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Abstract
When an intertemporal optimization problem over a time interval [t0 , T ] is linear
and can be solved via dynamic programming, the Bellman’s principle holds, and the
optimal control map has the desirable feature of being tail-optimal in the right queue;
moreover, the optimizer keeps solving the same problem at any time time t with renovated conditions: we will say that he is preferences-consistent.
Opposite, when an intertemporal optimization problem is non-linear and cannot be
tackled via dynamic programming, the Bellman’s principle does not hold and, according
to existing literature, the problem gives raise to time inconsistency. Currently, there
are three diﬀerent ways to attack a time-inconsistent problem: (i) precommitment
approach, (ii) dynamically optimal approach, (iii) game theoretical approach. The
three approaches coincide when the problem is linear and can be solved via dynamic
programming. However, for non-linear time-inconsistent problems none of the three
approaches presents simultaneously the two features of tail optimality and preferences
consistency that hold for linear problems.
In this paper, given an optimization problem and the control map associated to it,
we formulate the four notions of local and global tail optimality of the control map,
and local and global preferences consistency of the optimizer. While the notion of
tail optimality of a control map is not new in optimization theory, to the best of our
knowledge the notion of preferences consistency of an optimizer is novel.

We prove that, due to the validity of the Bellman’s principle, in the case of a
linear problem the optimal control map is globally tail-optimal and the optimizer is
globally preferences-consistent. Opposite, in the case of a non-linear problem global tail
optimality and global preferences consistency do not coexist. For the precommitment
approach, there is local tail optimality and local preferences consistency at initial time
t0 . For the dynamically optimal approach, there is global preferences consistency, but
not even local tail optimality. For the game theoretical approach, there is neither local
tail optimality nor local preferences consistency with respect to the original non-linear
problem, but there is global tail optimality and global preferences consistency with
respect to a diﬀerent linear problem.
This analysis should shed light on the price to be paid in terms of tail optimality
and preferences consistency with each of the three approaches currently available for
time inconsistency.
Keywords. Time consistency, dynamic programming, Bellman’s optimality principle,
time inconsistency, precommitment approach, Nash perfect equilibrium, mean-variance
portfolio selection.
JEL classification: C61, D81, G11.
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Introduction

The notion of time inconsistency for optimization problems dates back to Strotz (1956).
Broadly speaking, time inconsistency arises in an intertemporal optimization problem when
the optimal strategy selected at some time t is no longer optimal at time s > t. In other
words, a strategy is time-inconsistent when the individual at future time s > t is tempted
to deviate from the strategy decided at time t. Intuitively, an optimization problem gives
raise to time-inconsistent strategies when the Bellman’s principle does not hold and dynamic
programming cannot be applied. For a clarifying formalization of the possible sources of time
inconsistency in intertemporal optimization problems, see Björk & Murgoci (2010).
In the last two decades there has been a renewed interest in time inconsistency for ﬁnancial
and economic problems. According to Strotz (1956) there are two possible ways to deal with
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time-inconsistent problems: (i) precommitment approach; (ii) consistent planning approach.
In the precommitment approach, the controller ﬁxes an initial point (t0 , x0 ) and ﬁnds the
optimal control law û that maximizes the objective functional at time t0 with wealth x0 ,
J(t0 , x0 , u), disregarding the fact that at future time t > t0 the control law û will not be
the maximizer of the objective functional at time t with wealth xt , J(t, xt , u); therefore, he
precommits to follow the initial strategy û, despite the fact that at future dates he will no
longer be optimal according to his preferences. In the consistent planning or game theoretical
approach, one tries to avoid time inconsistency by selecting the “best plan among those that
he will actually follow”. This approach translates into the search of a Nash subgame perfect
equilibrium point. Intuitively, sitting at time t the future time interval [t, T ] can be seen as
a continuum of players, each player s ≥ t being the “reincarnation” at time s of the player
who sits at time t. With this approach, a time-consistent equilibrium policy is the collection
of all optimal decisions û (s, ·) taken by any player s ∈ [t, T ] , such that if player t knows
that all players coming after him (in (t, T )) will use the control û, then it is optimal to him,
too, to play control û.
The literature is full of examples of applications of the two approaches outlined. For
conciseness reasons, we here report only a few of them. For instance, the mean-variance
portfolio selection problem has been solved with the precommitment approach by Richardson
(1989), Bajeux-Besnainou & Portait (1998), Zhou & Li (2000) and Li & Ng (2000), the ﬁrst
two with the martingale method, the last two with an embedding technique that transforms
the mean-variance problem into a standard linear-quadratic control problem. The game
theoretical solution to the mean-variance problem has been found originally by Basak &
Chabakauri (2010), then extended to a more general class of time-inconsistent problems by
Björk & Murgoci (2010). Other papers on the consistent planning approach for the meanvariance problem are Björk, Murgoci & Zhou (2014), Czichowsky (2013). The problem of
non-exponential discounting, ﬁrstly introduced by Strotz (1956), has been treated with the
game theoretical approach by Ekeland & Pirvu (2008), Ekeland, Mbodji & Pirvu (2012).
The precommitment strategy and the game theoretical approach are not the only ways
to attack a problem that gives raise to time inconsistency. An alternative approach has been
introduced recently by Pedersen & Peskir (2017) for the mean-variance portfolio selection
problem, namely, the dynamically optimal strategy. The dynamic solution to the mean3

variance problem in continuous-time introduced by Pedersen & Peskir (2017) is a novel
approach to time inconsistency, although related work can be found in a recent paper by
Karnam, Ma & Zhang (2016). The strategy proposed by Pedersen & Peskir (2017) is timeconsistent in the sense that it does not depend on initial time and initial state variable, but
diﬀers from the subgame perfect equilibrium strategy. Moreover, their dynamic approach
is intuitive and formalizes a quite natural approach to time inconsistency: it represents
the behaviour of an optimizer who continuously revaluates his position and solves inﬁnitely
many problems in an instantaneously optimal way. The dynamically optimal individual is
similar to the continuous version of the naive individual described by Pollak (1968). However, while the naive individual of Pollak (1968) at each revaluation time assumes that he
will precommit his future behaviour – despite the evidence that he keeps deviating – the
dynamically optimal individual does know that he will continuously deviate, so he does not
fall into any contradiction. The dynamically optimal individual turns out to be at each time
t the “reincarnation” of the precommitted investor and plays the strategy that the time-t
precommitted investor would play at time t, deviating from it immediately after, by wearing
the clothes of the time t+ precommitted investor.
Vigna (2016) compares the three approaches described above in the case of a meanvariance portfolio selection problem in the Black and Scholes market and ﬁnds that, using a
suitable intertemporal reward function, the precommitment strategy beats the other strategies if the investor only cares at the view point at time t0 , the Nash-equilibrium strategy
dominates the dynamically optimal strategy until a time point t∗ ∈ (t0 , T ) and is dominated
by the dynamically optimal strategy from t∗ onwards.
This paper sheds more light on the diﬀerences between linear optimization problems
and non-linear problems where dynamic programming cannot be applied. We formulate the
notions of tail optimality of a control map and of preferences consistency of an optimizer.
While the ﬁrst notion is not new, the second one is novel, to the best of our knowledge. These
two features occur simultaneously in the case of linear optimization problems when dynamic
programming can be applied. However, they no longer hold together with a non-linear
problem that give rise to time inconsistency. The notion of time inconsistency is therefore
disentangled in the two notions of tail optimality and preferences consistency. This analysis
illustrates the price to be paid in terms of tail optimality and preferences consistency with
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each of the three approaches to non-linear problems outlined above. We prove that for the
precommitment approach, there is local tail optimality and local preferences consistency at
initial time t0 . For the dynamically optimal approach, there is global preferences consistency,
but not even local tail optimality. For the game theoretical approach, there is neither
local tail optimality nor local preferences consistency with respect to the original non-linear
problem, but there is global tail optimality and global preferences consistency with respect
to a diﬀerent linear problem.
The remainder of the paper is as follows. In Section 2, we formulate the notions of local
tail optimality of a control map and global tail optimality of a family of control maps, and
we prove global tail optimality in the case of a linear optimization problem. In Section 3, we
formulate the notions of local preferences consistency of an optimizer and global preferences
consistency of an optimizer, and we prove global preferences consistency in the case of a
linear optimization problem. In Section 4, we extend the analysis to general non-linear timeinconsistent problems, analyzing tail optimality and preferences consistency of the three
current approaches to time inconsistency. In Section 5, we illustrate in detail the special
case of mean-variance portfolio selection problem. Section 6 concludes.

2

Tail optimality of a control map

In this section we deﬁne the notion of tail optimality of a control map for an intertemporal
optimization problem. We provide two deﬁnitions. The ﬁrst one is for a single optimization
problem, and we will refer to it as local tail optimality of the control map for the problem at
hand. The second one applies to a family of problems, and we will refer to it as global tail
optimality of the family of control maps associated to the family of problems considered. It is
important to recall that these notions are not new, and are strongly related to the Bellman’s
optimality principle for optimization problems.

2.1

Setting

To start ﬁxing ideas, let us consider the following framework:1
1

Extensions to more general multidimensional settings are straightforward.
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• the time horizon over which the optimization is done is ﬁxed and is [t0 , T ];
• the wealth2 Xt ∈ R of the optimizer evolves according to the controlled stochastic
diﬀerential equation:
dXs = µ(s, Xs , us )ds + σ(s, Xs , us )dWs
Xt0 = x0

(1)

where Ws is a standard Brownian motion deﬁned on a complete ﬁltered probability
space (Ω, F, {Ft }, P), with Ft = σ{W (s) : s ≤ t};
• {us }s∈[t0 ,T ] is a control action that the controller can choose at any time s according
to some criterium; we assume that {us }s∈[t0 ,T ] is a Markov control process, i.e., it is a
deterministic function of time s and the wealth at that time: us (ω) = ũ(s, Xs (ω) for
some deterministic function ũ : [t0 , T ] × R;
• U ⊆ R is some set of admissible controls.3
It is essential to highlight that the criterium used by the controller to choose us represents
the preferences of the optimizer and is typically given by the combination of diﬀerent utility
functions. In particular, putting ourselves in the setting introduced by Björk & Murgoci
(2010), we shall assume that the controller wants to solve the following non-linear optimization problem:
Problem PtN0 ,xL0 :
{
[´
]
}
T
supu∈U J N L (t0 , x0 , u) = supu∈U Et0 ,x0 t0 U 1 (s, Xs , us )ds + U 2 (XT ) + U 3 [Et0 ,x0 (XT )]
(2)
where U is some set of admissible controls, and U 1 (·), U 2 (·) and U 3 (·) are (possibly nonlinear) utility functions that identify the optimizer’s preferences.
2

For simplicity, we here refer to wealth, but the controlled state equation Xs can be any quantity of
interest to the optimizer.
3
For simplicity, we assume that the set of admissible controls does not change with time and wealth, i.e.,
U(t, x) = U for every (t, x) ∈ [t0 , T ] × R.
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N L(U 1 ,U 2 ,U 3 )

Remark 1. To be more precise, we could denote by Pt0 ,x0
or by J N L(U ,U ,U ) (t0 , x0 , u)
the preferences of the optimizer, to stress the crucial role played by the utility functions in
the identiﬁcation of the individual’s preferences. For notational convenience, in the following,
we will simply refer to PtN0 ,xL0 or J N L (t0 , x0 , u).
1

2

3

In line with Björk & Murgoci (2010), when U 3 (·) is non-linear, and therefore there is
a non-linear function of expected ﬁnal wealth in the optimization criterium, we refer to
problem (2) as non-linear and we add the superscript N L. This problem belongs to the
more general family of non-linear problems
{

NL
Pt,x

}
(t,x)∈[t0 ,T ]×R

,

where
NL
Problem Pt,x
:
{
[´
]
}
T
NL
1
2
3
supu∈U J (t, x, u) = supu∈U Et,x t U (s, Xs , us )ds + U (XT ) + U [Et,x (XT )]

(3)

for (t, x) ∈ [t0 , T ] × R.

2.2

Local and global tail optimality

We are now ready to provide the deﬁnition of local tail optimality.
NL
Definition 2.1 (Local tail optimality). Given the intertemporal control problem Pt,x

{
sup J
u∈U

NL

[ˆ

(t, x, u) = sup Et,x
u∈U

T

]
}
3
U (s, Xs , us )ds + U (XT ) + U [Et,x (XT )]
1

2

(4)

t

where the point (t, x) ∈ [t0 , T ] × R is ﬁxed, we say that the control map
u∗t,x (s, y)

for (s, y) ∈ [t, T ] × R
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(5)

NL
is locally tail-optimal at t for Pt,x
if

J N L (t, x, u∗ ) = sup J N L (t, x, u)

(6)

u∈U

if it exists.
Remark 2. It is important to stress that the optimal control map u∗ (·) is a function of time
s ≥ t and wealth y ∈ R, but it also depends on the initial point (t, x). Indeed, two optimal
control maps associated to two diﬀerent initial time-wealth points are generally diﬀerent on
the same domain, i.e., if (t, x) ̸= (t1 , x1 ) then, in general,
u∗t,x (s, y) ̸= u∗t1 ,x1 (s, y)

for (s, y) ∈ [t ∧ t1 , T ] × R.

(7)

Remark 3. The word “tail” of Deﬁnition 2.1 reﬂects the fact that in order to reach the
supremum of the performance criterion J N L (t, x, u) it is necessary that the control map
u∗ (·) is played from t until T . For the notion of local tail optimality at time t, what happens
before t has no importance, but the control played after t must be determined by the optimal
control map u∗ . Intuitively, considering the left subinterval [t0 , t] (before t) and the right
subinterval [t, T ] (after t), the map u∗ is optimal in the right subinterval, which can be seen
as the right tail of the interval [t0 , T ].
Quite naturally, a family of control maps is globally tail-optimal for a given family of
problems if every control map of the family is locally tail-optimal for the associated problem.
Definition 2.2 (Global tail optimality). Given the family of intertemporal control problems
{

NL
Pt,x

}

(8)

(t,x)∈[t0 ,T ]×R

NL
where Pt,x
is as in (4), we say that the family of control maps

{

u∗t,x (s, y),

}
for (s, y) ∈ [t, T ] × R (t,x)∈[t

0 ,T ]×R

NL
is globally tail-optimal for the family (8) if u∗t,x (s, y) is locally tail-optimal at t for Pt,x
for every t ∈ [t0 , T ] and every x ∈ R.
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The following existence issue can arise: does a family of control maps exist that is globally
tail-optimal for some family of intertemporal optimization problems? The answer is positive,
when considering the special case of linear classical optimization problems.

2.3

Special case: tail optimality for linear problems

If U 3 (x) = 0, we have the standard linear optimization problem4
Problem PtL0 ,x0 :
[´
]
T
supu∈U J L (t0 , x0 , u) = supu∈U Et0 ,x0 t0 U 1 (s, Xs , us )ds + U 2 (XT ) .

(9)

According to Björk & Murgoci (2010), if the running utility U 1 (·) and the terminal utility
U 2 (·) do not depend on the initial point (t0 , x0 ), then dynamic programming is applicable.
By dynamic programming, in order to approach Problem PtL0 ,x0 one should (see, e.g., Yong
& Zhou (1999), Björk (1998)):
L
• consider the more general problem to be solved at time t with wealth x, Problem Pt,x
:
L
Problem Pt,x
:
[´
]
T
supu∈U J L (t, x, u) = supu∈U Et,x t U 1 (s, Xs , us )ds + U 2 (XT )

(10)

for (t, x) ∈ [t0 , T ] × R;
• write and solve (if possible) the associated Hamilton-Jacobi-Bellman (HJB) equation
to ﬁnd the value function
V (t, x) = sup J L (t, x, u),
u∈U

and the optimal control law
u∗t,x (s, y)

for (s, y) ∈ [t, T ] × R

as the maximizing control of the HJB equation.
[
]
The same happens if U 3 (·) is linear in x, because in that case U 3 [E(XT )] = E U 3 (XT ) , and U 2 can be
replaced by U 2 + U 3 .
4

9

L
Once Problem Pt,x
is solved, the initial problem PtL0 ,x0 is also retrieved as a special case,
by replacing (t, x) with (t0 , x0 ). In this standard case, the Bellman’s optimality principle
holds: quite remarkably, and contrary to what observed in Remark 2 for the general case,
the optimal control law u∗t0 ,x0 (s, y) is optimal not only on [t0 , T ] but also on every subinterval
L
[τ, T ] with τ > t0 for the translated problem Pτ,x
. This is a well-known optimality property
τ
of the optimal control due to the Bellman’s principle. This means that the optimal strategy
L
for the new translated problem Pτ,x
at time τ with initial wealth xτ coincides with the
τ
restriction on [τ, T ] of the optimal strategy found at initial time t0 :

argmaxu∈U J L (τ, xτ , u) = u∗τ,xτ (s, y) = u∗t0 ,x0 (s, y) for (s, y) ∈ [τ, T ] × R.

(11)

Because this happens for every τ ∈ [t0 , T ] and every xτ ∈ R, the optimal control law is the
same no matter what the initial time-wealth point is, and with some lack of rigour,5 we shall
simply denote it by u∗ (s, y):
u∗τ,xτ (s, y) = u∗t0 ,x0 (s, y) = u∗ (s, y).

(12)

In other words, and notably, (12) shows that for a linear problem the optimal control
law does not depend on the initial time-wealth point (t, x): it is simply a function of time
s ∈ [t0 , T ] and wealth y ∈ R.
Given Deﬁnition 2.2 and the validity of the Bellman’s optimality principle for linear
problems, we can state the following obvious result.
Proposition 2.3. Given the family of intertemporal linear problems
{

L
Pt,x

}
(t,x)∈[t0 ,T ]×R

(13)

L
where Pt,x
is as in (10), the family of optimal control maps

{u∗t,x (s, y) for (s, y) ∈ [t, T ] × R}(t,x)∈[t0 ,T ]×R
= {u∗ (s, y) for (s, y) ∈ [t, T ] × R}t∈[t0 ,T ] ,
The maximum domain of the control map u∗ (s, y) is [t0 , T ] × R. Clearly, the domain of the optimal
L
control map of the translated problem Pτ,x
is restricted to [τ, T ] × R.
τ
5
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found via dynamic programming is globally tail-optimal for the family (13).
Remark 4. In the special case of a linear problem, because (12) holds, the inﬁnitely many
control maps u∗t,x (s, y) can be identiﬁed by the inﬁnitely many restrictions of one single
control map u∗ (s, y), (s, y) ∈ [t0 , T ] × R (see also footnote 5). Indeed, for each (t, x) ∈
[t0 , T ] × R
u∗t,x (s, y) = u∗ (s, y) for (s, y) ∈ [t, T ] × R
With an abuse of language, we will say that the optimal control map u∗ (s, y) is globally
tail-optimal for the family (13).

3

Preferences consistency of an optimizer

While the notion of global tail optimality is not new and constitutes the essence of the
Bellman’s principle, the notion of preferences consistency is novel and deserves special care.
Imagine an individual who sits at initial time t0 with wealth x0 , optimizes over the time
horizon [t0 , T ], and has preferences identiﬁed by the utility functions U 1 , U 2 and U 3 as in
Section 2.1. He then wants to solve the initial optimization problem PtN0 ,xL0 as in (2). In this
paper we are not concerned with the case of time-varying preferences: we here make the
assumption that he does not change his preferences over time and that his preferences are
represented by U 1 , U 2 and U 3 also over [t, T ] for any t ∈ (t0 , T ]. Therefore, no matter what
happens between t0 and t > t0 , we expect that the individual at time t > t0 with wealth xt
NL
will be solving Problem Pt,x
as in (3), because of unchanged preferences. Intuitively, if this
t
happens, we will say that the individual is preferences-consistent.
In particular, we will say that the individual who was solving Problem PtN0 ,xL0 at initial
time t0 is preferences-consistent at time t > t0 if the action that he plays at time t optimizes
NL
the translated problem Pt,x
. It is evident that the notion of preferences consistency at time
t
t needs a reference point, that consists in the initial preferences at time t0 . In other words,
in order to talk about preferences consistency at time t > t0 one needs to know the original
preferences at time t0 .
The notion of local preferences consistency is formalized by the following deﬁnition.
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Definition 3.1 (Local preferences consistency). An optimizer whose initial preferences at
time t0 ≥ 0 are described by the optimization problem PtN0 ,xL0 as in (2) is locally preferencesconsistent at t with respect to PtN0 ,xL0 where t > t0 is ﬁxed, if for every x ∈ R the control
that he plays at time t with wealth x coincides with the ﬁrst control of the tail-optimal control
NL
map of the translated problem Pt,x
, i.e., if at time t with wealth x he plays u∗t,x (t, x), where
NL
u∗t,x (s, y) (for (s, y) ∈ [t, T ] × R) is the tail-optimal control map for Pt,x
:
J N L (t, x, u∗ ) = sup J N L (t, x, u).
u∈U

Remark 5. Notice that the local preferences consistency at time t implies only that for every
NL
wealth x the controller plays the optimal action for Pt,x
at time t, but does not mean that
he will continue to play the optimal map u∗t,x (s, y) also for s > t. In other words, the locally
NL
preferences-consistent optimizer plays the optimal control map for Pt,x
only instantaneously
NL
at time t, i.e., he is only instantaneously optimal for the translated problem Pt,x
.
Quite naturally, if an optimizer is locally preferences-consistent at t for every t in a given
interval, he is globally preferences-consistent over the interval. While the deﬁnition of local
preferences consistency needs the original optimization problem (reference point) and a single
time-point t > t0 , the deﬁnition of global preferences consistency needs the reference point
and a time interval [t0 , T ].6
The notion of global preferences consistency is formalized by the following deﬁnition.
Definition 3.2 (Global preferences consistency). An optimizer whose initial preferences
at time t0 ≥ 0 are described by the optimization problem PtN0 ,xL0 as in (2) is globally
preferences-consistent over [t0 , T ] with respect to PtN0 ,xL0 if he is locally preferencesconsistent at t with respect to PtN0 ,xL0 for every t ∈ [t0 , T ].
Deﬁnition 3.2 has a strong connection with Deﬁnition 2 of dynamical optimality given
by Pedersen & Peskir (2017) in the case of mean-variance preferences. According to their
deﬁnition, and roughly speaking, a control is dynamically optimal if, for every ﬁxed t and x,
it coincides with the ﬁrst control of the optimal strategy at (t, x). Diﬀerently from Pedersen
For simplicity, we here assume t0 ≤ T ∈ R, i.e., bounded time intervals, but the case of unbounded time
interval can be considered too, by setting T = +∞.
6
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& Peskir (2017), who focus on the control map and its instantaneous optimality, we here
stress the importance of the consistency of the optimizer to his initial preferences, that are
described by the original optimization problem PtN0 ,xL0 . The link between the two deﬁnitions
will become clear in Section 5, where we show that the dynamically optimal individual is
globally preferences consistent.
As in the case of global tail optimality, the following existence issue can arise: does an
optimizer exist who is globally preferences-consistent over a time interval [t0 , T ] with respect
to some initial preferences? The answer is again positive, by considering the special case of
the optimizer of a linear classical optimization problem.

3.1

Special case: preferences consistency for linear problems

Let us assume that the original preferences of the optimizer are identiﬁed by the following
linear problem:
Problem PtL0 ,x0 :
[´
]
T
L
1
2
supu∈U J (t0 , x0 , u) = supu∈U Et0 ,x0 t0 U (s, Xs , us )ds + U (XT ) .

(14)

Then, the optimizer can apply dynamic programming as explained in Section 2.3 to solve
Problem (14) and ﬁnd the optimal control map u∗t0 ,x0 (s, y). Imagine that the optimizer plays
the optimal control map u∗t0 ,x0 (s, y) over [t0 , T ]. Then, because of the Bellman’s principle
and equation (11), it turns out that at time τ with wealth xτ he applies exactly the optimal
L
control map of the translated Problem Pτ,x
. This means that the optimizer is preferencesτ
consistent at time τ > t0 with respect to his original preferences identiﬁed by Problem PtL0 ,x0 .
Because this happens at every time τ ∈ [t0 , T ] we conclude that the optimizer is globally
preferences-consistent over [t0 , T ] with respect to the original problem (14).
This result is formalized in the following proposition.
Proposition 3.3. Let the preferences of an optimizer be identiﬁed by the linear problem
PtL0 ,x0 given by (14). If the optimizer plays the optimal control map u∗t0 ,x0 (s, y) = u∗ (s, y)
found via dynamic programming over [t0 , T ], then he is globally preferences-consistent over
[t0 , T ] with respect to PtL0 ,x0 .
13

4

Non-linear problems

Propositions 2.3 and 3.3 show that in the ideal world of linear problems where dynamic
programming can be applied, the two desirable features of global tail optimality of the
control map and global preferences consistency of the optimizer take place simultaneously.
The coexistence of global tail optimality and global preferences consistency is a consequence
of the validity of the Bellman’s principle and the applicability of dynamic programming.
The situation becomes more complicated in the case of non-linear problems, when the
running utility depends on initial time or wealth, or the bequest function includes also a
non-linear function of expected ﬁnal wealth. In this case, the non-applicability of dynamic
programming and the non-validity of the Bellman’s principle prevent the simultaneous occurrence of global tail optimality and global preferences consistency.
Let us suppose that an investor wants to solve the following non-linear problem7
Problem PtN0 ,xL0 :
{
[´
]
}
T
supu∈U J N L (t0 , x0 , u) = supu∈U Et0 ,x0 t0 U 1 (s, Xs , us )ds + U 2 (XT ) + U 3 [Et0 ,x0 (XT )]
(15)
3
as in (2), where U (·) is a non-linear utility function.
It is well known (see Björk & Murgoci (2010)) that the presence of the non-linear term
3
U [Et0 ,x0 (XT )] prevents the straight use of dynamic programming. According to the current
literature, this problem gives rise to time inconsistency, and there are diﬀerent approaches
to deal with this time inconsistency. We will see that none of the existing approaches
available for a non-linear problem (15) keeps simultaneously both properties of global tail
optimality and global preferences consistency. Nevertheless, it is possible to analyze the
available approaches and see what are the properties characterizing each of them.
The three approaches currently available for the non-linear problem (15) are: (i) the precommitment approach, (ii) the dynamic optimality approach and (iii) the consistent planning
or Nash-equilibrium approach.
7
For simplicity, we consider only the case when the bequest function includes a non-linear function of
expected ﬁnal wealth. The case in which the running utility depends on initial time or wealth is similar.
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4.1

Precommitment approach

In order to solve the non-linear problem (15) with the precommitment approach, one ﬁxes the
initial point (t0 , x0 ) and ﬁnds, if it exists, the control law û that maximizes only J N L (t0 , x0 , u),
i.e., the precommitment strategy. This is formalized by the following deﬁnition.
Definition 4.1. Given the non-linear problem PtN0 ,xL0 as in (15), the strategy û that maximizes
J N L (t0 , x0 , u), i.e., the control û such that
J N L (t0 , x0 , û) = sup J N L (t0 , x0 , u)
u∈U

if it exists, is called the precommitment strategy and is indicated as
ût0 ,x0 (s, y)

for (s, y) ∈ [t0 , T ] × R.

(16)

Because in this kind of problems dynamic programming cannot be applied and the Bellman’s principle does not hold, by adopting û one disregards the fact that at a later point
in time τ ∈ (t0 , T ] with wealth xτ the control map ût0 ,x0 (s, y) (for (s, y) ∈ [τ, T ] × R), is, in
general, not optimal for the translated criterion J N L (τ, xτ , u). In other words,
argmaxu∈U J N L (τ, xτ , u) = ûτ,xτ (s, y) ̸= ût0 ,x0 (s, y) for (s, y) ∈ [τ, T ] × R,

(17)

while there would be equality with validity of the Bellman’s principle (see equation (11)).
In other words, the precommitment strategy (16) depends essentially on the initial point
(t0 , x0 ).
This is the reason why the strategy is named precommitment strategy: the precommitted decision-maker standing at time t0 should “precommit” himself to follow the strategy
ût0 ,x0 (s, y) from t0 to T , even if he knows that at later point in time τ he is still solving the
NL
original problem PtN0 ,xL0 , but not the translated problem Pτ,x
. Due to (17), the control that
τ
the precommitted investor plays at every time τ > t0 is, in general, not equal to the ﬁrst
NL
. Therefore, the precommitted investor is
optimal control for the translated problem Pτ,x
τ
locally preferences-consistent at time t0 with respect to PtN0 ,xL0 because at time t0 he plays
ût0 ,x0 (t0 , x0 ) that is the ﬁrst action of the optimal map for PtN0 ,xL0 , but is not preferences15

consistent at any time τ > t0 with respect to PtN0 ,xL0 . Supported by Deﬁnition 3.1, we can
formalize this result in the next proposition.
Proposition 4.2. Let the preferences of an optimizer be identiﬁed by the non-linear problem
PtN0 ,xL0 as in (15), and let assume that there exists the precommitment strategy ût0 ,x0 (s, y) for
Problem PtN0 ,xL0 . If the optimizer plays the precommitment strategy ût0 ,x0 (s, y) given by (16)
over [t0 , T ], then he is locally preferences-consistent at t0 with respect to PtN0 ,xL0 .
Let us now turn to the feature of local and global tail optimality of the control map. By
Deﬁnitions 2.1 and 4.1, it is clear that, if it exists, the precommitment strategy is locally
tail-optimal at initial time t0 for Problem PtN0 ,xL0 .
Proposition 4.3. Given the intertemporal control problem PtN0 ,xL0 as in (15), the precommitment strategy ût0 ,x0 (s, y) given by (16) for (s, y) ∈ [t0 , T ]×R, if it exists, is locally tail-optimal
at t0 for PtN0 ,xL0 .
Local tail optimality at initial time t0 of the control map and local preferences consistency at initial time t0 of the optimizer who adopts the precommitment strategy is all what
the precommitment approach can oﬀer. Therefore, in general, for a non-linear problem the
precommitment optimal control map ût0 ,x0 (s, y) is not globally tail-optimal and the precommitted optimizer is not globally preferences-consistent. While a proof of this result in general
is far from trivial, this can be easily proven in the important case of the mean-variance portfolio selection problem, see Section 5.
Clearly, the precommitment strategy is the best strategy standing at time t0 with the
aim of optimizing J N L (t0 , x0 , u), see also Vigna (2016). The problem of precommitment is
about preferences inconsistency after t0 : the precommitted decision-maker only cares about
initial time t0 and ﬁnal time T , disregarding that he will be preferences-inconsistent at any
time t ∈ (t0 , T ). In other words, the precommitment approach is closer in spirit to the
single-period Markovitz framework than to the continuous-time intertemporal setup: only
t0 and T matter, what happens at any time t ∈ (t0 , T ) does not matter. The interval (t0 , T )
goes into a black box and the investor is consistent to his own preferences only at initial time
t0 . In this respect, the name “static” given by some authors to identify the precommitment
strategy (Pedersen & Peskir (2017)) or the optimization problem as deﬁned in (t0 , x0 ) only
(Karnam et al. (2016)), could not be more appropriate.
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4.2

Dynamic optimality approach

We illustrate the construction of the dynamically optimal strategy introduced by Pedersen
& Peskir (2017) for a non-linear problem (15) in 4 steps.8
NL
NL
Step 1. A family of non-linear problems {Pt,x
}(t,x)∈[t0 ,T ]×R , with Pt,x
as in (3), is given.
Step 2. Assume that for ﬁxed initial point (t0 , x0 ) the precommitment strategy maximizing the criterion J N L (t0 , x0 , u) exists and is given by (see (16)):
ût0 ,x0 (s, y)

for (s, y) ∈ [t0 , T ] × R.

(18)

Step 3. Deﬁne the new control map
ũ(s, y) = ûs,y (s, y),

for (s, y) ∈ [t0 , T ] × R,

(19)

where the right hand side of (19) is obtained by replacing t0 with s and x0 with y in the
function (18).
Step 4. The strategy ũ(s, y), for (s, y) ∈ [t0 , T ] × R, is called the dynamically optimal
strategy.

Remark 6. Unlike the precommitment strategy (16), the dynamically optimal investment
strategy (19) does not depend on the initial time-wealth point: it is a simple function of
time s ∈ [t0 , T ] and wealth y ∈ R. In this respect, it looks similar to the optimal control
map of a linear optimization problem u∗ (s, y) as in (12).
Let us analyze the preferences consistency of the dynamically optimal individual.
By construction, at generic time t ∈ [t0 , T ] with wealth x the dynamically optimal indiNL
vidual faces the problem Pt,x
and solves it with the precommitment approach. In fact, he
NL
plays the ﬁrst control of the precommitment strategy for Pt,x
, because he plays ût,x (t, x).
Because the initial preferences of the individual are given by Problem PtN0 ,xL0 and because
NL
,
at time t he plays the ﬁrst control of the optimal strategy for the translated problem Pt,x
t
NL
by deﬁnition he is locally preferences-consistent at time t with respect to Pt0 ,x0 . Not only:
8

Pedersen & Peskir (2017) introduced the dynamical optimal strategy in order to solve the mean-variance
portfolio selection problem. Clearly, their approach can be extended to any non-linear problem (15).
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because this happens for every t ∈ [t0 , T ], he is globally preferences-consistent over [t0 , T ]
with respect to PtN0 ,xL0 .
This result is formalized in the next proposition.
Proposition 4.4. Let the preferences of an optimizer be identiﬁed by the non-linear problem
PtN0 ,xL0 as in (15), and let assume that there exists the precommitment strategy ût0 ,x0 (s, y) for
PtN0 ,xL0 . If the optimizer plays the dynamically optimal strategy ũ(s, y) given by (19) over
[t0 , T ], then he is globally preferences-consistent over [t0 , T ] with respect to PtN0 ,xL0 .
Remark 7. Regarding the relationship between precommitment approach and dynamically
optimal approach, we see that at each t ∈ [t0 , T ] with wealth x the dynamically optimal stratNL
egy ũ(t, x) coincides with the ﬁrst control of the precommitment strategy solution to Pt,x
,
i.e., it coincides with the ﬁrst control of the control map ût,x (s, y) ((s, y) ∈ [t, T ]×R) selected
NL
by the investor who wants to solve Pt,x
with the precommitment approach. But deviates
′
from it immediately after, at time t = t + dt, because at time t′ the dynamically optimal
strategy coincides with the ﬁrst control of the precommitted strategy for Problem {PtN′ ,xLt′ }.
Therefore, the dynamically optimal investor can be seen as the continuous reincarnation of
the precommitted investor.
Let us turn to the question of tail optimality of the dynamically optimal strategy.
From Deﬁnition 2.1 and Remark 3, we see that a control map is locally tail-optimal at
time t for an optimization problem if, whenever played from t to the time horizon T , reaches
the supremum of the performance criterion. The dynamically optimal strategy is a collection
of inﬁnitely many ﬁrst optimal control actions for inﬁnitely many problems. As such, there
is no problem for which it is locally tail-optimal at time t. Indeed, as Pedersen & Peskir
(2017) notice, the control map ũ(s, y) is instantaneously optimal at each t ∈ [t0 , T ], so it
is instantaneously optimal for inﬁnitely many non-linear problems. Therefore, unlike the
precommitment strategy that is locally tail-optimal at the initial time point t0 for Problem
PtN0 ,xL0 —and only at t0 — there exists no such t ∈ [t0 , T ] that makes the dynamically optimal
NL
.
strategy being locally tail-optimal at t for Pt,x
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4.3

Nash equilibrium, consistent planning approach

According to the consistent planning approach, in order to solve the non-linear problem (15),
one should choose “the best plan among those that he will actually follow”. The construction
of this strategy is based on the game theoretic interpretation that to each point in time t is
associated a player who can choose the control at time t. At time s > t there is another player
who chooses the control at time s. The key of this approach is to search a Nash subgame
perfect equilibrium among the continuum of players [t0 , T ]. A strategy u is an equilibrium
strategy if, given that all players in (t, T ] will play u then also player t ﬁnds it optimal to
play u. The equilibrium strategy is found by solving an extended Hamilton-Jacobi-Bellman
equation for the value function, see Björk & Murgoci (2010), Proposition 4.1 and Theorem
4.1. Like the optimal control law of a linear problem and the dynamically optimal strategy
of a non-linear problem, also the Nash equilibrium strategy u does not depend on the initial
time-wealth point and is a function of time s and wealth y only:
u(s, y),

for (s, y) ∈ [t0 , T ] × R.

(20)

This is the reason why it is known to be time-consistent.
Notably, Björk & Murgoci (2010) also prove that it is possible to associate to each timeinconsistent non-linear problem a standard time-consistent linear problem such that (i) the
optimal value function of the standard problem is equal to the equilibrium value function of
the time-inconsistent problem; (ii) the optimal control law of the standard problem is equal
to the equilibrium strategy of the time-inconsistent problem, see Björk & Murgoci (2010),
Proposition 5.1.
This remarkable result implies that there exist utility functions U 4 (·) and U 5 (·) (not
necessarily easy to ﬁnd) such that the Nash equilibrium strategy u(s, y) associated to the
non-linear problem (15) coincides with the optimal control law solution to the standard linear
problem
L
Problem PtL−ass−N
:
0 ,x0
[´
]
(21)
T
supu∈U Et0 ,x0 t0 U 4 (s, Xs , us )ds + U 5 (XT ) .
For instance, in the case of the mean-variance preferences, where U 1 (·) ≡ 0, U 2 (x) =
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x − αx2 and U 3 (x) = αx2 , it is easy to show that U 4 (·) ≡ 0 while U 5 (·) is the CARA utility
function, see Section 5.
We use this important result to analyze the consistent planning approach under the two
criteria of tail optimality of the control map and preferences consistency of the optimizer.
By noting that the Nash equilibrium control map u(s, y) coincides with the optimal conL
trol map of the associated linear problem PtL−ass−N
, using Proposition 2.3, it is straight0 ,x0
forward to conclude that the Nash equilibrium control map is globally tail-optimal for the
L
family of problems {PtL−ass−N
}. Similarly, using Proposition 3.3, it immediate to con0 ,x0
clude that the individual who plays the Nash equilibrium strategy over [t0 , T ] is globally
L
preferences-consistent over [t0 , T ] with respect to Problem PtL−ass−N
.
0 ,x0
These results are formalized in the following propositions.
Proposition 4.5. Given the intertemporal family of non-linear problems
{

NL
Pt,x

}
(t,x)∈[t0 ,T ]×R

(22)

NL
where Pt,x
is as in (3), and given the family of linear problems

{

L−ass−N L
Pt,x

}
(t,x)∈[t0 ,T ]×R

(23)

L−ass−N L
where Pt,x
, given by (21) is the standard linear problem associated to the non-linear
NL
problem Pt,x in the sense of Proposition 5.1 of Björk & Murgoci (2010), the family of control
maps
{ut,x (s, y) for (s, y) ∈ [t, T ] × R}(t,x)∈[t0 ,T ]×R
(24)
= {u(s, y) for (s, y) ∈ [t, T ] × R}t∈[t0 ,T ]
NL
that is the equilibrium strategy of Pt,x
found via the consistent planning approach, is globally
tail-optimal for the family of associated linear problems (23).

Proposition 4.6. Let the preferences of an optimizer be identiﬁed by the non-linear problem PtN0 ,xL0 as in (15), and let assume that there exists the Nash equilibrium strategy u(s, y)
for PtN0 ,xL0 . If the optimizer plays the Nash equilibrium strategy u(s, y) given by (20) over
[t0 , T ], then he is globally preferences-consistent over [t0 , T ] with respect to the linear problem
L
PtL−ass−N
associated to PtN0 ,xL0 in the sense of Proposition 5.1 of Björk & Murgoci (2010).
0 ,x0
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To sum up, the consistent planning optimizer, or Nash equilibrium optimizer, is globally
preferences-consistent with respect to the associated linear problem, and he plays a strategy
that is globally tail-optimal for the associated linear problem. In general, he is not preferences
consistent to his original non-linear preferences and the map that he plays is not tail-optimal
for the original non-linear problem.
Regarding the result in their Proposition 5.1, Björk & Murgoci (2010) comment that
there is no gain by enlarging the class of consumer behaviour to time-inconsistent preferences,
because every time-inconsistent strategy can be replicated by some time-consistent utility
function. Instead, we comment this result from a diﬀerent angle. For a non-linear problem
(15) the Nash equilibrium approach is equivalent to apply the solution to the associated
linear problem (21). This means that in order to be time-consistent in the consistentplanning sense, the investor has to choose a diﬀerent objective functional, in other words,
diﬀerent preferences. For the mean-variance problem, the investor who chooses the Nashequilibrium approach applies a strategy that is optimal according to a diﬀerent criterium
than the mean-variance one, namely the exponential preferences. The price to be paid in
order to be time-consistent in the consistent-planning sense consists in changing preferences.

4.4

Considerations

In the previous sections we have showed that each of the three approaches currently available for a non-linear intertemporal optimization problem (15) carries only some of the two
desirable properties of tail optimality and preferences consistency.
By Propositions 4.2 and 4.3, the precommitted individual is locally preferences-consistent
at time t0 with respect to his initial preferences given by Problem (15), and the precommitment strategy is locally tail-optimal at t0 for Problem (15). Therefore, the precommitment
apprach keeps local tail optimality and local preferences consistency at initial time t0 .
By Proposition 4.4, the dynamically optimal investor is globally preferences-consistent
with respect to his initial preferences given by Problem (15).
By Propositions 4.5 and 4.6, the Nash equilibrium strategy is globally tail-optimal for
the linear problem that is associated to Problem (15), and the Nash equilibrium optimizer
is globally preferences-consistent with respect to the linear problem that is associated to
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Problem (15).
In general, the precommitment strategy is never locally tail-optimal at time t > t0 for the
original problem (15) and the precommitted optimizer is never locally preferences-consistent
at time t > t0 with respect to the original problem (15). In general, the dynamically optimal
strategy is never tail-optimal, not even locally, for the original problem (15). In general, the
Nash equilibrium strategy is never tail-optimal, not even locally, for the original problem
(15) and the Nash equilibrium optimizer is never preferences-consistent, not even locally,
with respect to the original problem (15). Proving these results in a general framework is
far from trivial. However, this can be done with a case example, namely, the mean-variance
portfolio selection problem.

5

A notable example: the mean-variance problem

Perhaps, the most famous example of non-linear time-inconsistent problem in Finance is the
mean-variance portfolio selection problem. Its time inconsistency is due to the presence of
the variance of ﬁnal wealth in the performance criterion.
In the simplest framework, the mean-variance problem can be formalized as follows.

5.1

Formulation of the mean-variance portfolio selection problem

An investor has a wealth x0 > 0 at time t0 ≥ 0, and wants to solve a portfolio selection
problem on the time horizon [t0 , T ]. The ﬁnancial market is the Black-Scholes model (see
e.g. Björk (1998)): it consists of two assets, a riskless one, whose price B(t) follows the
dynamics:
dB(t) = rB(t)dt,
where r > 0, and a risky asset, whose price dynamics S(t) follows a geometric Brownian
motion with drift λ ≥ r and volatility σ > 0:
dS(t) = λS(t)dt + σS(t)dW (t),
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where W (t) is a standard Brownian motion deﬁned on a ﬁltered probability space (Ω, F, {Ft }, P),
with Ft = σ{W (s) : s ≤ t} the natural ﬁltration. The proportion of portfolio invested in the
risky asset at time t is denoted by u(t). The fund at time t under control u, X u (t), grows
according to the following SDE:
dX u (t) = X u (t) [u(t)(λ − r) + r] dt + X u (t)u(t)σdW (t),
X u (t0 ) = x0 ≥ 0.

(25)

The investor is a mean-variance optimizer and his aim is to solve the problem
sup J M V (t0 , x0 , u) ≡ [Et0 ,x0 (X u (T )) − αVt0 ,x0 (X u (T ))],

(26)

u∈U

where α > 0 and U is some set of admissible strategies. It is easy to see that Problem (26)
is a non-linear problem as in (15) with U 1 (x) = 0, U 2 (x) = x − αx2 and U 3 (x) = αx2 .
By results in Section 4, there are three approaches for the mean-variance problem: (i)
precommitment, (ii) dynamic optimality, and (iii) consistent planning.
The precommitment strategy ût0 ,x0 (s, y) is (see Zhou & Li (2000)):
[
]
1 δ2 (T −t0 )−r(T −s)
δ
r(s−t0 )
ût0 ,x0 (s, y) =
x0 e
−y+
e
,
σy
2α

for (s, y) ∈ [t0 , T ] × R,

(27)

where δ = (λ − r)/σ.
The dynamically optimal policy ũ(s, y) is (see Pedersen & Peskir (2017)):
ũ(s, y) =

δ 1 (δ2 −r)(T −s)
e
σy 2α

for (s, y) ∈ [t0 , T ] × R.

(28)

The consistent planning, Nash equilibrium policy u(s, y) is (see Basak & Chabakauri
(2010) and Björk & Murgoci (2010)):
u(s, y) =

δ 1 −r(T −s)
e
σy 2α
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for (s, y) ∈ [t0 , T ] × R.

(29)

5.2

Tail optimality and preferences consistency for mean-variance

In order to discuss tail optimality and preferences consistency for the three approaches to
the mean-variance problem, we need to deﬁne the family of mean-variance problems
MV
{Pt,x
}(t,x)∈[t0 ,T ]×R

(30)

where
MV
:
Problem Pt,x

supu∈U J M V (t, x, u) ≡ [Et,x (X u (T )) − αVt,x (X u (T ))].

(31)

We can now prove the results mentioned in Section 4.4 for the mean-variance problem.
Proposition 5.1. (i) For every (t, x) ∈ (t0 , T ) × R, the precommitment strategy
[
]
1 δ2 (T −t0 )−r(T −s)
δ
r(s−t0 )
ût0 ,x0 (s, y) =
x0 e
−y+
e
,
σy
2α

for (s, y) ∈ [t, T ] × R,

(32)

MV
given by the restriction of (27) to [t, T ], is not locally tail-optimal at t for Pt,x
given by
(31).
(ii) The precommitted investor who adopts the precommitment strategy (27) over [t0 , T ] is
V
not locally preferences-consistent at t with respect to PtM
given by (26) for any t ∈ (t0 , T ).
0 ,x0

Proof. The proof is in the Appendix.
Proposition 5.2. For every (t, x) ∈ [t0 , T ) × R, the dynamically optimal strategy
ũ(s, y) =

δ 1 (δ2 −r)(T −s)
e
σy 2α

for (s, y) ∈ [t, T ] × R,

(33)

MV
given by the restriction of (28) to [t, T ], is not locally tail-optimal at t for Pt,x
given by
(31).

Proof. The proof is in the Appendix.
Proposition 5.3. (i) For every (t, x) ∈ [t0 , T ) × R, the Nash equilibrium strategy
u(s, y) =

δ 1 −r(T −s)
e
σy 2α
24

for (s, y) ∈ [t, T ] × R,

(34)

MV
given by the restriction of (29) to [t, T ], is not locally tail-optimal at t for Pt,x
given by
(31).
(ii) The Nash equilibrium investor who adopts the Nash equilibrium strategy (29) over
V
[t0 , T ] is not locally preferences-consistent at t with respect to PtM
given by (26) for any
0 ,x0
t ∈ [t0 , T ).

Proof. The proof is in the Appendix.
As mentioned in Section 4, for the Nash equilibrium approach, the linear optimization
problem associated to the mean-variance problem in the sense of Proposition 5.1 of Björk
& Murgoci (2010) is easy to ﬁnd. Indeed, the optimal solution to the standard linear optimization problem
Problem

V
PtL−ass−M
0 ,x0

:

[
]
1 −2αXT
sup Et0 ,x0 − e
2α
u∈U

(35)

coincides with the Nash-equilibrium strategy (29) (see also Basak & Chabakauri (2010),
Remark 1). In other words, U 4 (x) = 0 and U 5 (x) = −1/(2α)e−2αx (the CARA utility
function). Therefore, Propositions 4.5 and 4.6 hold considering the linear problem (35) or
L−ass−M V
its obvious version Pt,x
at time t with wealth x.
The lack of local tail optimality for t > t0 of the three possible strategies for the meanvariance problem implies that the family of precommitment strategies, the family of dynamically optimal strategies and the family of Nash-equilibrium strategies are not globally
tail-optimal for the family of mean-variance problems (30).
This is formalized by the following corollary.
Corollary 5.4. The family of control maps
{ût0 ,x0 (s, y),

for (s, y) ∈ [t, T ] × R}t∈[t0 ,T ]

where ût0 ,x0 (s, y) is given by (32), is not globally tail-optimal for the family of problems (30).
The family of control maps
{ũ(s, y),

for (s, y) ∈ [t, T ] × R}t∈[t0 ,T ]
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where ũ(s, y) is given by (33), is not globally tail-optimal for the family of problems (30).
The family of control maps
{u(s, y),

for (s, y) ∈ [t, T ] × R}t∈[t0 ,T ]

where u(s, y) is given by (34), is not globally tail-optimal for the family of problems (30).
Proof. The proof is obvious.

6

Concluding remarks

When an intertemporal optimization problem over a time period [t0 , T ] can be solved using
dynamic programming, then two important desirable features occur simultaneously. First,
the optimal strategy is globally tail-optimal for the considered problem; second, the decisionmaker who adopts the optimal strategy is globally preferences-consistent with respect to his
initial preferences.
When an intertemporal optimization problem does not permit application of dynamic
programming, then the two features described above do not hold simultaneously. According
to the existing literature, we say that the problem gives raise to time inconsistency.
The non-applicability of dynamic programming and the violation of the Bellman’s optimality principle imposes an unavoidable price to be paid to decision-makers. The price is
diﬀerent depending on the approach selected.
With the precommitment approach, the investor solves a kind of static Markovitz problem
over [t0 , T ] and therefore keeps both properties of tail optimality and preferences consistency,
but only at initial time t0 : the precommitment strategy is locally tail-optimal at time t0 (only)
for the considered problem and the precommitted investor is locally preferences-consistent
at time t0 (only) with respect to his initial preferences.
With the dynamically optimal approach, the investor keeps the second property but not
the ﬁrst one, i.e., he is globally preferences-consistent with respect to his initial preferences,
but, in general, the dynamically optimal strategy is not locally tail-optimal at any time
t ∈ [t0 , T ] for the considered problem.
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With the Nash-equilibrium approach, the investor keeps none of the properties, i.e., the
Nash equilibrium strategy is not locally tail-optimal at any time t ∈ [t0 , T ] for the considered
problem and the investor who adopts it is not locally preferences-consistent at any time
t ∈ [t0 , T ] with respect to his initial preferences.
In general, it seems quite hard to argue that one of the three approaches to time inconsistency currently available should be unambiguously preferable to the others for all individuals
and for all non-linear optimization problems. Rather the opposite: each approach has its
own pro and contra, and the appropriate strategy depends not only on the non-linear optimizing criterium but also on other subjective factors, such as the attitude towards tail
optimality and consistency to one’s own preferences. A normative approach that pretends
to be universal fails to provide convincing arguments that hold for all individuals, while we
believe that a philosophical approach to discuss appropriateness of each approach is more
suitable.

Appendix
Proof of Proposition 5.1
(i) Let (t, x) ∈ (t0 , T ) × R. By Deﬁnition 4.1 and Equation (27), the control map that
maximizes J M V (t, x, u) is given by
[
]
δ
1 δ2 (T −t)−r(T −s)
r(s−t)
ût,x (s, y) =
xe
−y+
e
,
σy
2α

for (s, y) ∈ [t, T ] × R.

(36)

Because ût0 ,x0 (s, y) ̸= ût,x (s, y) for (s, y) ∈ [t, T ] × R, the precommitment strategy (32) is
MV
not locally tail-optimal at t for Pt,x
.
(ii) The precommitted investor who adopts the precommitment strategy ût0 ,x0 (s, y) over
[t0 , T ], at time t with wealth x plays ût0 ,x0 (t, x). In order to be locally preferences-consistent
V
with respect to PtM
he should play the ﬁrst control action of the control map ût,x (s, y)
0 ,x0
given by (36). Because ût0 ,x0 (t, x) ̸= ût,x (t, x), the precommitted investor is not locally
V
preferences-consistent at t with respect to PtM
.

0 ,x0
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Proof of Proposition 5.2
Let (t, x) ∈ (t0 , T )×R. By Deﬁnition 4.1 and Equation (27), the control map that maximizes
J M V (t, x, u) is given by
[
]
δ
1 δ2 (T −t)−r(T −s)
r(s−t)
ût,x (s, y) =
xe
−y+
e
,
σy
2α

for (s, y) ∈ [t, T ] × R.

(37)

At time t with wealth x the dynamically optimal strategy coincides with the optimal map
(37): ũ(t, x) = ût,x (t, x). However, after time t there is no longer coincidence between
dynamically optimal strategy and optimal map (37): for (s, y) ∈ (t, T ) × R, ũ(s, y) =
ûs,y (s, y) ̸= ût,x (s, y). Hence, the dynamically optimal strategy is not locally tail-optimal at
MV
t for Pt,x
.

Proof of Proposition 5.3
(i) Let (t, x) ∈ [t0 , T ) × R. By Deﬁnition 4.1 and Equation (27), the control map that
maximizes J M V (t, x, u) is given by
[
]
δ
1 δ2 (T −t)−r(T −s)
r(s−t)
ût,x (s, y) =
xe
−y+
e
,
σy
2α

for (s, y) ∈ [t, T ] × R.

(38)

Because u(s, y) ̸= ût,x (s, y) for (s, y) ∈ [t, T ] × R, the Nash equilibrium strategy (34) is not
MV
locally tail-optimal at t for Pt,x
.
(ii) The Nash equilibrium investor who adopts the Nash equilibrium strategy u(s, y) over
[t0 , T ], at time t with wealth x plays u(t, x). In order to be locally preferences-consistent with
V
respect to PtM
he should play the ﬁrst control action of the control map ût,x (s, y). Because
0 ,x0
u(t, x) ̸= ût,x (t, x), the Nash equilibrium investor is not locally preferences-consistent at t
V
with respect to PtM
.

0 ,x0
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