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Abstract

In this paper, we study the asymptotic properties of a sequence of posterior
distributions based on an independent and identically distributed sample and when
the Bayesian model is misspecified. We find a sufficient condition on the prior
for the posterior to accumulate around the densities in the model closest in the
Kullback—Leibler sense to the true density function. Examples are presented.
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1 Introduction

This paper is concerned with asymptotics for Bayesian nonparametric models. In
particular, we consider generalizations of the recent literature on consistency; see for
example, Barron, Schervish and Wasserman (1999), Ghosal, Ghosh and Ramamoorthi
(1999), and Walker (2004). The standard assumption for consistency is that the true
density function, which we denote by fy, is in the Kullback—Leibler support of the
prior, denoted by II. Further sufficient conditions on the prior are then established
in order to ensure that the sequence of posterior distributions accumulate in suitable
neighborhoods of fy. The three papers just cited deviate in the precise form of the
further sufficient conditions.

We make the support of the prior assumption more general now by assuming that
the closest density in the support of the prior is a possibly non—zero Kullback—Leibler
divergence away from fy; specifically, if f; is the closest density, in the Kullback-
Leibler sense, in the support F of the prior (to be made more precise later), then ¢&;
is defined to be the Kullback—Leibler divergence between fy and f;. We then look
for further sufficient conditions under which the posterior distributions accumulate in
suitable neighborhoods of f;. In particular, we work around the ideas presented in
Walker (2004) and the sufficient conditions for accumulation at f; can be seen as a
generalization of the condition appearing in Walker (2004).

The convenience of working in this setting is quite evident. When considering
asymptotics, there are two possible scenarios: d; = 0 or §; > 0. The former involves
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a well specified model and the latter a misspecified model. Typically, the latter is
more likely, though in reality it will be unknown. However, one can assume é; = 0
and derive conditions on the prior for posterior accumulation at fy, and then assume
01 > 0 and derive another set of conditions on the prior for posterior accumulation at
f1. It is to be sure that the latter conditions will be stronger than the former. In this
case, and the value of §; unknown, it makes perfect sense to construct the prior under
the condition that d; > 0, and hence under the misspecified case.

Early work for the misspecified problem has been done by Berk (1966) and more
recently by Bunke and Milhaud (1998), Shalizi (2009), and Kleijn and van der Vaart
(2006). In particular, the strategy followed by Kleijn and van der Vaart (2006) consists
of defining a neighborhood around f; according to a suitable semi-metric on the space
of densities that satisfies an entropy condition related to the Hellinger integral h,, (to
be defined later); see their equation (2.2). Kleijn and van der Vaart concentrate on the
notion of a single f; for which accumulation of the posterior takes place and extend
this to a finite number of such fi.

On the other hand, we focus our efforts directly on a set F; rather than on a
single fi, acknowledging the fact that in general one does not know how big the set of
densities associated with the minimum Kullback-Leibler distance 61 is. Hence, we find
it appropriate to define

Fi={feF: D(fo,f) <}, (1.1)

where F is the Hellinger closure of F and D(fy, f) is the Kullback-Leibler divergence
of f relative to fo. When Fj is non—empty, our working assumption throughout the
paper, we show accumulation at F; with respect to the Hellinger distance. When F;
is empty, we show that the posterior accumulates in a different set that we define and
explain at the end of Section 3.

In reality, and in general, it is not known whether JF; is empty or not, since fy is
not known. A notable exception is when F is convex, in which case F; reduces to a
single density fi. However, our key prior condition, given in Section 3, covers both
F1 empty or non—empty. Kleijn and van der Vaart (2006) only establish what the
posterior does when Fj is a finite set. For a chosen II it may be possible to find Cp
such that if fy € Cp then F; is empty, whereas if fy € Cf; then F; is non-empty. But
in spite of this being a difficult task, it would not even be known if fy was in Cp or
not, and hence the objective in this area would focus on finding II for which Cf; can be
shown to be empty. To date this is only known to be true when F is convex. Therefore
knowing what happens when fy € Cf is important, and one of the contributions of
the paper is to fill this gap in the literature.

The rest of the paper is organized as follows. In Section 2 we start with some
notation, definitions, and preliminary results. The main results are presented in Section
3 and illustrations involving various priors are given in Section 4. We conclude with a
discussion in Section 5.



2 Notation and preliminary results

We introduce the notation of the paper, together with essential preliminary results.
Let X be a separable metric space endowed with its Borel o-field 4, and denote by (2
the space of density functions on (X, %) relative to some reference measure (that
is omitted henceforth for ease of notation). For d a distance on Q and A C Q,
we denote by N(d, A,d) the minimum number of balls of radius at most §, with
respect to the metric d, needed to cover A. In particular, on €2 we consider the
Hellinger distance H(f,g) = {[(v/f — \/9)?}"/? (which makes Q a separable space)
and the Kullback—Leibler divergence D(f,g) = [log(f/g)f. Moreover, we define, for
a € (0,1), the Hellinger integral ho(f,g) = ffl_o‘go‘ and the a-divergence do(f,g) =
a1 — ha(f,g)], see Liese and Vajda (2006) and the references therein. We recall
here that ho(f,g) < 1 for any f,g € Q and that d,(f,g) is decreasing in a with
limy—0do(f,9) = D(f,g) whenever D(f,g) < oco. The case o = 1/2 yields the
Hellinger distance, since d;o(f,g9) = H2(f,g). A lemma, whose proof is deferred
to the Appendix, provides a useful inequality that relates the Hellinger distance and
the Hellinger integral h,. It is used in the proofs of Theorem 1 and Lemma 2.

1
Lemma 1. For any f,g, fo € 2 and 0 < a < 3,

\ha(fo, £) = ha(fo. 9)| < [H(f, 9)]*“.

Note that for a = 1/2, we have H(f,g) > |H?(fo, f) — H?*(fo,9)|/2, which is
weaker than the standard triangle inequality, as it can be proved by using (A.2) in the
Appendix and the fact that H(f,g) < V2.

As we are going to deal with convergence of sets of densities, we consider the
metric space (§2, H), and define H (A, f) = inf,ca H(g, f) to be the Hellinger distance
between A and f € €, and H(A, B) = max{supscp H(A, f),supsc4 H(B, f)} to be
the Hausdorff distance (relative to the Hellinger) between A and B. In particular, it
can be shown that

H(A, f) < H(B,f)+ H(A,B). (2.1)

Since the Hellinger is a bounded distance, convergence in the Hausdorff metric of a
sequence (A,) to A is equivalent to H(A,, f) — H(A, f) for every f € Q (known as
Kuratowski convergence). Moreover, in case of a decreasing sequence (A4,), the limit
is given by (1, A, see Rockafellar and Wets (2009, Chapter 4).

Now let X7, Xs,... be independent and identically distributed random variables
taking values in (X, %) with common density function fy €  and, given F C €, let
II be a prior probability measure on F. The Bayesian posterior measure is given by

() = [ mman )/ [ R, (22)

where A is a measurable subset of F and R, (f) = [[i; f(Xi)/fo(X;). We denote
by F§° the infinite product measure relative to fo. Finally, upon definition of §; =
inf re 7 D(fo, f), we refer to F1 in (1.1) as the set of pseudo-true densities fi. An
associate editor has suggested an alternative definition of the minimum Kullback—
Leibler distance as 01 = inf{¢ : II(f : D(fo, f) < t) > 0}; we explicitly work with the



former but note the latter is effectively equivalent for the purposes of our paper, see
also (3.5) below. Existence of a pseudo-true density is a delicate issue. Given the lower
semicontinuity of D(fy,-) as a map from the metric space (2, H) to R, see Lemma 8.2
in Kleijn and van der Vaart (2006), a (rather) stringent sufficient condition is the
compactness of F. To our knowledge, most of the theoretical results are based on the
hypothesis of convexity of F, supscr [log(f)fo being finite the essential additional
requirement. See Liese and Vajda (1987, Chapter 8), Pfanzagl (1990) and Patilea
(2001).

3 Main results

In the well-specified case with §; = 0, strong consistency corresponds to
IL,(f: H(fo,f)>€) —0 Fj°—as. (3.1)

for any € > 0, entailing that the posterior concentrates all the mass in an arbitrarily
small Hellinger neighborhood of the true fy. In the misspecified case, it is reasonable
to ask that the posterior concentrates mass around the set of pseudo-true densities F;
in (1.1),

IL,{f: H(Fi,f) >¢€}) -0 Fg° —as.

In order to establish this result, we follow a route different from the one in Kleijn and
van der Vaart (2006) in that we keep on working, although in an instrumental way, on
neighborhoods around the true fy. Specifically, we consider the sets

Aae ={f €T dalfo,f) > 61 +¢€/a}, (3.2)

A, = {f e F: da(fo,f) > 01+ a}. (3.3)

Note that the latter can be recovered from (3.2) with € = a2, although any € = ¢(a)
decreasing in o with e(a)/a — 0 as @« — 0 would work. The idea is that A¢ is
monotonically decreasing in « to Fj.

Lemma 2. Let A, and Fy be as in (3.3) and (1.1), respectively. Then, ), AS C Fi.

The proof of Lemma 2 is provided in the Appendix. We aim now at establishing
sufficient conditions for
II,(Aqe) — 0 F5° —as. (3.4)

for any « and e sufficiently small. To this aim, we first adapt the Kullback—Leibler
property to the misspecified case as

I(f€F: D(fo,f) <d14+n)>0 (3.5)

for any n > 0, see Theorem 2.1 in Kleijn and van der Vaart (2006). In fact, a simple
corollary of Lemma 3 and 4 in Barron, Schervish and Wasserman (1999) implies that,
for all large n and for any ¢ > 0,

I, >e "0t o _a (3.6)



where I,, = [ R,(f)II(df) is the denominator of (2.2). As for the numerator, the key
condition can be stated, similar to Walker (2004), in terms of summability of powers
of prior probabilities. To this end, for a given o € (0,1), let (Bjc);j>1 be Hellinger
balls of size € > 0 that cover F such that

D T(Bj.)* < oo. (3.7)
Jj=21

We are now ready to state and prove our main result.

Theorem 1. Suppose 11 satisfies (3.5) and that (3.7) holds for some o € (0,1/2),

where the sets Bj. are Hellinger balls of size ¢ = 2(e/2)Y/?®) whose union covers F.
Then (3.4) holds.

Proof. Let (Aj)j>1 be a partition of A, (to be specified later) and define f, ; to be
the predictive density with posterior distribution restricted, and normalized, to the set
A;. Note that

/ . [, F@)Ra(FTIAS)
<Aj>‘ [y, BalI(S)

so that, letting L, ; = fAJ_ R, (HII(Af),

fnv.]

Lni1j/Ln = fnj(Xnt1)/ fo(Xnt1),

see also Walker (2004). Then, we have

Hn(Aa,e) = Z Hn(A]) < Z Hn(Aj)a = Z Lg,j/Igv (3.8)
j>1 Jj>1 Jj=1
E(Lyi141X1, -, Xn) = ha(fo, fnj) Ly - (3.9)

Take A; C A7 ={f: H(f;, [) <e/2}, where e = 2(e/2)Y2%) and (f;);>1 are densities
in Ay . By using Lemma 1, we have that

ha(fo, fug) = ha(fo, i) < [H(fj, fa ) < €/2
which, together with hq(fo, fj) <1 — a(d1 + €/a) (since f; € Ay, yields
ha(fo, fnj) <1 —adi —€/2.
Hence, from (3.9), we get
E(L2 ) < (1 — ad; — ¢/2)"TI(A;)* < e ™@0Fe/211(4;)".

As for the numerator of (3.8), by the Markov Inequality,

<ZL > endefn a51+6/2)) < efndZH(Aj)

j>1 j>1



Since (3.7) implies that 3, II(A;)® < oo, we get that > .-, Ly; < e n(adite/2=d)
F5o—a.s. for all large n, for any d > 0. As for the denominator of (3.8), note that (3.6)
implies that, for all large n and for any ¢ > 0, I > e—nad1+o) Fg°-a.s. Therefore,

I (Aae) < Y LG/ I8 < e ™e/27d700) 0 F° —as,
j>1

by taking ¢ and d sufficiently small. O

A corollary to Theorem 1 and Lemma 2 provides the sufficient condition for accu-
mulation of the posterior at F; in the Hellinger sense.

Corollary 1. Suppose 11 satisfies (3.5) and that

Y T(Bje, )" < o0 (3.10)
j>1

for all a € (0,1/2), where e = 2(a?/2)Y/CY . Then, as n — oo, if Fy is non—empty,
IL,({f: H(F1, f)>e€}) =0 F°-a.s. for any e > 0.

Proof. Condition (3.10) implies that, for all a € (0,1/2), II,(Ay) — 0 Fg°-a.s. So,
clearly,
IL,(feF: HAS f) <& —1 F° —as.

for any ¢ > 0 and all a € (0,1/2). Now define A = [, AS and use (2.1) to get
H(A, f) < H(AS, f) + H(AS, A). Since AS — A in Kuratowski sense, and because of
the equivalence of Kuratowski and Hausdorff convergence, H(AS, A) — 0 as a — 0.
It follows that, for any € > 0, there are { and « sufficiently small such that {f € F :
H(A f)<ey C{feF: H(AS, f) < £}, and we can conclude that

IL(feF: HA f)<e) —1 F©—as.
for any € > 0. The thesis follows from Lemma 2, since A C Fj. O

Remark 1. We discuss the alteration of Corollary 1 if F1 is empty. Suppose Il satisfies
(3.5) and (3.10) for all o € (0,1/2), where eq = 2(a?/2)/%) . Then, as n — oo, the
posterior still accumulates at A, for any o > 0. The lack of elements in F1 now means
there is no further development possible. However, it is to be noted that (3.10) is the
key condition we need from the prior in order to establish what happens to the posterior
no matter the state of F1. Hence, it is this condition we examine in the examples of
Section 4.

At this point it is useful to see how consistency is recovered in the well-specified
case. First note that (3.4) for « = 1/2 and any € > 0 corresponds to strong consistency
in the well-specified case. In fact it is easy to check that the conditions of Theorem 1
for 59 = 0 and o = 1/2 correspond to Theorem 4 of Waker (2004). However, as noted
by Walker, Lijoi and Priinster (2005), the prior summability condition can be replaced
with an arbitrary power a.



Theorem 2. (Walker, 2004) Let 61 = 0. If II satisfies (3.5) and (3.7) for some
€ (0,1), then IL,({f : H(fo,f) >e}) — 0 F§°-a.s.

For completeness, the proof of Theorem 2 is provided in the Appendix. It is now
clear how the sufficient condition in the misspecified case differs from that in the well-
specified case: for the latter, according to Theorem 2, condition (3.7) needs to be
satisfied for a single « € (0,1) (and any € > 0) in order to have Hellinger consistency.

4 Examples

In this section we consider a number of examples. In each case we consider an infinite—
dimensional model and find the prior summability conditions in Section 3 established
on each prior II. If II has full support and inference is possible for the infinite—
dimensional model, then we revert to the well-specified case and the required con-
dition is weaker ((3.7) only needs to hold for a single a/). However, typically infinite—
dimensional models are truncated, or do not have full support, and if fy is out of the
range of the truncation or the support of the prior, then our results are required for
all «, (3.10). Specifically, truncation has to be intended in terms of: the number of
components in the mixture of priors of Section 4.1; the number of elements in the
orthonormal basis of the infinite-dimensional exponential family example of Section
4.2; the support of the prior for the scale parameters ¢ and A in Section 4.3 and 4.4,
respectively. We find the condition on the infinite—dimensional model as this obviously
covers all levels of truncation.

4.1. Mixture of priors. Consider the prior on €2 given by

= ZPNHNa
N>1

where )y, pv = 1 and Il is supported on a set of densities Cy C 2. This example
has been considered in Walker (2004). Let Cy € Cn41, Cy increasing to some F C )
as N — oo. We assume that, for each N, Cy is totally bounded with respect to
the Hellinger metric, N(¢,Cpy, H) < oo for any € > 0. An example is given by the
Bernstein polynomial prior of Petrone and Wasserman (2002).

For fixed ¢, let (Bj.) be the Hellinger balls of size € that cover . We may assume
without loss of generality that, for Iy := N(¢,Cn,H), Cny C UjSIN B, so that
IIn(Bje) =0 for any j > In. For a € (0,1), we consider

(e 64
S =3 (3 pin0) <3( 3 )
i>1 J>1 N Nily>j J>1 N N>M;
where M; = min{N : Iy > j}. Since Iy depends on €, so does M;, hence we write

Mj(e). Consequently, by defining P(m) = > ns,,, P, if D254 P(M;(€))™ < oo, then
(3.7) holds. Hence, it is sufficient that

P(Mj(e)) <aj o (4.1)

7



for some r > 0 and a > 0 for all large j.
For example if Iy = (¢/€)", for some ¢ not depending on ¢, as in the case of
Bernstein polynomial prior, then M;(e) = |logj/log(c/€)], so that (4.1) yields

P(N) < a(c/e)_(éH)N = aexp{—9Y(e,a)N}, (4.2)

where (e, a) = log(c/e)(a~! 4 7). Note that (4.2) puts a constraint on the prior mass
on large Cy. Since 9(e, o) increases to oo as € decreases to zero, (3.7) holds for any
¢ > 0 (consistency in the well-specified case) if P(N) < ae™*" for any ¢ > 0 and
all large N, which holds if N~!log P(N) — —oo. Hence, we recover the condition
of Section 6 in Walker (2004). Establishing (3.10) does not change the result, in fact
Y (eq, @) also increases to oo as a decreases to zero. Therefore, in this example, the
required condition for the misspecified case is that for the well-specified case.

4.2. Infinite-dimensional exponential family. Let © = (6;);>1 be a sequence of
independent random variables with 6; ~ N (0,0]2-), and let (¢;)j>1 be a sequence of
orthogonal polynomials on [0, 1]. Define the family of densities as

folz) = exp { > 0i,(x) - c(@)}

Jj=1

where ¢(©) makes fg a density. This example has been considered in Barron, Schervish
and Wasserman (1999) and Walker (2004). For illustration, we work with the orthonor-
mal basis
¢1(x) =1 and ¢j(z) = V2cos(jmz) for j > 2,

so that ||¢;]lc = V2 and [¢%llcc = 7, for any j > 2. To ensure that fe is a density
with probability 1, it is sufficient that ;05 < 00.

We next consider how to construct a Hellinger covering (Bj);j>1 in (3.7) for the
density set F on which II is supported, the prior being induced by the distribution on
the infinite sequence ©. Suppose, for ¢ = 1,2, we put

Wi (z)

fi(x) = W-

Then, |[w) — ws||ee < € implies H(f1, f2) < ee/? (see Lemma 3.1 in van der Vaart and

van Zanten (2008)). Now take fi = fo, and f» = fo, for sequences ©1 = () and
©2 = (f25) such that wi(x) = >, 0;;¢;(zx). Also, take ©1 and O close in the sense
that

|01 — B25] <05 = 6w;/ > ;5 wj
for some sequence (w;) satisfying » ; w; < co. Then
| Zj21 01505 — Zj21 92j¢jHoo = \/55
and H(fe,, fo,) < V26e5/V2 Tt follows that Bj . can be taken as set of the type

{f@ : nj5j < 9j < (le + 1)(5j}



for 6; = 6(€)w;/ > ;> w; with d(e) = g1 (€)/V/2, g~ being the inverse of g(z) =

ze®/2, and integers (n;) that vary between —oo and +oo. Note that §(e) is monotonic

increasing in €, with §(0) = 0. Since 6; ~ N (0,0]2-), with independence across j, in
view of (3.7), we are interested in the finiteness of

Z Z H (Pr[njdj < 9j < (nj + 1)(53'})6!.

n]=—0o0 ny=—o0 j=1

Due to symmetry, this holds if

HZ (Pr[nd; < 0; < (n+1)8;])".

j=1n=0

Next, we have

o0

Z (Pr[nd; < 6; < (n+1)5;])" <1+ (2m) "2 (8;/0;)" Zexp{ — oz5j2<n/(2032-)}
n=0 —

<1+ (21)73(6;/05)" [exp {ad?/(202)} — 1] .

Note that, for any m > 1, €* — 1 > 2™ /m!, so that we can use the inequality
[exp {adjz/(2ajg-)} — 1]71 < m!(20]2-)m/am5]2-m

to get

> (Pr[nd; < 6; < (n+1)§])* <1+ (2m)” 2(6;/05)*ml(205)™ /™57
n=0
+ (2/@)™ml(2m) % (05/8;)*"
Substituting for §; = d(e)w;/ >_; w;, we get

[e.9]

Z (Pr[nd; < 0; < (n+1)8;])" < 1+ ¢(e, a)(oj/wj)*™ 2,
n=0

where
Y(e, @) = (2/a)™m!(2m) "2 (8(€)/ X5y wi) ™.

The required condition on the (o) is then that

H {1+ w(e,a)(aj/wj)Qm_a} < 00,

J=1

or that Y. log {1+ ¢(e,a)(0;/w;)?*™~*} < oo, which holds if
J=1 I

[e.e]
2m—a
E (0j/wj) < 0.

J=1



The convergence of this series requires a restriction on how the sequence (o;) grows as
j — oo. Moreover, we see that the size € of the Hellinger covering does not play any
role. Now, if we put w; oc 47177 for any r > 0, then the condition

o0

Z(Ujlerr)mea < 00 (43)

J=1

is sufficient. Therefore, we can actually have o; o 19 for any ¢ > 0, by choosing
r < q and m large enough such that (r — ¢)2m is sufficiently smaller than —1. We
also see that o does not affect condition (4.3), therefore oj oc j =174 for any ¢ > 0 is
sufficient for (3.7) to hold for any € > 0 and for (3.10) to hold for any « sufficiently
small. This means that the condition in Section 6 of Walker (2004) for consistency
works also in the misspecified case.

4.8. Mixtures of normal densities. ~ We consider priors obtained via a nonpara-
metric mixture of normal densities; see Ghosal, Ghosh and Ramamoorthi (1999) and
Lijoi, Pruenster and Walker (2005). Let P be a discrete random probability distribu-
tion on R with law A and prior guess Py. For ¢,, the density function of the normal
with mean 0 and variance o2, we model the density as

Fop@) =0« P = [ 6,1z~ 0)P(a6)

and o, with prior distribution p, is supported on the interval [0, 7].
We follow the proof of Theorem 1 in Lijoi, Pruenster and Walker (2005) by defining
the sets
Feas= |J {¢o*P: P([~a,a]) > 135},

o<o<o

where g,a > 0. Recall that H2(f,g) < ||f — gll1, where ||f —glli = [ |f — g| is the
Li-distance between f and g. Hence we have N(v6,%,H) < N(6,%,| - ||1). From
Ghosal, Ghosh and Ramamoorthi (1999), the upper bound for the L;-metric entropy
of set .F7 00,0 18 given by

log N (8, 3 4.5, |l - ) < Csa/o,

where Cs = K5 1log(1/§) for some constant K. Hence, log N (J, T 05 H) < Cs2a/a.
Now let (an)n>1 be an increasing sequence of positive numbers such that ap = 0 and
lim,, a,, = 00, and let (0,,),>1 be a decreasing sequence of positive numbers such that

oo = o and lim,, o, = 0. Set

G o= U {boxP: P(l~aj,a5]) 21 -6, P([~aj-1,a;1]) <1 -6},
op<o<o
so that U] kYo a;.82 = = F. Reasoning as in Lijoi, Pruenster and Walker (2005), for any

¢ there is an integer N such that % a;,0° is included in % .27 SO

log N(6,97 , s2.H) < Cs2an /0.

Ok,ay,

10



This means that for each j and k, %fk 0,2 has a finite Hellinger e-covering {Bjj ¢ : | =
1,...,Nji}, where Nj; < exp{C.2an/o.}, so that we consider (Bjj,¢) in establishing
(3.7). Now, for each j > 1, define the sets

Bi.={P: P([-aj,a;]) > 1 — €, P([—aj_1,a;-1]) <1—€}.

The condition (3.7) is implied by the finiteness of the sum

N]‘k
DY HB)* < Y NG, 2)° (4.4)

Jk>1 1=1 Jkz1
< Ze(l_a)CE2QN/UkH(Jk <o <o) ZA(B;E)O‘,
i1 Jj=1

where the inequality (4.4) follows by the monotonicity of power means. We deal with
the inner sum first, showing that .-, A(Bj)* < oo for any € > 0 and any o € (0,1)
is implied by

Py([—a,al®) <e M (4.5)

for some 1 > 0 and a sufficiently large. In fact, since Bj, C {P: P([~a;-1,a;-1]°) >
€2}, an application of Markov Inequality, together with (4.5), yields

Z ABj )* < e Z Po([—aj-1,a;-1]9)* < e2* Z e ML,

i>1 i>1 i1

Then, by taking a; ~ j as j — 00, a; > (an)~1(1 + s)logj for j sufficiently large and
some s > 0, so that Zj>1 e~ YM%-1 < oo for any « arbitrarily small (the size of € does
not play any role). Note that (4.5) is stronger than the tail condition on Py needed for
consistency, [|0|Py(df) < oo, see Theorem 1 in Lijoi, Pruenster and Walker (2005).
In fact, the latter only implies Py([—a,a]®) = O(a~1+7) for r > 0, and so we get the
convergence of the series ;- A(Bj)* only for o > (1 + r)~L. At this stage we are
left to establish that

D ellmCaan/o (o) < o < 0y_1)* < o0
k>1

If we assume that
plo < k1) <e* (4.6)

then
Ze(l—a)cezaN/Uku(Uk <o<op1)* < Ze—(’m—(l—@)cewlN)/Uk
k>1 k>1

Let ¥(e,a) = a~1(1 — a)Ceay, which goes to infinity as either a or € go to zero.
Now set o1, < ¥(e,a)(1 — s)~!/logk for k sufficiently large and for some s > 0; this
is possible for any « and e by taking, for example, o ~ 1/k as k — oo. Then the
finiteness of the series in the r.h.s. of the last display is implied by v > 9 (¢, «) in (4.6),
so that in the well-specified case and the misspecified case we need (4.6) to hold for
any v > 0.

11



4.4. Gaussian process priors. We consider random densities obtained as logistic
transformations of Gaussian processes; see Leonard (1978), Lenk (1988, 1991), Tokdar
and Ghosh (2007), and van der Vaart and van Zanten (2008). Let I be a fixed bounded
interval I in R, and let

W(z)
N | ; eW(s)ds’

where {W(x),x € I} is a Gaussian process with mean function p(¢) and covariance
kernel o(s,t) = Cov(W(s), W(t)). Without loss of generality we take p = 0 and
I = (0,1). Moreover, we let o depend on a parameter A > 0 via

f(x)

o(s,t) = oo(As, At),

where og is a fixed covariance kernel and A\ has prior distribution IIy, supported on
R, . Let Wy be the Gaussian process with covariance o so that Wy(At) has covariance
o0(As, At). Then, the random density f is modeled by

WS
f| ’ - f] eW(S)dS
WA = Wo(X)

with A and Wy independent. This defines a prior distribution II on 2, the space of
densities on I. As before, F is the support of II.

The Kullback-Leibler support of II has been studied in Tokdar and Ghosh (2007),
see also Ghosal and Roy (2006). With a regularity condition on ¢, which we assume
to be satisfied (see, e.g., Theorem 5 in Ghosal and Roy (2006)), Wy(-) has differentiable
sample paths and the derivative process DWy(-) is Gaussian with continuous sample

paths. If we take
2

=_——0

5sa1 """
to be the covariance kernel of D Wj(t), then the derivative process DWy(-) is sub—
Gaussian with respect to the Euclidean distance

o1(s,t) s, t),

E(DWy(s) — DWy(t))? < ¢1(s — t)?

for some constant ¢; depending on oy. Define 0?(Wy) = sup,c; Var(DWy(t)) < oo.
Then, an application of Proposition A.2.7 of van der Vaart and Wellner (1996), yields

H(sup |DW (t)] > a‘)\) < ey exp{—c3a®\?} (4.7)
tel

for some positive constants co and c3. Finally, Theorem 2.7.1 of van der Vaart and
Wellner (1996) gives the entropy bound

logN(e, {w ssup [Dw(t)] < a}, Il - Hoo> < C4g (4.8)
tel €
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for some positive constant c4. Let (an)n>1 be an increasing sequence of positive real
numbers such that a¢p = 0 and lim,, a,, = co. For

Bj = {w :aj—1 < sup|Dw(t)| < aj},
tel

define F; = {f(z) = ew(x)/fl e?®)ds : w € B;}. Then the sets (Fj);>1 are pairwise
disjoint and form a partition of F. Since N (ee®, Fj, H) < N(€, By, | - ||«), see Section
4.2, there is no loss of generality in working with the sets B; and the sup norm.

From (4.8), each B; has a finite e-covering {Cj;. : [ = 1,2,...,N;}, where N; <
exp(cqa;/€). Hence we consider (Cj ) in establishing (3.7), that is, we are interested
in the finiteness of the sum

Nj
SY () < SN (B, (19)

jz21l1=1 j21

where we have used the monotonicity of power means as in (4.4). Since N jl_a grows
exponentially in aj, we need to control the behavior of II(B;) as j goes to infinity.
Now, from (4.7),

o0 oo
II(Bj) < / H<sup |DW (t)] > ajl‘)\> IT\(dX) < / Co exp{—Cg,a?_l)\_Q}HA(d)\),
0 tel 0
and therefore we need to study the behavior, as a; — oo, of a Laplace-type transform
of the prior IT. To this end, we resort to a suitable version of the Tauberian Theorem
to show that if ,
I\ >t) ~e 7 (4.10)

for some v > 0 and ¢ sufficiently large, then there exists a positive constant cs such
that
II(Bj) < e ®7%-1 (4.11)

as j — oo. The result follows by an application of Theorem 4.12.9 of Bingham,
Godie and Teugels (1987). Let pu be a measure on (0,00) whose Laplace transform
M(7) = [ e ™ du(z) converges for all 7 > 0. With their notation, we choose v = —1
and ¢(7) ~ 7! as 7 — 0F. Then, for B > 0,

—log u(0,z] ~ Bz™' (z —07) iff —logM(r) ~2BY%r1/2 (A = ).

Now, with y = 1/y/z, write M(r) = [;° e~ *dn(y) for the measure 1 on (0,00)
defined as (0, y] = pu[y=2,00). Then

—log n(y,00) ~ By? (y—o0) iff —logM(r)~2BY271/2 (X = o0). (4.12)

Put n(y, 00) = II\(y,00) in (4.12) and assume that (4.10) is in force. Also put B =~
and 7 = 03a§_1 in (4.12). Then

oo
M(c;;a?_l) :/0 e e85 1A 2H>\(d)\) ~ exp{—2'yl/zc§/2aj_1}
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as j — oo. It is now easy to see that (4.10) implies (4.11). Back to (4.9), by using
(4.8) and (4.11) we get

D ON;TUI(B))Y < Y exp{ — (acsy — ea(l - a)/€)a;}

j>1 j>1

Thus, under (4.10), finiteness of the series in (4.9) and, in turn (3.7), is implied by
v > (e, €), where
cs(l —
vla,q = 2L,
€EQCy
Since (e, o) goes to infinity as either « or € go to zero, we conclude that the same
sufficient condition applies for (3.7) for any € > 0 (consistency in the well-specified

case) and for (3.10) for any a > 0, namely that (4.10) is satisfied for any v > 0.

5 Discussion

In this paper, we have generalized the condition for consistency in the well-specified
case to asymptotic results in the misspecified case. Illustrations considered suggest
that it is not too problematic to implement the sufficient conditions on the prior.

The sufficient conditions we find for the prior allow us to say what happens to
the posterior under all scenarios. Basically, whether F7 is empty or not, we establish
asymptotics for either case. The search when Fj is finite and non—empty has been
important due to the lack of general theory for the case when F; is empty. To our
knowledge we are the first to describe some general theory for the asymptotics when
Fi is empty; though we are aware of the special case of the Bernstein polynomial prior
studied in Petrone and Wasserman (2002).

In each case of misspecified prior II we would find it difficult to find the Cf such
that if fo € Cn then F; is empty, whereas if fy € Cf; then F; is non-empty. But
of course we would also find it difficult to use this information since the location of
fo is not known. It would therefore be useful to identify II for which Cp is empty,
something which has been established only when F is convex.

Appendix
Proof of Lemma 1.  Start with the inequality
halfos£) =~ halo9)| < [ 1(F/80)" = (0/ )| o (A1)
Next, note that, for any a,b > 0,
}aa—ba‘l/ag‘aﬁ—bﬁ‘l/ﬁ, for0 < a < g. (A.2)

To see this, it is sufficient to take a > b and show that 7(a) = (a® — b*)"/* is non
decreasing for a > 0. The latter is equivalent to (e“ — 1)1/ @ non decreasing for o > 0,
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and, in turn, to log(x —1)/log(z) non decreasing for x > 1. The last statement can be
easily checked by looking at the first derivative and using the inequality (x — 1) logz <
xlogx for x > 1. Since, by hypothesis, @ < 1/2, (A.2) yields an upper bound on the
right hand side of (A.1):

/ (1 10)* = (a/ fo)°| fo < / (1) = (o) Fo) 2 o

Now use E|X P < (E|X])P for any 0 < p < 1 to get
o £) = halfos )| < ([ 167002 = (a1 202 10)

Finally, note that [ }(f/f0)1/2 - (9/f0)1/2’2f0 = (f1/2 - 91/2)2 = H?(f,g). O

Proof of Lemma 2. Let ay, and €, be two positive sequences decreasing to 0 such
that €20™ /oy, — 0. Next, let f € (), AS,so that, for each m, there exists a sequence
(fmrm oo —1 € F such that

H(f, fmrm) — 0 as ry — oo,
dam(foﬂ fm,rm) S 51 + (6779 fOI“ all Tm-

Clearly, f € F. Moreover, by using Lemma 1 and the identity du(f,g) = o= {1 —
ha(f,9)}, we have

e o £) < o (or ) + ——H(F, Fonr )"

m

By the hypothesis made, we can take, for each m, r,, large enough such that H(f, fm.r,.) <
€m to get

1
da,, (fo, f) < 01 4 oo, + a—e?ﬁm.

m

Since the last inequality holds for any m, hence for «,, going to 0, we exploit the
convergence of dq, (fo, f) to D(fo, f) to conclude that

D(f():f)<51+ﬁ

for any 3 small enough. This implies that f € Fi, completing the proof. O

Proof of Theorem 2. When a < 1/2, TI(B;)"/? < TI(B;.)%, so that consistency
follows from Theorem 4 in Walker (2004). Let then (3.7) be satisfied for 1/2 < a < 1.
We aim at establishing that I, (A3 2/2) — 0 Ff°—a.s. as n — oo, (3.2) when 6 =0
and (3.1). Reasoning as in the proof of Theorem 1, we consider a partition (A;);>1
of Ajjpe/p such that A; C A7 = {f : H(f;,f) < €¢/2}, fj € Aijge2p so that

dl/g(fo,fj) > €2 Then, any f € Aj has dl/g(fo,f) > 62/2 and hl/Q(fo,f) <1- 62/4.
Now use the Holder Inequality

/(fO/fn,j)l_afn,j < (/(fo/fn,j)mfn,j>2(la)
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fnj € Aj implies that ha(fo, fn;) < (1 — €2/4)2079) < e~’(1=)/2 " Now, similar to
the proof of Theorem 1, we obtain that

(03 —n n 777,62 —Q (03
P(ZLn7j>e Cl><ede a )/QZH(Aj) .

j>1 j>1

(since 2(1 — @) < 1) to conclude that ho(fo, fn;) < [hl/g(fo,fn,j)]Q(l_o‘). Moreover,

Thus condition (3.7) implies that >~ Ly ; < e "d [°-as. for all large n and for
any d < €2(1 — a)/2. On the oder hand, the Kullback-Leibler property (3.5) ensures
that, for all large n and for any ¢ > 0, I} > ™" Fy°~a.s. Therefore

Mo(Ayppn) Y Loy/Ti < e -0, F§° —as.
i>1

by taking ¢ sufficiently smaller than €2(1 — «)/2a. O
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