
 
PRACTICE PROBLEM SET 

 
QUESTION 1 

Little Johnny Goodchild receives a monthly allowance of $w from his parents. He is accustomed 

to spending his allowance on rides at the local amusement park x and other goods y. Each ride 

costs xp  and other goods are measured in units that cost yp  each.  

Johnny’s preferences can be described by the following utility function 

)ln()ln(),( λ−+−= ykxyxU   where 0, >λk  are constants 

(a) Find Johnny’s Marshallian demands for amusement rides and other goods. Are amusement 

rides and other goods complements or substitutes for Johnny? Are amusement rides a normal 

or inferior good? 

(b) Show that Johnny’s demand functions in part (a) are homogenous of degree zero in the vector 

),,( wpp yx  of prices and income. 

(c) Find Johnny’s Hicksian demand function for amusement rides and other goods. 

(d) Solve for his expenditure function ),,( uppe yx .  

(e) Verify that the Slutsky equation holds for an infinitesimally small change in the price of 

amusement rides. 

(f) For the remaining of the question, take 4== λk 1.  

Initially the prices are 1,5.0 == yx pp and Johnny gets $10 from his parents. Unfortunately 

for Johnny, the amusement park manager decides to establish an admission fee (i.e. if Johnny 

doesn’t pay the fee, he cannot go to any rides). What is the maximum admission fee that 

Johnny is willing to pay? If he pays this fee, how many rides and how many units of other 

goods will he purchase? 

(g) Instead of charging an admission fee, the amusement park closes. Since Johnny can no longer 

go for any rides and spend his money on them, Mr. and Mrs. Goodchild are thinking about 

adjusting Johnny’s allowance. Mr. Goodchild suggests that they should just decrease his 

allowance to exactly how much money he has been spending on other goods but Mrs. 

Goodchild (who happens to be an economist) does not agree. Why? What do you think is her 

suggestion? 

(h) Without doing any additional calculations, explain briefly how your answers in parts (f) and 

(g) compare with Johnny’s ordinary consumer surplus before the admission fee (i.e. when he 

                                                           
1 You may assume that, if Johnny does not take any rides, his utility becomes just )ln(),0( λ−= yyU . 



consumes the bundle initially in part (f). Include in your answer a sketch of the 

compensated/ordinary demand curve diagram.       

 

QUESTION 2 

Consider a consumer who purchases two goods X and Y. Her preferences can be described by the 

following utility function 
aa yxyxU −= 1),(  where 10 << a  

(a) Find her Marshallian demand function when her income is w. 

(b) Draw the Engel curves for X and Y. 

(c) Find an expression for her indirect utility function. 

(d) What is the consumer’s level of utility when income, prices and the utility function parameter 

are: 120$,4$,3$ === wpp yx , 5.0=a ? Find the equation of her compensated demand 

curve corresponding to this level of utility. 

(e) Repeat your calculations in part (d) when the price of X rises to $12 per unit. 

(f) Suppose now that a consumer living in the world of part (d) finds that indeed the price of X 

has increased to $12. Show the compensating variation measure of her loss in utility from the 

price increase on both an indifference curve/budget line diagram and demand curve diagram. 

Calculate the compensating variation measure using first the logic of indifference curves and 

budget lines and then the logic of demand curves (you should verify, of course, that both 

arguments give the same answer). 

(g) For the same price change as in part (f), calculate the equivalent variation measure of the 

consumer’s loss in utility. Again use both strands of thought as in part (f) and demonstrate 

that each method leads to the same result. Show the equivalent variation measure on both of 

the diagrams that you drew in part (f). 

(h) Finally, calculate the change in ordinary consumer surplus from the price increase and show 

the appropriate area in your demand curve diagram.  

 
QUESTION 3 

Let us study again the same consumer as in the previous question. The utility function parameter 

is again 5.0=a but now income and prices are: 600$,1$,25$ === wpp yx .  

(a) Calculate the amount of X and Y that this consumer buys. 

(b) Assume now that this consumer faces a rationing system that involves the government giving 

her 270 ration coupons and she having to pay 9 coupons for each unit of X that she purchases 



and 1 coupon for each unit of Y. These ration coupons must be paid in addition to the dollar 

unit prices indicated above. Calculate the amounts of X and Y that she purchases under the 

rationing scheme. 

(c) Suppose the consumer can offer a bribe to the government officials to persuade them so as 

not to subject her to the rationing system. What is the maximum bribe she would be willing to 

offer?   

 

QUESTION 4  

Martha is planning her consumption over two years. She knows that she will be having income 

1I during the first year and 2I during the following one. There are only two goods X and Y and 

she knows that the prices will be 11 , qp  respectively in the first year and 22 , qp in the next.  

If Martha consumes quantities 11 , yx during the first year and 22 , yx during the second, she will 

derive utility: 

222211112211 lnlnlnln),,,( ymxkymxkyxyxU +++=  

where 2211 ,,, mkmk  are strictly positive parameters. 

(a) Solve for Martha’s utility maximization assuming that there are no lending or borrowing 

institutions where Martha lives. (Hint: you need to consider two budget constraints – one for 

each year). Find the Lagrangean multipliers 21 ,λλ for the two budget constraints.  

(b) How much more of year-2 income will she require in order to give up 1dI of year-1 income? 

In other words what is the required rate of return that a bank would have to offer her in order 

to induce her to save a little?  

(c) Would you expect borrowing and lending institutions to arise (in year 1) in an economy 

populated by such consumers? What would determine who would be borrowing and who 

would be lending?  
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PRACTICE PROBLEM SET 

Suggested Solutions 

QUESTION 1 

(a) Consider the problem of maximizing Johnny’s utility 

wypxptsyxU YXyx
≤+

≥
..),(max

0,
 

From the functional form of the utility function, it is easy to see that he will never consume zero 

quantity of any of the two goods. In fact, he will only consume λ>> ykx , ; otherwise he ends 

up with utility ∞− . Here, we do not have to worry about corner solutions. 

)()ln()ln(),,( ypxpwykxyxL yx −−+−+−= µλµ  

The first order conditions are given by 

Set (I) 

XXXXX p
kx

pMUpyxU
x
L µµµ =

−
⇔=⇔=−⇔=

∂
∂ 10),(0  (1) 

YYYYY p
y
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λ
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−
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∂
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Set (II) 

ypxpwL
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∂
∂ 0
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     (3.1)   

   0≥µ                 (3.2)  0=
∂
∂
µ
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−
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∂

∂
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∂

∂
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By either of (1)-(2), it must be 0>µ . From the complementary slackness condition (3.3), 

therefore, the budget constraint must be satisfied with equality. We get the following system of 

equations: 
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Substituting this into the expression above for y, we get the Walrasian demand functions 

X
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: amusements rides and all other goods are complements. 

0
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: amusements rides are a normal good. 

 

(b) If all prices and wealth are scaled up by a factor 0>a , the Marshallian demands will be 
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Similarly, we can show this with respect to all other goods y.  

 

(c) For the Hicksian demands, we have to return to the problem of expenditure minimization. 1 

uyxUtsypxp YXyx
≥+

≥
),(..min

0,
  (PM) 

                                                 
1 There is another much faster approach to find the Hicksian demands. From (1) and (2) in part (a), solve 
for x and y in terms of prices and the Lagrangean multiplier. 

 λ
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Substituting back into the equations above for x and y: 

 k
p

pe
x

X

Y
u

+=  and λ+=
Y

X
u

p
pe

y  

Yet another approach, generally, is to try and get the indirect utility function once we have the Marshallian 
demands from part (a), solve for income from that (which gives the expenditure function) and then take the 
partial derivative of the expenditure function with respect to each price in order to get the corresponding 
Hicksian demand. Unfortunately, this method will not work here due to the utility function being of such a 
form that gives quite a complex indirect utility that cannot be solved for income/expenditure. It does work, 
though, as you will see in problem 2.  
Generally, therefore, one can use any of the three approaches described here to get Hicksian demands, 
depending on which is more convenient according to the problem under study. This particular problem was 
deliberately phrased in such a way so as to offer an implicit hint of avoiding the last method. This is why 
you were asked first to find the Hicksian demands and then the expenditure function.   
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The point where a function is minimized is the same as that where its opposite function is 

maximized. Considering the opposite of the objective function, while multiplying the utility 

constraint by (-1), transforms (PM) in the standard maximization problem. The Lagrangean is 

( )[ ])ln()ln()(),,( λρλ −+−+−++−= ykxuypxpyxL Yx  

The first order conditions are given by2 

Set (I) 

XX p
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Set (II) 
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∂
∂ )ln()ln(0 λ
ρ

     (3.1)   

   0≥ρ                 (3.2)  0=
∂
∂
ρ

ρ L
 (3.3) 

Again we can use the sane argument as in the problem of part (a) 

01),(),( >
−

=
∂

∂
=

kxx
yxUyxMU X ,  for all kx >  

01),(),( >
−

=
∂

∂
=

λyy
yxUyxMUY ,  for all λ>y  

From either equation (1) or (2), 0>ρ . From the complementary slackness condition (3.3), the 

utility constraint must be satisfied with equality. We now have the following system 

Xp
kx
=

−
1ρ       (1)  Yp

y
=

− λ
ρ 1

    (2) 

uykx =−+− )ln()ln( λ     (3.1) 

                                                 
2 This approach (i.e. considering the maximization of the opposite function) is given here as a tip for those 
of you who can only mechanically apply the conditions of the Lagrangean formulation and get stuck when 
faced with a slightly different minimization problem. One doesn’t really have to do this. Both sets of the 
Lagrangean first order conditions apply when we are solving a minimization problem. 
Consider the minimization problem (PM) and write the Lagrangean as 

[ ]uyxUypxpyxL YX −++= ),(),,( ρρ  and apply the standard first order conditions that we use in the 
maximization problems.  
Note that when writing the Lagrangean in this form, I applied the standard rule of adding a term involving 
the multiplier times a non-negative quantity (when the constraint is satisfied) on to the objective function of 
the problem.   
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Substituting into the expression above, we can also get the Hicksian demand for other goods y. 

The Hicksian demand functions are given by: 
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(d) The expenditure function is 
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(e) For the Slutsky equation, we need to substitute for the functional form of the utility into the 

Hicksian demand. For this, it is wise to evaluate the following in advance 
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Verifying now the Slutsky equation 
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I leave it to you to show that the equation also holds when we differentiate the demand for rides 

with respect to Yp . 

 

(f) For the given parameters 10,1,5.0,4 ===== wppk YXλ , Johnny will be consuming 

8)10,1,5.0(),,( == xwppx YX  and 6)10,1,5.0(),,( == ywppy YX . 

His utility will be: 48.22ln4ln)6,8(),( =+==UyxU  

If Johnny doesn’t pay the newly introduced fee he cannot consume any rides. If he doesn’t go to 

any rides, he will have to spend all his income on other goods. Hence, he will be consuming 

10
1

10
==y units of other goods, getting total utility 6ln)410ln()10,0(),( =−==UyxU  

Now consider the decision of paying a fee in order to be allowed to go into the amusement park. 

Essentially, Johnny will have to pay this fee in order to be allowed to consume both rides and 

other goods. Of course, he will only be willing to pay a fee if and only if paying it (i.e. being able 

to consume both goods instead of only other goods) will get him total utility which at least ln6. 

This level of utility is now his reservation level. He can guarantee this much to himself by not 

paying the fee and consuming only other goods. So he will be willing to depart from this 

consumption position only for another that makes him at least as well off as this one. 
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Let f the fee that Johnny pays. He now has available w-f income to allocate between the 

consumption of rides and other goods. We know from part (a) that, in this case, he maximizes his 

utility by consuming 
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This gets him utility 
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To be at least as well off as when he is not paying the fee, we require 

54.01244*14*5.01*5.0*2410
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Hence, Johnny is willing to pay at most $0.54 for admission fee. Note that this is the 

compensating variation measure of his gain in welfare from being able to go on rides at the 

amusement park (or the equivalent variation measure of his loss in welfare from not being able to 

go on rides). Any lower admission fee would leave Johnny strictly better off than he would be if 

he didn’t enter the amusement park while any higher fee would leave him worse off than he 

would be if he was to purchase other goods only.  

Fig. I depicts this in an indifference curve/budget line diagram. Once the admission fee is 

introduced, little Johnny can no longer consume at point A. He has to move to point (0,10) where 

he spends all his income on other goods, being on the indifference curve corresponding to utility 

level ln6 – the one that crosses the vertical axis at this particular point. Paying a fixed fee shifts 

his budget line inwards, parallely to the original one (since there is no change in the prices). 

Hence, he would be willing to pay such a fee up to the amount that shifts his budget line inwards 

so much that he can just attain the same indifference curve, which crosses at the point (0,10), as 

his equilibrium point D when he is allowed to consume both goods3.   

                                                 
3 Note that, of course, the two indifference curves are not meant to be crossing. This is due to my poor 
drawing skills. 
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(g) In part (f) we calculated that initially Johnny was consuming at the point 

)6,8(),( =yx deriving utility 8ln)6,8( =U . With this consumption pattern he spends $6 on 

other goods. According to Mr. Goodchild’s suggestion, he should be given $6 of income to spend 

on other goods now that he cannot go to any rides. Obviously, Johnny would then buy 6 units of 

other goods, getting total utility of 2ln)6,0( =U . Clearly he is much worse off than before.  

Mrs. Goodchild (the economist) would want to adjust his allowance to make up for his inability 

to consume any rides. Hence, she offers to give him the extra allowance needed to reach the 

utility level that he used to have before the closure of the park (that is ln8) - purchasing, 

nevertheless, only other goods. So Mrs. Goodchild is looking into the following problem 

12)48(*1)8(8

888ln)ln()6,8(),0(

=+≥⇔+≥⇔+≥

⇔+≥⇔≥−⇔≥−⇔≥

wpw
p
w

yyyUyU

Y
Y

λλ

λλλ
  

Mrs. Goodchild’s suggestion, therefore, is to increase his allowance by $2. Note that what Mrs. 

Goodchild offers is Johnny’s equivalent variation measure of his gain in well-being from being 

able to go on rides (or the compensating variation measure of his loss from not being able to go 

on rides). If she offers any more than $12, Johnny will be better off than he was when the 

amusement park was open. If she offers less than $12, he will end up being worse off than he was 

when the park was open.  

 

U=ln8 
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Other Goods 
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U=ln6
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Fig. II below shows the two suggestions in an indifference curve/budget line diagram. Mr. 

Goodchild would bring little Johnny to point C:(0,6) whereas Mrs. Goodchild is adjusting his 

allowance so as to be able to get to point B:(0,12) and retain his original utility level. 

 
(h) Johnny’s ordinary consumer surplus falls between the amounts calculated in parts (f) and (g). 

The consumer surplus is the area under his ordinary (Marshallian) demand curve. This is depicted 

by the area under the curve ),,( wppx YX in Fig. III, up to the line showing the price $0.5.  

The amount calculated in part (f) is the area under his compensated (Hicksian) demand curve 

corresponding to his utility level when he only consumes other goods. This is depicted by the area 

under the curve )6ln,,( =upph YX in Fig. III, up to the line showing the price $0.5.  

The amount calculated in part (g) is the area under his compensated demand curve corresponding 

to his original utility level (when he could consume both goods). This is shown as the area under 

U=ln8 
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the curve )8ln,,( =upph YX in Fig. III, up to the line showing the price $0.54. 

 
 

QUESTION 2 

(a) I will use here a standard trick to show you how one can sometimes simplify a utility function 

to work with. 5 Due to the ordinal property of utility functions, given a utility function, any 

increasing transformation of it is also a utility function representing the same preferences. In 

other words, for a utility function ),...,,( 21 NxxxU , the transformation )),...,,(( 21 NxxxUf is 

also a utility function for the same preferences as long as the function RRf →: is increasing: 

0)( >′ zf . Hence, instead of aa yxyxU −= 1),( , consider the increasing transformation 

zzf ln)( = and the utility function yaxayxyxUyxU aa ln)1(ln)ln(),(ln(),(~ 1 −+=== − . 

The Lagrangean is given by  

)(ln)1(ln),,( ypxpwyaxayxL yx −−+−+= λλ  

                                                 
4 All three demand schedules are depicted as straight lines whereas they are actually curves. We have the 
functional forms from parts (a) and (c). You were not asked to do this, but you can verify that the areas 
shown are indeed the amounts calculated in parts (f) and (g) by integrating the Marshallian and respective 
Hicksian demands between the price levels of $0.5 and the one that maps to a zero quantity demanded in 
each case.  
5 Of course, this is not at all necessary here as the Cobb-Douglas utility function is very manageable. I am 
just taking the opportunity to show how transforming the utility function can simplify the problem in other 
more complicated formulations. Taking logs, in particular, is very convenient in all lot of cases involving 
multiplicative functional forms.   

)8ln,,( =upph YX  

),,( wppx YX  0.5 

Price 

8

)6ln,,( =upph YX  

Rides Figure III 
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From the functional form of the utility, he will never consume zero quantity of any of the 

two goods. That is, 0,0 >> yx  and the first order conditions are given by 

Set (I) 

XXXXX p
x
apUMpyxU

x
L λλλ =⇔=⇔=−⇔=
∂
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∂
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λ L
               (3.3) 
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∂
∂

=
x
a

x
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−

=
∂

∂
=

y
a

y
yxUyxUM Y   for all 0>y  

And from either equation (1) or (2), 0>λ . From the complementary slackness condition (3.3), 

the budget constraint must be satisfied with equality. We have the following system 

Xp
x
a λ=        (1)   Yp

y
a λ=−1

   (2) 

ypxpw YX +=    (3.1) 

Y

X

p
p

xa
ay

=
−

→
)1()2(

)1(
 

From the budget constraint 

XY

X
YX p

awxx
p
p

a
apxpw =⇔⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
+=

)1(
. And substituting back: 

Yp
way )1( −

=  

The Marshallian demands are   
X

YX p
awwppx =),,(  and 

Y
YX p

wawppy )1(),,( −
=  

(b) The Engel curve depicts the change in consumption due to changes in income, other things 

being equal. It involves parallel displacements of the budget line in an indifference curve/budget 

line diagram. Hence, it will be given by the Marshallian demands once we hold constant the two 

prices. 
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Engel curves: Awwx =)( , Bwwy =)(  where 
YX p
aB

p
aA −

==
1, . These are shown in Fig. IV. 

 
(c) The indirect utility function6 

),,()1()),,(),,,((),(
1

wppV
p

wa
p
awwppywppxUyxU YX

a

Y

a

X
YXYX =⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
==

−

 

Simplifying    
a

Y

a

X
YX p

a
p
awwppV

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

1
1),,( . 

 

(d) For the given parameters, we have 

3
30

4*3
1*60)120,4,3( ==V utils 

For the compensated (Hicksian) demand we need to get the expenditure function. In this problem 

this is straightforward; solve for the income from the indirect utility function. 

a
Y

a
X

YX

YXYXYXYXYXYX

a
p

a
pUwUppe

wwppVppewppywppxUppeUppe
−

⎟
⎠
⎞

⎜
⎝
⎛
−

⎟
⎠
⎞

⎜
⎝
⎛==

⇔===
1

1
),,(

),,(,,()),,(),,,((,,(),,(
 

Compensated demand curves 

                                                 
6 When using transformations of the given utility function, once we locate the optimal consumption points, 
we need to return to the original utility formulation. Between a utility function and its increasing 
transformations, the Marshallian demands are the same; but this is not true none of the rest of the quantities 
the question asks for. 

Quantity 

Slope=B 

Slope=A 

Income 

Figure IV 
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a

X

Y
a

YX
X

YXX p
p

a
aUUppe

p
Upph

−−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

=
∂
∂

=
111),,(),,(  

a

Y

X
a

YX
Y

YXY p
p

a
aUUppe

p
Upph ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

=
∂
∂

=
1),,(),,(  

For the a parameter value of this example and the particular utility level 
3

30
:  

X

Y
YXX p

p
Upph

3
30),,( = , 

Y

X
YXX p

p
Upph

3
30),,( =  

(e) When the price of X increases to $12 

3
15

4*12
1*60)120,4,12( ==V utils 

X

Y
YXX p

p
Upph

3
15),,( = , 

Y

X
YXX p

p
Upph

3
15),,( =  

(f) Compensating Variation, using the logic of indifference curves/budget lines7. 

1204*12*
3

30*21202),,( −=−=−=−= Y
N
XY

N
X ppuwuppewCV  

See Fig. V below8. The CV is the distance between the two parallel lines which are tangent to the 

indifference curves at points E and D respectively. That is, between the expenditure at point E 

(new prices/old utility level) and the expenditure at point D (income, D being an equilibrium 

point). The consumer was initially at equilibrium point A. The change from A to E is a 

compensated one – he maintains his original level of utility facing now the new price for X (i.e. 

the substitution effect). The movement from E to D is equivalent to just changing his income 

under the new prices.  

In this example, following an increase in the price of X, other things being equal, he is obviously 

worse off. This is shown if the diagram by the fact that we have to undergo a parallel inwards 

shift of the budget line to move from E to the final equilibrium point D (we have to take money 

away in order to go from the compensated point E to the new final one at D under the new price 

for good X). Consequently, the calculated CV must be negative. 

                                                 
7 Wherever the superscript N appears, it indicates new level for the respective variable. Variables without 
superscripts are taken at their original levels. 
8 The CV distance in the diagram is shown in each axis in terms of the units of the corresponding good. In 
the horizontal axis (good X) it is given by 10 units of X (which is equivalent to $120 under the new price 
for X) whereas in the vertical axis it is given as 30 units of Y (which also corresponds to $120 since the 
price of Y remains unchanged at $4).  
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Using the compensated (Hicksian) demand, we need to integrate under the Hicksian demand 

which refers to the original utility level and between the price change under examination. This is 

the cross-hatched area in Fig. VI9. 

[ ] 120123
3

120
3

1204
3

30),,(
3

12

3

12

3

12

−=−=
′

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=== ∫∫∫ XXX

X
XYXX dppdp

p
dpupphCV

 

 
                                                 
9 In Fig. VI, the Hicksian demand schedule is meant to be a curve. As you can see, I cannot even draw a 
straight line properly…so this is as accurate as it gets!!!   

)
3

30,,( =upph YX  

3 

Price 

Figure VI 

20

12 

U=30/sqrt3 

20 

15

40 

30 

X 

Y 

A 
Figure V 

D 

U=15/sqr

10 5 

E 

60 

10 X 
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(g) Equivalent Variation, using the logic of indifference curves/budget lines. 

601204*3*
3

15*22),,( −=−=−=−= wppuwuppeEV YX
NN

YX  

See Fig. VII below10. The EV is the distance between the two parallel lines which are tangent to 

the indifference curves at points F and A respectively. That is, between the expenditure at point F 

(old prices/new utility level) and the expenditure at point A (income, since A is an equilibrium 

point). The consumer gets finally at equilibrium point D. The change from D to F is an equivalent 

one – he maintains his new level of utility facing now the old price for X. The movement from F 

back to A corresponds to just changing his income under the old prices.  

In this example, following an increase in the price of X, other things being equal, he is obviously 

worse off. This is shown in the diagram by the fact that we have to undergo a parallel outwards 

shift of the budget line to move from F (equivalent to the final utility level) to the original 

equilibrium point A (i.e. we have to give him extra money in order to go from the final utility 

level at point F to the initial one at A under the old price for good X). Consequently, the 

calculated EV must be negative. 

 

                                                 
10 The EV distance in the diagram is shown in each axis in terms of the units of the corresponding good. In 
the horizontal axis (good X) in is given by 20 units of X (which is equivalent to $60 under the old price for 
X) whereas in the vertical axis it is given as 15 units of Y (which also corresponds to $60 since the price of 
Y remains unchanged at $4).  

U=30/sqrt3 

20 

15

40 

30 

X 

Y 

A 

Figure VII 

D 

U=15/sqr

10 

F 
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Using the compensated (Hicksian) demand, we need to integrate under the Hicksian demand 

which refers to the original utility level and between the price change under examination. This is 

the cross-hatched area in Fig. VIII11. 

[ ] 60123
3

60
3

604
3

15),,(
3

12

3

12

3

12

−=−=
′

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=== ∫∫∫ XXX

X
X

N
YXX dppdp

p
dpupphEV  

 
Note that EV and CV are not of the same magnitude but they are of the same sign.  

 

(h) The ordinary consumer surplus is the area under the ordinary (Marshallian) demand curve. 

Change in the ordinary consumer surplus 

( ) [ ] 18.8312ln3ln60ln60
2
120),,(

3

12

3

12

3

12

−=−=′===∆ ∫∫∫ XXX
X

XYX dppdp
p

dpwppxCS  

Note that the change in the ordinary consumer surplus is in magnitude between the magnitudes of 

EV and CV. This is shown in Fig. IX by the area marked with the horizontal dashed lines. 

                                                 
11 Also in Fig. VII, the Hicksian demand schedule is meant to be a curve.  

)
3

15,,( =upph YX  

3 

Price 

Figure VIII 

20

12 

5 
X 
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QUESTION 3 

(a) Using the Marshallian demand curves from the previous question 

)300,12()
1*2

600,
25*2

600(),( ==yx  

(b) In addition to his budget constraint, the consumer now faces a rationing constraint 

27019 ≤+ yx . The slope of which is: 9−=
dx
dy

. He faces the following problem  

2709..),(max
0,

≤+≤+
≥

yxwypxptsyxU YXyx
 

Of course, one can use the Lagrangean formulation to solve this. However, given the prior 

analysis in question 2, we can find the new optimal point much quicker. Recall that in question 2, 

part (a), we established that a consumer with this particular utility function will not consume a 

zero quantity of any of the two goods. Hence, we are looking for strictly interior solutions.  

We know that a strictly interior solution will be at a point where the MRS is equal to the price 

ratio or generally the slope of whatever budget constraint we are facing. Hence, when we were 

facing only the budget constraint we had to solve the following equations 

25

)1(

1

, =⇔=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

⎟
⎠
⎞

⎜
⎝
⎛

⇔=⇔=

−

x
y

p
p

y
xa

x
ya

p
p

MU
MU

p
pMRS

Y

X
a

a

Y

X

Y

X

Y

X
YX   (I.1) 

wypxp YX =+         (II.1) 

)
3

30,,( =upph YX  

3 

Price 

Figure IX 

20

12 

)
3

15,,( =upph YX  

10 5 

),,( wppx YX  

X 
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Similarly, if were facing only the rationing constraint we would have to solve the following 

9
1
9

1
9

, =⇔=⇔=
x
y

MU
MUMRS

Y

X
YX       (I.2) 

2709 =+ yx          (II.2) 

The two constraints in Fig. X meet at the point M: )
16

1350,
16
330(),( =yx . When we are facing 

both constraints together, the effective set of feasible consumption points is the intersection of the 

budget and rationing sets (shown as the marked area in Fig. X). But note that 

• Clearly, point A in no longer within the consumer’s feasibility set. Along the budget 

line and in the SE direction of the initial optimal point A, we 

have 252560060025 <−=⇔=+
xx

yyx  for all 12>x .  

In other words, for the entire segment of the budget line to the SE of the optimal point A, 

we have 
Y

X

Y

X

Y

X
YX p

p
MU
MU

p
pMRS <⇔<, . To achieve optimality, the consumer is 

trying to raise the MU of X and decrease the MU of Y – hence, by the law of diminishing 

marginal utility, to decrease the quantity consumed of X and increase the quantity of Y.  

Therefore, along the part of the budget constraint that is now feasible (i.e. the part which 

lies to the SE of point M), the agent is trying to get as far to the NW direction as possible. 

Hence, along this line, he will end up at the cornet point M. 

• Along the rationing line, however, the optimality point where both (I.2) and (II.2) are 

satisfied is the point (x,y)=(15,135). This lies to the left of point M and is, therefore, 

feasible. 

This argument establishes that on his combined, constrained feasibility set, the consumer will be 

consuming at point F: (15,135) where the rationing constraint will be binding while the budget 

constraint will be slack.  
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(c) This question is similar to question 1, part (f). The consumer is currently at point F, deriving 

total utility  45135*15),( ==== MUxyyxU . 

Now consider the decision of paying a bribe in order not to be subjected to the rationing system. 

Once, the bribe has been agreed to, the consumer will be facing only the market prices – hence, 

only his budget constraint. Of course, he will only be willing to pay a bribe if and only if paying it 

will get him total utility which is at least FU . This level of utility is now his reservation level. He 

can guarantee this much to himself by not paying the bribe and facing the rationing system. So he 

will be willing to depart from this consumption position only for another that makes him at least 

as well off as this one. 

Let b the bribe that he offers. He now has available w-b income with to buy goods in the market. 

We know from question 2, part (a) that, in this case, he maximizes his utility by consuming 

X
YX p

bwabwppx )(),,( −
=−  and 

Y
YX p

bwabwppy ))(1(),,( −−
=− . This gets him utility 

YXYX pp
bw

p
bw

p
bwyxU

22
*

2
),( −

=
−−

= . To be at least as well off as when he is being rationed,  

1504501*25*2*45

45
2

),(

≤⇔−≤⇔≥−

⇔≥
−

⇔≥

bwbbw

pp
bwUyxU

YX

F
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He is willing to offer at most $150. This would bring to point D in Fig. X, where the indifference 

curve going through F is tangential to the line that has the same slope as the budget line. 

 
QUESTION 4 

(a) Consider the Lagrangean problem of maximizing Martha’s utility 

222221111122110,
..),,,(max IyqxpIyqxptsyxyxU

yx
≤+≤+

≥
 

Note, however, from the functional form of the utility function that she will never consume zero 

of any of the four goods (here, consumption of X in year to be a different commodity than 

consumption of X in year 2; the same for good Y). In fact, she will only consume 

0,0,0,0 2211 >>>> yxyx .   

Hence, I do not have to worry about corner solutions with respect to the choice variables 

2211 ,,, yxyx . That is, I only have to consider the two budget constraints in the Lagrangean 

formulation. 

)()(lnlnlnln
)()(),,,(),,(

222221111122221111

22222111112211

yqxpIyqxpIymxkymxk
yqxpIyqxpIyxyxUyxL

−−+−−++++=
−−+−−+=
µλ

µλλ
 

The first order conditions 

Set (I) 

1
1

1
112211

1
11

0),,,(0 p
x
k

pMUpyxyxU
x
L

XX λλλ =⇔=⇔=−⇔=
∂
∂   (1) 

12 

300 

24 

600 

X 

Y 

A 
Figure X 

D 
270 

30

M 

20.6 

84.4 

F 
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1
1

1
112211

1
11

0),,,(0 q
y
mqMUqyxyxU

y
L

YY λλλ =⇔=⇔=−⇔=
∂
∂

 (2) 

2
2

2
222211

2
22

0),,,(0 p
x
k

pMUpyxyxU
x
L

XX µµµ =⇔=⇔=−⇔=
∂
∂   (3) 

2
2

2
222211

2
22

0),,,(0 q
y
mqMUqyxyxU

y
L

YY µµµ =⇔=⇔=−⇔=
∂
∂

 (4) 

Set (II) 

111110 yqxpIL
+≥⇔≥

∂
∂
λ

      (5.1)   

   0≥λ                 (5.2)  0=
∂
∂
λ

λ L
 (5.3) 

222220 yqxpIL
+≥⇔≥

∂
∂
µ

  (6.1)   

   0≥µ              (6.2)  0=
∂
∂
µ

µ L
 (6.3) 

But note also that 0),,,(),,,(
1

1

1

2211
22111

>=
∂

∂
=

x
k

x
yxyxUyxyxMU X  for all 01 >x . 

Similarly for the MU with respect to the other three choice variables. From either of the equations 

(1) to (4), 0, >µλ . From the complementary slackness conditions (5.3) and (6.3), the two 

budget constraints must be both satisfied with equality. We have the following the system 

1
1

1 p
x
k

λ=   (1)   1
1

1 q
y
m

λ=  (2) 

2
2

2 p
x
k

µ=   (3)   2
2

2 q
y
m

µ=  (4) 

11111 yqxpI +=  (5.1)  22222 yqxpI +=  (6.1) 

1
1

1

1

1
1

1

1

1

1

1

1

)2(
)1( x

q
p

k
my

q
p

k
m

x
y

=⇔=→   2
2

2

2

2
2)4(

)3( x
q
p

k
my =→  

1

1

11

1
11

1

1

1

1
1111 p

I
mk

kxx
q
p

k
mqxpI

+
=⇔+=  

Substituting this into the expression above for 1y  and solving similarly for 22 , yx  we get the 

Walrasian demand functions  
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1

1

11

1
2122111 ),,,,,(

p
I

mk
kIIqpqpx
+

= ,
1

1

11

1
2122111 ),,,,,(

q
I

mk
mIIqpqpy
+

= ,

2

2

22

2
2122112 ),,,,,(

p
I

mk
kIIqpqpx
+

= ,
2

2

22

2
2122112 ),,,,,(

q
I

mk
mIIqpqpy
+

=  

The multipliers are derived from any of equation (1)-(2) and any of the (3)-(4) 

1

11

11

1

I
mk

px
k +

==λ  and 
2

22

I
mk +

=µ  

(b) Recall the meaning of a Lagrangean multiplier. It is also called the “shadow price” of the 

respective constraint because it gives the marginal value (in terms of a marginal increase in the 

objective function of the Lagrangean problem) per one unit relaxation of the corresponding 

constraint – at the optimal solution point. In our case, each multiplier gives the increase in 

Martha’s total utility from increasing her income in the respective year by $1 – at the optimal 

consumption point (denoted below by asterisks). 

1

*
2

*
2

*
1

*
1 ),,,(

I
yxyxU

∂
∂

=λ  and 
2

*
2

*
2

*
1

*
1 ),,,(

I
yxyxU

∂
∂

=µ  

For example, 
21 I

U
I
U

∂
∂

>
∂
∂

⇔> µλ  then increasing her income by an extra dollar in year 1 raises 

Martha’s total utility by more than the amount by which her utility decreases when her income in 

year 2 is reduced by one dollar. Hence, if she was to transfer one dollar of income from year 2 to 

year 1 she would be strictly better off. But transferring income from year 2 into year 1 is 

equivalent to Martha borrowing today against her tomorrow’s income. If, on the other hand, 

21 I
U

I
U

∂
∂

<
∂
∂

⇔< µλ , Martha’s total utility would strictly increase if she could transfer one 

dollar from year 1 income into year 2. In this case, Martha wants to be a lender. The rate at which 

Martha is willing to engage in this transfer of income across periods is given by 

µ
λ

=
∂
∂

=

∂
∂
∂
∂

1

2

2

1

I
I

I
U
I
U

 (7).  

This ratio is Martha’s marginal rate of substitution for income across the two periods. In a similar 

way that the MRS operates for consumption allocation across commodities, this MRS here will 

operate for income allocations across periods. In the commodities space, interior optimality 

requires the consumer to equate her MRS with the price ratio. Here, interior optimality requires 



   

22 

her to equate this MRS to the rate of exchange of income across periods – in other words, the rate 

of interest. 

If the annual rate of interest is r, then in the loans market one can trade $1 of income in year 1 for 

$(1+r) in year 2. If Martha wants to be borrower, she can get $1 of extra income in year (which 

gives her extra utility of λ ) at the opportunity cost of forgoing $(1+r) in year 2 income - which 

decreases her utility by µ)1( r+ . Hence, she would only accept at most such a rate of interest r 

such that (1+r) would be equal to her MRS. Thus, in this example 

• If 
22

11

2

1

2

22

1

11

11
mk
mk

I
I

I
mk

I
mk

+
+

<⇔>
+

+

⇔>
µ
λ

, she wants to be a borrower. Transferring 

income from year 2 into year 1 makes her strictly better off and she wishes to do so in a 

loans market at an interest rate r:  11
1

)1(

22

11

1

2 −
+
+

=−=⇔
+

=
mk
mk

I
Irr

µ
λ

µ
λ

.  

• If 1<
µ
λ

, she wants to be a lender. Transferring income from the present period to the 

future one increases her welfare. However, in this case, being a borrower she would 

require the following interest rate: 1
1

1
−=⇔

+
=

λ
µ

µ
λ r

r
. 

(c) Clearly, if one is a borrower or a lender, in this economy, will be determined by which 

period’s income is higher relative to the parameters of the model. Hence, if there are 

discrepancies in income endowments across periods and between consumers, we would expect 

lending institutions to arise. 

Note that by, say, lending, one decreases her period 1 income and increases her income in period 

2. This will be done up to the point where there will be no further gains (in terms of increases in 

total utility) by doing so. By equation (7) above, this occurs when a consumer transfers income 

across periods until the point where income in the two periods is such that the two multipliers are 

equal. 

Therefore, in this economy, lending institutions will arise but lending and borrowing themselves 

operate to close the gap between income in period 1 and income in period 2 for each consumer in 

such a way that her two multipliers are coming closer together. The smaller is the difference 

between the multipliers across periods, the smaller is the rate of interest that a consumer requires 

in order to be induced to lend or borrow. Consequently, we would expect the rate of interest to be 

falling and equilibrium will be reached when all consumers have engaged in borrowing and 
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lending to the point when their multipliers are equal across periods and no further lending or 

borrowing is desirable.12      

 

 

                                                 
12 I assume that we start with an economy of identical to Martha consumers where income endowments are 
such that the number of borrowers (the people with less income in period 2 than in 1) is equal to the 
number of lenders (the people with more income in year 1) and the absolute difference in income across 
periods is the same for all agents.  


