion or noise trading in the auction are small,
the damaging effects of competition are high enough that the monopolist optimally sells her
information to one trader. In the risk-neutral case the monopolist’s problem reduces to that
of maximizing expected profits, and can be solved in closed form. In this case, selling to more
traders does not bring any risk-sharing gains, and competition decreases aggregate profits,
making the concentrated information allocation with m = 1 optimal. When traders are risk
averse, most of the analytical tractability disappears. Nevertheless, for low x risk-sharing gains
are still negligible with respect to the costs induced by competition and noisy signals, driving

the optimality of the exclusivity contract for an open interval around zero.

Under the optimal information sales, half of the information of the seller gets impounded
into prices, i.e. the conditional volatility of the risky asset is exactly 1/2 the unconditional
volatility, irrespective of the level of noise trading. This follows from the fact that speculator’s
effective risk aversion is zero as he receives a signal with no noise and can submit limit orders.
As the risk neutral monopolist in Kyle (1985), he optimally adjusts his trading strategy so
as to offset any variation in noise trading, making price informativeness independent of noise

trading.

Next Proposition describes the allocation of information that arises with a large number
of traders, and establishes its optimality when the monopolist faces an economy with highly

risk-averse traders and/or an asset with large amounts of noise.

Proposition 4. There exists some k such that for all kK > K the monopolist’s problem (4) is

solved form = N. As N T oo, the optimal stock of private information sold is

1— 292

- woo(l_d}oo); (9)

)

10



where Y is the unique real solution in [0,1/2] to

4 3 (k> =2) 1 1

As N T oo, informational efficiency and monopolist’s profits satisfy:

1 — 2¢2
var(X|P,) "t =1+ 1= e (11)

(1 _7/)00)’

(1 —29%,)(1 — 20
27“7#00 (2(1 - ¢§o) - ¢oo) ‘

Coo(r,02)

(12)

The Proposition shows that the solution for the monopolist’s problem when either risk-
aversion or the amount of noise trading in the economy are large is to sell to as many agents as
possible very imprecise signals. More risk averse speculators trade less aggressively on informa-
tion, and more noise trading makes prices less informative, so for x large the negative effects of
competition are relatively small. The monopolist could still sell perfect information to a single
trader, maximizing the interim certainty equivalent, but the ex ante value of information would
be highly discounted due to large risk aversion or large noise-trading risk. As a consequence,
risk sharing gains dominate competition effects, driving the optimality of selling to N agents
for large noise trading per unit of risk-tolerance. The optimal allocation of information with
large number of traders does indeed resemble noisy newsletters, as individual precision in each

trader’s signal vanishes in the large N limit.

The fraction of information that prices reveal, ¥, is a decreasing function of k. As a
consequence, from (9) the stock of private information sold y is increasing in k. As noise
trading per unit of risk tolerance increases, the dilution of the value of information by price
revelation decreases. The seller optimally increases the stock of private information sold to the
N agents as a consequence. The net effect on price informativeness is negative as long as k
is sufficiently large.'® Comparing the equilibrium expressions with those from Proposition 3,
we see that informational efficiency is always greater than in the exclusivity contract case.'
Prices aggregate the information dispersed in the economy and reveal more than under the

equilibrium with a monopolist trader.

In the optimal contracts in Proposition 4, the monopolist sells signals in such a way as
to have a large number of informed agents monopolistically competing against each other as
in the leading example of section 9 of Kyle (1989), and the concluding counter-example in

Kremer (2002). These two examples are built abstractly by taking the large N limit in an

5One can verify, from (9) that 7, = 14+ 1y = 1 4+ (1 — 20%)/(1 — ¢oo) is an increasing function of e for
Yoo > 1 —1/4/2 2 0.29. Since 1) is strictly decreasing in & the claim follows.
YFrom (11) one can check that var(X|P;)™* > 2 for x > & and finite.

11



auction setting letting the precision of the signal vanish as IV increases. Proposition 4 presents
an economic problem where such a limiting economy arises endogenously. As highlighted by
Kyle (1989), even in the large N limit, when agents are “small” in terms of their informational
advantage, they internalize their price impact, i.e. the equilibrium informational incidence

parameter satisfies ((k) > 0 for all K > & and finite, whereas the competitive model has { = 0.

3.3 The general case

After establishing that the optimal solution is non-interior for two open sets of Kk € Ry, we
further analyze the problem in this section to assess how tight the bounds [0, k) and (%, o)
actually are. Proposition 3 only establishes the existence of an open set [0, k], whereas in
Proposition 4 does not address whether the bound % has a finite limit if we let N T co. The
general problem in (4), for an arbitrary &, is particularly challenging analytically due to its

non-linear nature.!”

We solve the model numerically, using results from Proposition 2 to reduce the problem for
each m to the solution of a single nonlinear equation for . In particular, the characterization
in (1), evaluated at y(m,1), defines the equilibrium at the optimal allocation of information
for each fixed m. Since the equilibrium is uniquely given by the solution for ¢ to such equation
(Kyle, 1989), it is a trivial numerical exercise to solve such equation and compute the consumer
surplus from (4). Figure 2 plots the profits obtained by the monopolist from selling to m =
2,...,40 (dotted lines), as well as the profit functions corresponding to m = 1 and m = oo
(solid lines). As Figure 2 makes clear, the profit functions with m = 1 and m = N (for N
large), form an upper envelope that dominates any allocation of information to m informed
agents: the functions Ci(r,0;) and Cx (7, 0;) as defined in (8) and (12) yield an upper bound

for the value of the monopolist’s problem.

The following Theorem summarizes our main findings.

Theorem 1. There exists k* such that Proposition 8 and Proposition 4 hold with k = kK =
K* =~ 1.74.

The optimal information allocation is one of the two discussed in the previous section:
the monopolist should offer either the exclusivity contracts from Proposition 3, or the noisy
newsletters from Proposition 4. The finite m solution, which compromises ex-ante risk-sharing
vis a vis the noisy newsletters equilibria, is dominated by the exclusivity contracts for all
Kk < k*. At the same time, with a finite m the information seller improves on risk-sharing vis a

vis the exclusivity contracts for sufficiently large k, but for such x > k* the noisy newsletters

"For instance, there exist open sets of x such that optimal profits as a function of m exhibit both local
maximum and minimum which are not the global maximum (or minimum).
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equilibria already yields higher profits. Although there is a non-trivial tension between the
finite m case and either the two limiting cases for different «, this tension occurs for parameter

values for which the other limiting case dominates.

The discontinuity in the equilibrium prices at k* creates a rationale for regime shifts between
the m = 1 and m = N cases. Namely, consider a repeated sequence of economies, identical and
independent from each other. Assume the noise-trading parameter o, is a stochastic process
taking values on the positive real line. As this process crosses the x* barrier the allocation
of information in the economy will shift from one type of equilibrium to the other. This will
in turn generate regimes with different asset pricing properties, depending on whether o, is
above or below x*. In periods of high noise-trading prices will be more informative, aggregate
trading profits lower, and trading volume will be high. When noise-trading drops below the
cutoff trading volume will dry up, as only one agent will become informed. Trading profits on

the other hand will be high, accompanied of low price revelation.

4 Market structure, trading behavior and information sales

In this section we extend our analysis to a setting where agents can execute market-orders
instead of limit-orders. We show that the nature of the solution does not change, although
now the seller of information may choose to sell signals to a finite number of agents when
noise trading per unit of risk-tolerance is low. These agents are offered perfect information,
as in the low k equilibria of section 3. Next, we study our model under the assumption
of price-taking behavior. We find that the competitive model yields significantly different
answers: the monopolist seller of information will always sell to as many agents as possible very
imprecise information, even when traders are almost risk-neutral. We finish by discussing more
general allocations of information, as well as the possibility that the monopolist’s information

is imperfect.

4.1 Market orders

In this section we study how the particular market structure used throughout section 3 affects
optimal sales of information. Instead of allowing traders to submit demand schedules, we
study the case where traders submit market-orders to a risk-neutral market-maker, who sets

the price according to weak form efficiency

Py = B[X|w];
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where w denotes total order flow. Using the previous notation, w = » ", 6; + Z. More
critically, in the Kyle (1985) model agents are not allowed to condition their trades on prices,

so their optimization problem is over trading strategies 6; that are Y;-measurable.

As in section 3, the consumer surplus, for a given information allocation with m informed
traders who have signals of precision s, is given by (4), where the interim certainty equivalent
is given by (5) with F; = o(Y;). As in the previous analysis, consumer surplus is a concave
function of the expected value of the interim certainty equivalent y;. In contrast to the limit-
order model, agents’ interim certainty equivalent depends only on their private information Yj,
since neither order flow w nor the asset price P, is in their information sets. Notably, even
agents who observe the realization of the fundamental X face some residual price-execution-
risk in their investment opportunity, because noise trader demand will randomly move the
prices at which the order is executed. As a consequence the conditional variance of profits is

bounded away from zero.

The information seller’s problem is, analogously to the case of limit-orders, to maximize
consumer surplus given in (4), subject to the equilibrium constraint, given by (2). The residual
uncertainty that traders face with market orders makes the information sales problem more
challenging. In fact, contrary to the limit orders case, residual uncertainty prevents effective
risk aversion of informed traders from vanishing as the precision of the signal increases. The
reason being that, once the order is submitted, traders are exposed to the risk that liquidity
traders may push the price against them. Therefore, risk averse traders do not compete away
their profits even if perfectly informed on the one hand, and value the reduction in risk that
comes with precision on the other. As a consequence, the seller may find it optimal to sell

precise signals to more than one trader.

The next Proposition presents open sets parameter statements for the market-order model,

as Propositions 3 and 4 did for the limit-order model.

Proposition 5. Consider the monopolist problem in (4) in the market-order model of Kyle
(1985). Then:

(a) There exists k such that for all Kk < k the monopolist optimally sells to one agent, m = 1,
and gives him perfect information, s = oo,
(b) There exists & such that for all kK > & the monopolist optimally sells to m = N agents.

As N T oo the solution to the monopolist problem is as stated in Proposition /.

The risk-neutral case, kK = 0, can be solved explicitly, and mirrors the conclusion of the
limit-order model. As shown in Dridi and Germain (1999), the monopolist seller of informa-

tion may want to add some noise to her information, in particular if m > 4. Furthermore,
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their equilibrium profit expressions immediately imply that consumer surplus is maximized
concentrating the information in one single trader, as in Admati and Pfleiderer (1988). The
novel feature of the Proposition is the fact that consumer surplus is higher for the m = N
equilibria for sufficiently large x. The optimality of the rumors equilibria is driven by the
ex-ante risk-sharing gains - the main difference vis a vis the limit-order model is the extent
of these gains. Furthermore, the proposition shows that the equilibrium price informativeness
coincides with that in the limit-order model, i.e. the models behave identically in terms of the

informational content of prices.

The general case is again challenging analytically, since equilibrium with risk-averse traders
in a Kyle (1985) can only be characterized via a non-linear equation (Subrahmanyam, 1991).
As in the limit-order model, we solve the model numerically. For each m, we solve for the
optimal s, and the equilibrium price, obtaining the maximum consumer surplus for each m.
We do this for a fine grid of values for k, and report the resulting consumer surplus for different
m in Figure 4. Whether it is optimal to set sc = oo or not depends on both m and . For
m < 3 it is never optimal to add any noise, so that s¢ = co is always optimal. For m > 4, on
the other hand, the seller of information would like to sell noisy signals, s, < oo if and only if
k < Rm, Where k,, is increasing in m. Rather intuitively, for a fixed m, the monopolist gives
the agents her information if and only if the noise per unit of risk tolerance is sufficiently high.
Comparing Figure 4 to Figure 2, we see that the upper envelope now consists on the fragments
of six different profit lines, those that encompass m < 5 and the m large case. We summarize

our findings in the following theorem.

Theorem 2. For k < k =~ 3.1, the monopolist sells signals with no noise to a finite number of
agents (at most five).'® For k > i it is optimal to sell signals with vanishing precision to an

infinite number of traders.

As in the analysis in section 3, the problem’s solution is of the bang-bang nature: (i) either
to concentrate the information in the hands of a few traders, or (ii) to disperse it to a large
number of them, giving each of them a very noisy signal. In terms of comparing the solution
to the limit order model, we see that for low values of x, the allocation of information in the
models coincide: optimal information sales involve m = 1 and s = co. On the other hand,
the model with market-orders has interior optima for m for an open set of values of k. The
rationale for the difference with Theorem 1 lies on the fact that even while giving agents perfect
information, there are interim risk-sharing gains by spreading this information among multiple
agents due to the execution price risk created by noise traders in a market-order exchange.

These interim risk-sharing gains make the critical x higher than in the limit-order model - it

8Namely: for £ < k1 ~ 0.19 it is optimal to have m = 1; for k1 < k < k2 ~ 0.81, it is optimal to have
m = 2; for ke < kK < k3 &~ 1.56, m = 3 maximizes profits; for k3 < k < k4 =~ 2.38, the seller sets m = 4; and for
K4 < k < R, the seller sets m = 5.
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is only after k > 3.1, versus k > 1.74, that the noisy newsletters equilibria dominate the one

with a finite number of traders with perfect signals.

Figure 3 plots equilibrium values of var(X|P,)~! as a function of x for both the limit-order
and the market-order models. For low values of k, price informativeness is increasing in the
noise per unit of risk-tolerance parameter in the market-order model,' whereas it is constant
at var(X|P;)~! = 2 with limit-orders. The intuition lies on traders’ effective risk-aversion:
while they face a riskless arbitrage opportunity in the limit-order market, market orders are
risky. This interim risk makes the monopolist seller sell to more agents, and competition among
them drives price informativeness up. On the other hand, for large values of x both models

yield the same prediction: price informativeness is decreasing in .

4.2 Competitive behavior

All our previous results were derived assuming agents acted strategically when trading, i.e.
they anticipated the effect of their trading on equilibrium asset prices. Of course, one could
solve the model under the alternative competitive assumption, that is, assuming that agents
act like price takers.?? The previous discussion highlights the fact that with a finite amount of
noise o, one cannot get away assuming competitive behavior: in the two classes of equilibria
discussed in the previous section agents were partially internalizing their trading strategies’
effect on prices, namely ¢ > 0. Although the equilibria will have different characterizations,
it is not clear to what extent the competitive assumption will affect the qualitative aspects
of the optimal contracts. The next Proposition shows that indeed it does: assuming perfect

competition the exclusive contracts are never optimal.

Proposition 6. If agents act as price takers, the optimal sales satisfy m = N, i.e. the infor-

mation seller sells to as many agents as she can. Furthermore, as N — oo she sets

Koo
Y (1= tso)? (13)
where Yo solves
(1+ KPS + (K% = 32 + 3o — 1 =0; (14)

19We focus on the “continuous” version of m in this paragraph, since it highlights the intuition of the problem.
When treating m as a discrete variable we see that price informativeness exhibits a highly non-monotonic
relationship with x, with large jumps at the points where the solution changes from each finite m, while being
decreasing in between. This is intuitive: for a fixed m, an increase in risk-aversion means agents will trade more
conservatively. Once there is a change in m price informativeness jumps due to the discrete increase in order
flow.

20As shown in Kyle (1989) and Garcfa and Urosevié (2007) this assumption is innocuous in large economies,
where noise, measured by o, grows with the number of agents N.
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The monopolist’s profits are given by

. 1 (1 —e)?
MR C0 ) = 57 @) .

For any value of the primitives k, equilibrium prices at the optimal sales are less informative
if agents act as price takers than if they act strategically. Moreover, price informativeness is

mncreasing in K.

Under perfect competition the information seller always chooses to sell to as many agents as
possible, controlling the damaging effects of information leakage by giving agents very imprecise
signals. The optimality of selling to a single trader disappears. This implies that it is critical to
model the price impact of traders in our application. Rather intuitively, it is precisely the fact
that the monopolist trader internalizes his trades’ impact on prices that drives the optimality
of the exclusivity contract in section 3. The result has a similar flavor to that in Admati and
Pfleiderer (1986), where it is shown, in a large market with perfectly competitive traders, that
the seller of information would always optimally sell to all agents. Proposition 6 highlights
that it is not the particular structure of the large market in Admati and Pfleiderer (1986) that

drives their result, but rather the competitive assumption.?!

It is also interesting to note how equilibrium prices are affected across the equilibria dis-
cussed in Proposition 6 and the one from our previous section. As shown in the Proposition,
prices are less informative under the competitive assumption than under strategic trading.
This result may be surprising, since as Kyle (1989) convincingly shows, strategic trading makes
agents more cautious with their trades, thereby having less informative prices (see Theorem
7.1 in Kyle, 1989). The intuition for the result reversal is that the information seller will give
agents more informative signals under imperfect competition precisely because these traders,
in contrasts to competitive traders, will marginally internalize the effect of their trades on
prices, i.e. trade less aggressively on their information. In terms of the information revealed

by prices this later effect dominates the usual effect of less aggressive trading by the informed.

Moreover, in the competitive case we have that, contrary to the exogenous information
model, informational efficiency is increasing in risk aversion. The intuition can be grasped by
noting that for low risk aversion the seller is forced to sell very noisy signals to control for the
dilution in the value of information via information leakage. Risk tolerant agents therefore end
up with noisier signals, which makes the equilibrium prices more informative as risk-aversion
is increased. This is not only in contrast with the exogenous information model, but also

with the model with strategic traders, where for k > k* we have that price informativeness

210Of course, the large market that Admati and Pfleiderer (1986) study, following Hellwig (1980), actually
does exhibit competitive behavior even if a non-competitive solution concept is used (Kyle, 1989; Garcia and
Urosevié¢, 2007).
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decreases in k. We conclude that the price-taking assumption eliminates the m = 1 equilibria
and generates contrary comparative static results with respect to the solution where agents

anticipate their impact on prices.

4.3 More general information structures

Throughout the paper, we have assumed that the monopolist seller of information markets
signals of the form Y = X + ¢ to the agents, where the set (¢)", are iid. with ¢ ~
N(0,02). This class of signals are what Admati and Pfleiderer (1986) refer to as allocations
with “personalized noise,” in contrast to the case where the signals ¢; are perfectly correlated
(as in Admati and Pfleiderer, 1988). Two natural questions arise: (i) is this information
structure without loss of generality? (ii) how does the equilibrium change if the monopolist
did not observe X, but rather a noisy signal of the form X + , with 6 ~ N(0,0%)? The
answer to (i) is critical, since our analysis does not subsume the case studied in Admati and
Pfleiderer (1988), where the market structure is as in section 4.1, but signals are perfectly
correlated. Furthermore, addressing (ii) is also important in terms of checking how robust the

corner solutions we have found actually are.

In the most general case, the monopolist seller would have at her disposal allocations of
information among m traders of the form Y; = X + 6 + ¢;, with € = (¢;)7, ~ N (0, X¢), where
her choice variable is the positive semi-definite variance-covariance matrix .. In principle,
her choices are therefore how many agents to sell to, m, as well as the elements of this matrix,
a total of m + m(m — 1)/2 entries, a rather daunting optimization problem. In order to gain
some intuition, and at least a partial answer to (i) above, we let o5 = 0 and study numerically
the problem for a fixed m, when the monopolist seller chooses ¥ to be a symmetric matrix.
Essentially this allows us to address to what extend the optimal solution changes when m > 1.
The characterization of the equilibrium, fixing m and Y. is standard. For a fixed m, and

under symmetric allocations, the monopolist profits are a function of the actual variance of ¢;,
2

O¢,y

as well as the correlation between signals sold to different traders, which we shall denote
by p. One can verify that the profits are a decreasing function of p: rather intuitively, the
monopolist is better off selling signals with low (or negative) correlation (conditional on X),
since heterogeneity in information reduces competition among agents. Furthermore, profits
are increasing in m for all kK > k* & 1.74, i.e. the main qualitative result in Theorem 1 is
robust to more general allocations of information. Finally, we note that as N T oo the optimal
allocations of information converge to those stated in Proposition 4. Rather intuitively, the
monopolist seller wishes to sell negatively-correlated signals, but since ¥, needs to be positive

semi-definite, as m T oo the optimal correlation tends to zero.

Having shown that personalized allocations are indeed optimal, we now turn to discussing
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the assumption that the monopolist information is perfect, i.e. in the notation introduced
above, how does the optimal sales of information change if O'g > 07 Following our previous
analysis, we solve the model fixing m, endowing agents with signals of the form Y; = X +J+¢;,
with € ~ N(0,02) ii.d. We then calculate the profits for the monopolist under the given
equilibrium, and solve for the optimal amount of noise 2 for each m. We find that the nature
of the solution, as stated in Theorem 1 does not change: for x > kI (os) the monopolist
optimally chooses to sell to m = N agents, with limyts s¢ = 0. On the other hand, for
k < K} (05) the monopolist may now optimally sell to a finite number of agents, much as in the
case of market-orders discussed in section 4.1.2? Intuitively, once ag > ( the trading strategies
for the agents are risky, so for finite x, even if small, the solution with a finite m may dominate
the m = 1 allocation due to risk-sharing gains. Furthermore, when the monopolist has a noisy
signal she may choose to sell to m > 1 agents signals with no noise added.?®> Finally, we
find that the breakpoint & changes, namely we have k) > x*, so that noisy signals make the

parameter space for which noisy newsletters are optimal smaller.

22For example, if x = 2 profits are maximized for m = 2, with o2 = 0.18.
23Consider the following parameter values: o2 = 10, x = 0.1. The optimal allocation of information satisfies
m = 2, with o2 = 0.
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Appendix

The technical appendix in the authors’ websites contains a full characterization of the equilibria
the three different models studied in the paper. The interested reader is urged to consult this

technical appendix for further details on the proofs of the propositions.
Proof of Proposition 1.

For each trader, the certainty equivalent of wealth is the constant ¢ that solves E [u(m;)] =

u(c), and the CARA assumption implies
1
e =~ log (~E[u(my)). (16)

The first-order condition of an informed trader 6; satisfies (Kyle, 1985, 1989)

_ ]E[X - Px‘]:z] .
~ rvar[X — P|F)+ Py’

for some Py > 0 (in the competitive model Py = 0).
In order to compute (16) we start by noticing that, at the interim stage, profits are condi-
tionally normal, so we can write
1 1
¢ = ——log (E[Efexp (—rm) |Fil]) = —~log (E[exp (=rx:)]) (18)
where
,
Xi = Bmi| Fi] — Svar(mi| 7). (19)
Define n = E[X — P,|F;] and rewrite (19), using the definition of profits m; = 6;(X — P,) and
the first-order condition (17), as
9 ( Py + gvar[X — P,|Fj] >
Xi = :
T\t var[X — PoF)?

(20)

Since P, = E[X|F,], we have E[n] = E[X — P;|F,] = 0. Standard results on the expectation

of quadratic forms of Gaussian random variables yield

Py + Lvar[X — Py|Fi] e
2
Elexp (—rxi)] = (1 + 2TU" <(P9 —|—7“2var[X - P |~7:])2>)

= (1+2rE[x)) %,

where the second equality follows by taking expectations in (20). Using the above expression

in (18) and rearranging completes the proof. O
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Proof of Proposition 2.

We first show that the monopolist sets s = co when m = 1. The expected interim certainty

equivalent can be expressed as

= () e (5) o

Using the equilibrium definitions for v and ¢ we have that, for any x > 0, the monopolist’s

problem when she sells to one agent reduces to

1
max C = max o log (1 +ro, (21)
T

Se Se

/1202 +4s.(1 + s¢) — 1o,
2(1+ s.) '

It is easy to verify that the above function is strictly increasing in s, so that the optimal
solution is to set s¢ = co. Furthermore, taking limits in (21) we have that when the monopolist

sells to a single agent her profits are given by
1
C = o log (14 ro,). (22)
r

Let us introduce the variable ¢, defined as 7; = 1 + s¢ + (m — 1)¢s.. In order to derive

equation (6), we note that, for a fixed m, the problem in (4) can be equivalently stated as

max [ = % log(1+ Q) — uG(y, ¢) (23)
where 2 = 2rE|[y;], and
B ¢ Ve ¢(1 +y)
60 = | ) T e

is the equilibrium condition (1) expressed in terms of ¢, using the definitions of ¢ and .
The first-order conditions for y and ¢ from (23) are

: (211/ 1 +¢¢>y> B [(m —(b(li(zf)aﬁy)z - ngy;r ¢>y)]

1 oy _ 1+y Qm(1 + ¢y)
Q<2¢<1—¢> 1+¢y>‘“[2+<m—1><1+¢y>2+2¢<1—¢>y]

I

Dividing these two expressions one has that

Qm 1 2 1 1 1
2y<y¢<1—¢>‘1>‘1+¢y PR G ey <¢ 2y> 29
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Define x = ¢y. Using the constraint G(y, ¢) = 0 and (24) one can verify after some simple

algebraic manipulations that, at an interior optima, the following must be satisfied
Az? 4+ Bz +C = 0;

with A = (m—2)(1—¢), B=(m—1)¢(2¢0 —1)+1+¢(1 —¢), and C = (m —1)(2¢* — 1) + ¢>.
Equation (6) follows immediately from the definitions of ¢ and . This completes the proof.
O

Proof of Proposition 3.

First consider the case m = 1. From Proposition 2, in particular expression (22) we have
that?4
limC = Tz (25)
710 2
Consider now the case m > 2. Define x = ¢y. Taking limits as « | 0 in (4) and (1) one

can verify that, fixing m > 2, the problem for x = 0 reduces to

o mx 1
max C::2¢u_¢mn—nu+x) (26)

such that
(m—-1)1+z)(1—-2¢)—(p+z)=0. (27)

The first-order conditions to the Lagrangian are (u denotes the multiplier)

2 1+x

c(1 1):u[<m—1><1—2¢>—1];

_c
2(1-¢)

These two equations with (27) characterize the (interior) optima for x and ¢, for any given

= p[—2(m - (1 + ) - 1].

m > 2. Some simple manipulations of these first-order conditions yields the optimum x as a

function of m: .
S _ —1)2
:c—2(m 1)( 14+ 142(m—1)+4(m 1)><1.

Letting w = —1 + /1 +2(m — 1) + 4(m — 1)2 one further obtains

2(m — 12 +w(m—1) —w
2m —1)(14+2(m—1) +w)’

o=

24Note that profits are zero if o, = 0, so the case x = 0 is only of economic interest for 7 = 0 and ¢, > 0.
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In order to proof the Proposition, comparing (26) and (25) we see that it is sufficient to

verify that

1 B ma
Tro ™= V(l “m 1)

for all m > 2. Some simple manipulations, noting that w € (2(m — 2),2(m — 1)), show that
I'(m) is a strictly decreasing function of m, which achieves a maximum at I'(2) = 0.79 < 1.
Since this is a strict inequality, and the profit function for any m is a continuous function of

k, this completes the proof. [J
Proof of Proposition 4.

We first show that profits are increasing in m for x large enough. Define # = 1/x and
let y be given. For (1) to hold as # — 0, we must have ©» — 0. The equilibrium condition

¢ = ¥7;/T, can be written as

(m —¢)(C =)
(L +1p(m = 2) = ((m = ¢))’

For (28) to hold as # — 0 we must have both ( — v and ({ —1)/v¥ — y/m. As a consequence,

y= (28)

: T =) (=20 y
e 2rEbal = I T e T

Taking the derivative of (4) with respect to m, and using the above expression, we have
that as # goes to zero®

ﬂz% log(1+y/m)—( y/m

—— 1 > 0.
1+y/m)

dm

From this it is immediate that the monopolist optimally sells to m = N agents. The open
set statement in the Proposition then follows from continuity of the problem with respect to

A

K.

Next we characterize the solution of the monopolist’s problem as m — oco. For (28) to hold
as an equality in the limit as m — o0, it is clear that we must have lim, ;100 ¢ = limyy100 ¥ = VYoo.

Then, taking limits as m — oo in (4), one can verify that

lim C = y(l — 21/100)

mToo o 27’(1 + yTZJoo) ’ <29)

25Notice that in the limit as r T oo monopolist’s profits vanish, so what we are considering here is the limit
as o, grows large.
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and that the constraint (1) reduces to

P L (30)

y(l - woo)

Using (30) to eliminate y in (29) the monopolist’s problem becomes

-_ c—’iZ Yoo (1 — 2thoo)
- 2
Yoo 2r (1 — too) (1 — 2tho0)” + K2PZ)

Equating to zero the derivative of the above expression yields the optimality condition for
s in (10). Moreover, from (10) we have k22, = (1 — 2ths)?(1 — 2¢92), and using this into
(30) yields (9) and (11). Finally, using (9) into (29) yields (12). Moreover, ydo, = 11‘_25’3. As
in this case ¢ € [0,1/2], we have that 7, > 2. Applying the implicit function theorem to (10)

one can verify that ¢ (k) defines a monotonically decreasing function of x. This completes
the proof. (I

Proof of Proposition 5.

Part (a) follows from Dridi and Germain (1999), who study equilibrium properties in a
model as described in section 4.1 assuming traders are risk-neutral, » = 0 in our notation. In
particular, their results imply that for m < 3 the monopolist does not want to add any noise,

and profits are given by
1

vm(l+m)

For m > 4 the monopolist does want to add some noise to his signals, namely set o, =

m—3
2

(31)

C=o,

. The monopolist profits for m > 4 at the optimal amount of noise are given by

o m

C = o
2v/2\V m—1

(32)

Noting that both (31) and (32) are decreasing functions of m yields the conclusion that

m = 1 is optimal under risk-neutrality. The open set statement follows from continuity.

Part (b). The optimality of selling to m = N agents follows from the same argument used
in the proof of Proposition 4. For (2) to hold as # — 0, we must have ¢ — 0, implying 7, — 7.

Solving the equilibrium condition ¢ = 17;/(1 + ¢s.) for s, yields

Se = )

(1 =)

so that for (33) to hold as & — 0 we must have both ( — ¢ and (( — ¢)/¢ — y/m. As a
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consequence,
. . (T7r - Tu) (1 - 20 Yy
lim 2rE[x;] =1 ==,
e s e €y A

In order to prove the second part, we show that as m — oo the monopolist’s problem in the
model with market orders and with limit orders coincide. Consider the problem for fixed y.
Multiplying both sides of (33) by m yields

For the above equation to hold as m — oo, it is clear that we must have lim,, o ¢ =

lim, 100 ¥ = 0. Taking limits as m — oo in the profit function one obtains

. _ y(l B 2¢oo)
i T 2 )’

and the constraint (2) reduces to

| Y
K 7,@(1—1/100)71 200

As the last two equations are identical to (29) and (30), the problems with limit and market

orders coincide. This concludes the proof. [
Proof of Proposition 6.

Using the constraint (3) to eliminate s. one can verify that, for a fixed m, the monopolist

seller of information is solving
Cc="log(1+Q) (34)
max =—1lo ;
¢ or 08 ’
where
K2

0= (sm)? 1"
(1=9¢) [m=1+¢+ mnaor

The first-order condition for ¢ yields :

(kma)? _m—l—l—gb2
m-D0-¢PF  1+¢ (35)
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By the envelope theorem

%:% log (140) — a5 (36)
where
s LM Z(Fﬂm@
o (m—1)?(1-¢3° (37)
m—1+ ¢+ — MO

(m—=1)(1—¢)?

From (36), a sufficient condition for profits to be increasing in m is that a < 1. Substituting
from (35) into (37) and rearranging one can verify that indeed o < 1, so the sufficient condition
is satisfied and, as a consequence, the monopolist finds optimal to sell to m = N. The rest of

expressions in the Proposition are immediate taking limits in (34) and (3), using (35).

Informational efficiency is measured by the precision conditional on the market price, given

by 7, = 1 + y. Notice that in the limit as m — oo, we have ¢ — 1. In the competitive

case we can express (14) as (K¢ ) = (11:@;’;)3 and substitute into (13) to get Yoo = ﬁ; as
oo € 10,1], we have 7, € [1.5,2]. Since 7, > 2 in the strategic model (see Propositions 3 and
4), prices are less informative in the competitive equilibrium. Finally, applying the implicit
function theorem to (14) one can verity that, as in the imperfectly competitive case, ¢uoo (k)
is a monotonically decreasing functions of k. In turn, this implies that 7, is monotonically

increasing in x in the competitive equilibrium. This concludes the proof. [J
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Figure 1: Timeline for information sales model.
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Figure 2: Equilibrium consumer surplus for different values of informed agents m and risk-
aversion r, at the optimal noise s, in the Kyle (1989) model. The solid lines correspond
to consumer surplus C when m = 1 and m = N (for large N), whereas the dashed lines
correspond to values of m = 2,...,40. The vertical line gives the breakpoint between regions
where different type of information sales, m = 1 versus m = N, are optimal. Noise trading
intensity is set at o, = 1.
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Figure 3: Equilibrium values for var(X|P,) ! for different values x. The solid lines corresponds
to the model with strategic traders and limit orders. The dotted and long-dash lines correspond
to the model with strategic traders and market orders (dotted for the case where m is treated
as an integer, dashed when m is treated as a continuous variable). The line with dashes and
dots corresponds to the model where traders are price takers.
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Figure 4: Equilibrium consumer surplus for different values of informed agents m and risk-
aversion r, at the optimal noise s, in the Kyle (1985) model. The solid lines correspond to
consumer surplus C when m = 1,2,3,4,5 and m = N (for large N), whereas the dotted lines
correspond to values of m = 6,...,40. The vertical lines give the breakpoints between regions
where different m are optimal. Noise trading intensity is set at o, = 1.
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