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ACYCLICITY AND STABILITY
FOR INTERTEMPORAL OPTIMIZATION MODELS*

By MicCHELE BOLDRIN AND LUIGI MONTRUCCHIO!

1. INTRODUCTION

It has long been recognized that no simple and general criterion exists for
assuring the global stability of dynamical systems which are solution of inter-
temporal optimization problems. The literature on the argument is quite large
and we refer to McKenzie [8] for a general discussion. In other places (see [3]
and [4]), we have shown that, under general conditions, it is possible to find
values of the discount factor such that the optimal program shows chaotic behav-
iors. In this paper, we tackle the opposite problem and we show that the notion
of acyclicity of a binary relation over a compact set can be useful to obtain global
stability results which are independent of the level of the discount factor. The
results that are achieved in this way can be interpreted, we believe, as the appro-
priate n-dimensional generalization of the monotonicity results obtained by
Dechert-Nishimura [6] and Benhabib-Nishimura [2] in the one-dimensional
case. Moreover, the techniques adopted enable us to do our proofs without
differentiability assumptions.

The notion of acyclicity has been widely used in economic theory but, as far as
we know, it has never been applied to Optimal Growth Models. A paper by
Hammond on the dynamic behavior of an adaptive consumer, see [7], has been
the stimulus for the present research and it is close in spirit to our approach.

The paper proceeds as follows: Section 2 contains the main mathematical
definitions and the central stability theorem for acyclic policy functions, then in
Section 3 we show how a binary relation can be associated with a dynamic
programming model. In Section 3, we provide also a criterion to detect the
presence of acyclicity from the properties of the short run return function.

Section 4 is devoted to a similar purpose for unidimensional dynamical sys-
tems; in this case, making use of a famous theorem of Sarkovskii [12], we are
able to provide a complete characterization of acyclic optimal programming
problems in terms of the structure of the return function. Here we also show the
relation between our method and the results on the monotonicity of the one-
dimensional model quoted above.

We end the paper with some brief conclusions and suggestions for future
research.
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