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1 Equilibrium and Pareto Optimality

Assume the economy is populated by I agents, defined by strictly increasing utility
functions U; : L, — R , and endowments e’ € L. Given the dividend process § for N
securities, a financial equilibrium (FE) a collection (6',...,07,S), where S is a security

price process, and for each i, #' is a trading strategy solving

sup U;(c) st. c=e +6° €Ly, (1)
)

and market clears:
I

> o =o. (2)

i=1
Proposition 1. (First Welfare Theorem) Suppose (91, L0 S) is a FE and markets are

complete (CM). Then the associated consumption allocation is Pareto Optimal.

Proof. Step 1. We show that the individual agent problem (1) under CM can be equiv-

alently formulated as

max U;(c) st. E

ceLl

<E

T
E C¢Tt
t=0

where 7 is the SPD. We show it by showing that ¢ € L, is feasible under (1) iff it is
feasible under (3). Let ¢’ be feasible in (1). Then,

T
E Wtei
t=0

> €i7Tt] (3)

t=0

T

Z mi(e) + 07)

t=1

E =k + K

T
> mf] . (4)
t=0
=0 by # SPD

Let ¢ be feasible in (3). Assume the constraint is tight (which follows by strictly in-
creasing utility functions). Let ¢° be s.t. 67 = ¢l — ¢l for t > 1. By CM ¢’ € M.
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Then,

0 = E

Zﬂt(ei - Ci)]

t=0

T T
= mo(e)—c)) +E Zﬂt(ei—ci) +E Zwtéf]
t=1 t=0
=0 by © SPD
= mo(eg — ¢y + ) (5)

since mo > 0, (5) implies —09 = 6,5y = €} — ¢ which is feasible. Then, ¢ solves (1) iff
it is feasible under (3).

Step 2. By contradiction, assume 3 a feasible allocation ¢* s.t. U;(c™*) > U;(c) for
all i, U;(c™) > U;(c") for some 4. Then, it must be that

T T
E Tt Ci* E 7Tt€i
t=0 t=0

for all 4, with strict inequality for some i (otherwise, being U; strictly increasing, this

E >E

would violate ¢* solving (3). Summing over 4,

T

Sy

t=0 =1

E > [ =FE

> m)

=1

T
0

> met] ; (6)

t=

I .
m > 0 implies that at least for some ¢t we have Prob (Z e > et> > (, violating the
i=1

I
feasibility requirement >_ ¢* < e. O
i=1

2 Equilibrium and Pricing

For each A € R%, define the utility function Uy : Ly — R by

I
Ux(z) = sup Z)\iUi(Ci) s.t. Zci <z (7)
) i=1 '

(el e

Proposition 2. Suppose U; concave and strictly increasing for all © and (01, ..o S) is



a FE under CM.
i) Then 3 X € RL, X\ % 0, such that (0,5) is a (no-trade) equilibrium for the one

I
agent economy [(Uy, ), 8] where e = > ¢'.
i=1

i1) With this A and x = e, problem (7) is solved by the FE consumption allocation.

Proof. (sketch) ii) for each i 3 o; > 0 (since Uj; strictly increasing) s.t. ¢’ solves

> milen — ei)] : (8)

t=0

supU;(¢) — oy &

ceLl

I I
Let \; = a; . Showing >~ \U;(c) > 3 \Ui(2%) for (2, ..a7) feasible implies (¢, ..., ¢f) solves
i=1 i=1
(7) at e.
T T
i) If not, 3z € L, s.t. Ux(x) > Uy(e) and E {Z tht} < E {Z Wtet} . Then by
t=0 t=0
definition of Uy = 3 an allocation (z!, ..., z1) s.t.
I I
Z A Ui(x') > Z AUi(c),
i=1 i=1

and

I T T T I T
Z )\ZOKZE Z thi =E Z T+t S E Z Wtet] = Z )\lOéZE Z Wtei] .
i=1 t=0 t=0 t=0 i=1 t=0
Hence,
I T I T
Z i |Ui(2") — oy Z ozt — ei)” > Z i |Ui(e") — B Z ozl — ei)” :
i=1 t=0 i=1 t=0
contradicting ¢’ being optimal for all i. O]

Corollary 1. If Uy differentiable at e, A can be chosen s.t. 3 SPD 7 equal to the Riesz
representation of VU, (e).

Corollary 2. If for each i U; is of the additive form

Z uﬁ(d)] ’

3




then U, is also additive with

T
05 | Yt
=0
and
I
ux(y) = sup Z)\iuit(xl) s.t. le <y.
xERﬁ_ i—1
Then,

1

g, -
' ), (er)

By [} (€4+1)(St41 4 0141)] -

3 Consumption based CAPM (CCAPM)

Assume (c!, ..., ¢!) is a strictly positive consumption allocation and that utility functions

are of the additive form:

Z uit(ct)] : 9)

Assume untility is quadratic in the relevant range: there is a constant ¢ larger than ¢!
for all + and ¢ such that

b;
ui(x) = ayr — ?txj, r <, (10)

where for all + and ¢, a;; and b;; are positive constants. Complete markets implies the

existence of a representative agent with utility function

T
Us(e) =B ZuM(et)] :
t=0
where
I I
uxt(€er) Ctlsupg{; wir(cy) S ;ct < ¢
Therefore

0iSpu(er) = By [uhir (ers1) (6700 + 011 Si1)] (11)



Given assumptions (9)-(10), let us now compute u),(e;): f.o.c. for optimality of the

representative agent are

; i Qat 1
>\i it — bl YY) = —
(CL t . tct) IU“t Ct bzt H’t)\ blt (12)
Zfzi ;= e
Summing (12) over ¢ and we get
I I
Q¢ 1
“= i—i bzt i ; )\zbzt’
solving for p, gives
py = Ay — Biey,
with
" a L1 -
A= “B B, =
! (l —i bzt) v ! (7,_7, )\lblt)
Hence,

dc dct
ue(er) Z)‘l uip(ey) o= = Zﬂtﬁ = p; = Ay — Byey,
t

and therefore (11) becomes

0.5, (A — Biey) = AraBy [6041 + 0),1Si41] — BryiBe [(5f+1 n egﬂsm) et+1} . (13)

Define the return on a portfolio R’ as

8;(5t+1 +0141)

R . = 0,S, # 0;
t+1 9;5,5 ) Pt ?é )
rewrite (13) as
1= Oét+1Et[Rt+1] 7t+1Et[Rt+1et+1] (14)
where
At_l,_l Bt+1

Q1 = 71 s Vi1 = 4 .
At — Btet’ i+l At — Btet

are known constants at time ¢.



For the riskless rate r; we have
1= a1 — Ve Brlecalre = re = (auga — 7t+1Et[€t+1])_1
Rewrite (14) as
1 =Ey[R} 1] (a1 — veaBelera]) — 701 Ce (RY41s €041) 5
combining (15) and (16) we get
Et[Rfﬂ] =1t = 1Y G (Rg+1> 61t+1) .

CM implies that 3 6" s.t. RM, = e, .1, for which (17) gives
Et[szt\—{l] — T = 7’t%+1Vt(Rﬁ1)-
Combining (17) and (18) gives the CCAPM:
Be[R ] — o = B1Bx [RS, — ]
where .
66 _ Ct(R 7RM)
L V(RM)
Remark 1. If markets are incomplete, then
Et[RtGH] -t = BfEt[R:—l-l — 7,
where

ﬁ@ — Ct(R:+17 R?—‘rl)
! Vi(Riq)

and R}, is the orthogonal projection of m;,; onto the subspace

_ 0, )
&H—{A&;;#msyaa¢m@e@}
t~t

(15)

(17)

Remark 2. In a security market economy, in which agents are endowed with port-

folios (assets are in positive supply), CCAPM holds without CM



