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Wasserstein Riemannian Geometry of Positive-definite Matrices*

Luigi Malagod!, Luigi Montrucchiot, and Giovanni Pistone®

Abstract. The Wasserstein distance on multivariate non-degenerate Gaussian densities is a Riemannian dis-
tance. After reviewing the properties of the distance and the metric geodesic, we derive an explicit
form of the Riemannian metrics on positive-definite matrices and compute its tensor form with
respect to the trace scalar product. The tensor is a matrix, which is the solution of a Lyapunov
equation. We compute explicit form for the Riemannian exponential, the normal coordinates charts,
the Riemannian gradient, and discuss the gradient flow of the entropy. Finally, the Levi-Civita co-
variant derivative is computed in matrix form together with the differential equation for the parallel
transport. While all computations are given in matrix form, notheless we discuss the use of a special
moving frame. Applications are briefly discussed.

Key words. Gaussian distribution, Wasserstein distance, Riemannian metrics, Natural gradient, Riemannian
Exponential, Normal coordinates, Levi-Civita covariant derivative, Optimization on positive-definite
symmetric matrices, Information Geometry.
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1. Introduction and overview. Given two Gaussian distributions N, (u;, %), i = 1,2,
consider the Gaussian vector (X, Xo) where each block has an assigned distribution. The use
of the number

(1) G2 = infE (HX1 - XQHQ)

as an index of dissimilarity between distributions has been considered by many classical au-
thors, C. Gini (1914), P. Levy, and M. R. Fréchet. There is a considerable contemporary
literature on this problem, where the index is called L?-Wasserstein distance and it is dis-
cussed in general, outside our special case of Gaussian distributions. Among the literature
most relevant for the approach used in this paper we mention Y. Brenier [9], R. J. McCann
[22], F. Otto [24]. The explicit computation of the value of W? is known, together with an
explicit formula for the metric geodesic.

The value of the index of Eq. (1) as a function of means and dispersion matrices has been
computed by some authors, in particular I. Olkin and F. Pukelsheim [23], D. C. Dowson and
B. V. Landau [12], C. R. Givens and R. M. Shortt [15], M. Gelbrich [14], R. Bhatia et al. [8].
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They found

1/2
2) 2 _ |l = puol|? + T <21 1Y, -2 (2}/2222}/2) >
(3) — g1 — po|? + T (21+22—2(2122)1/2) .

The W? index is actually the square of a distance, hence a measure of divergence between
distribution. We can mimic the argument of a famous paper by Amari [3], which derives the
notion of both Fisher metric and natural gradient from the second-order approximation of the
Kullback-Leibler divergence. In fact, we show that for small H such that the divergence of
34+ H and ¥ is constant it holds

(4) Tr <z +(S+H)—2 (21/2(2 + H)21/2> 1/2> ~ %Tr (Cs [H]H) |

where Ly [H] X+ XLx [H] = H. According to a standard argument, for any smooth function
f,as H — 0, the increment f(X+ H) — f(¥) is maximized in the direction

(5) grad f(X) = V(X)X + XV (D).

The quadratic form in Eq. (4) is the natural candidate for the Riemannian metric associ-
ated to the given distance and the gradient in Eq. (5) is the natural gradient.

The fact that the distance L?-Wasserstein geometry is actually Riemannian on a suit-
able subset of distribution has been stated in general in [24, §4] and has been developed in
the Gaussian case by A. Takatsu [27]. In the present paper, we proceed along these lines
by deriving explicit forms of the Riemannian metrics, the Riemannian exponential, and the
Levi-Civita (covariant) derivative, Riemannian parallel transport, and the Riemannian Hes-
sian. The perspective is dictated by the authors’ interests in Machine Learning, Manifold
Optimization, and Information Geometry. Further relevant, more technical, references are
cited in the text when needed.

1.1. Overview. In Sec. 2 we review the properties of the space of symmetric matrices we
are going to use in particular, the trace norm, Riccati equation, Lyapunov equation, and the
calculus of the mapping o: A — AA*, where A is a non-singular square matrix.

The set of positive-definite matrices is seen as an elementary manifold, as it is an open
set of an Euclidean space. In this context, the mapping o is a submersion and we compute
horizontal vectors at each point. The manifold we deal with is finite dimensional. However,
all operations of interest being matrix operations, there is no need of choosing a basis, so we
use the language of non-parametric differential geometry of W. Klingenberg [17] and S. Lang
[18]. A short review of the matrix algebra we need is given in Sec. 2

In Sec. 3 we review for reference purposes well-known results about the metric geometry
induced by the dissimilarity index. We re-state the result as Prop. 3.2 and, for sake of
completeness, we provide in Appendix a further proof inspired by [12]. The index itself turns
out to be a distance. Its value is attained on a joint degenerate distribution, and, it is possible
to write down an explicit metric geodesic, if the distributions at end-points are not both
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singular. This has been done by R. J. McCann [22, Example 1.7] and it is restated as Prop.
3.4.

The space of nondegenerate Gaussian measures (or, equivalently, the space of positive
definite matrices) can be endowed with a Riemann structure that induces the L2-Wasserstein
distance. This is discussed in Sec. 4. We use the presentation given by in [27], cf. also [§],
which in turn adapts to the Gaussian case the original work [24, §4]. We add a detailed
explanation of the “coordinate system” associated with the Riemannian geometry. We show
that the Wasserstein Riemannian metrics is given at each dispersion matrix 3 by

(6) Wa(U,V) =T (£s [0] S L3 [V)) = 5 Tr (L5 [0]V) |

where U,V are symmetric matrices and Ly [U] is the solution X of the matrix equation
XY+3¥X =U.

The form of the Riemannian exponential is derived in Sec. 5. The natural gradient and
some applications to optimization and the example of the gradient flow of the entropy are
discussed in Sec. 6.

The analysis of the second-order geometry is treated in Sec. 7, where we compute the
Levi-Civita covariant derivative, the Riemannian Hessian, and other related topics.

2. Symmetric matrices. Given a mean vector y € R™ and a symmetric n X n non-
negative definite dispersion matrix ¥ € Sym™ (n), there exists a unique Gaussian distribution
on R", denoted N, (11, ), with the given parameters, and conversely. The set G of Gaussian
distributions on R"” is in 1-to-1 correspondence with the space of its parameters,

(7) G"3N, (1, X) < (1, X) € R" x Sym™ (n) .

Moreover, G" is closed for weak convergence and the identification is continuous in both
directions. A reference for Gaussian diOstributions is T. W. Anderson [5].

For ease of later reference, we review below a few results on spaces of matrices. General
references are the monographs by P. R. Halmos [16], J. R. Magnus and H. Neudecker [19],
and R. Bhatia [7].

The vector space of n x m real matrices is denoted by M(n x m), while square matrices are
denoted M(n) = M(n x n). It is an Euclidean space of dimension nm and the vectorization
mapping M(n x m) 5 A — vec(A) € R™ is an isometry, (A, B) = (vec(A4))*(vec (B)) =
Tr (AB*). The norm is denoted by || Al = /Tr (AA*).

Symmetric matrices Sym (n) form a vector subspace of M (n) whose orthogonal comple-
ment is the vector space of anti-symmetric matrices Sym= (n). We will find it convenient to
use, with reference to symmetric matrices, the equivalent scalar product (A4, B), = % Tr (AB*)
e.g., see Eq. (6).

The closed pointed cone of non-negative-definite symmetric matrices is Sym™ (n) and its
interior, the open cone of the positive-definite symmetric matrices, is Sym™ (n).

Given A, B € Sym (n), the equation TAT = B is called Riccati equation. If A € Sym™™ (n)
and B € Sym™ (n), then the equation TAT = B has unique solution 7" € Sym™ (n). In fact,
from TAT = B it follows AY2TAY2AV2TAY2 = AV2BAY/? and, in turn, AY/2TAY? =
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(141/2BAl/2)1/2 because T € Sym™ (n) hence, the solution is
(8) T=A""? (Al/QBAl/Q) RVSLE

Notice that det (T') = det (A)_1/2 det (B)1/2, hence det (T') > 0 if det (B) > 0. In terms
of random variables, if X € N, (0,A) and Y = N,, (0, B), then T is the unique matrix in
Sym™ (n) such that Y ~ TX.

More compact closed-form solutions of the Riccati equation are available. Given A €
Sym** (n) and B € Sym™ (n), observe that AB = AY/2(AY/2BAY?)A~1/2. By similarity, we
see that the eigenvalues of AB are non-negative, hence the square root

(9) (AB)1/2 _ A1/2(A1/2BA1/2)1/2A—1/2

is well defined, see [7, Ex. 4.5.2]. Now we can re-write Eq. (8) as
1/2
(10) T= AT AV (A2BAYZ) AT — AT AR

As AB = A(BA)A™!, the eigenvalues of AB and BA are the same, so that the same argument
used before shows that

(11) T = (BA)Y2A71 .

The square-of-the-matrix mapping o: A +— A? is an injection of Sym™™ (n) onto it-
self. The derivative is dxo(A) = XA + AX and the derivative operator do(A) is invert-
ible. Alternative notation for the derivative we would occasionaly find convenient to use are
dxo(A) =do(A)[X].

For each assigned matrix V € Sym (n), the matrix X = (do(A))~!V is the unique solution
X in the space Sym (n) to the Lyapunov equation

(12) V=XA+AX.
We will write X = L4 [V]. In the paper, we are going to use the obvious equations

(13) V=CA[VIA+ALA[V] ,
(14) X =L4[XA+ AX] .

The Lyapunov operator itself can be seen as a derivative. In fact, the inverse of the
mapping o is o~': ¥ — £1/2. By the derivative-of-the-inverse rule

(15) dyo '(£) = (do(07'(2)) V] = La[V], EY2=4.

If ¥ is the dispersion of a non-singular Gaussian distribution, then C = £~! € Sym™™* (n)
is the concentration matrix and represents an alternative and useful parameterization. From
the Lyapunov equation V = X¥ + XX we obtain X~ 'VE™! = ¥71X + X271 hence

(16) Ly [V] =Ly [EVET and Ly [U] =Ly [EUY] .
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In a similar way, we obtain another useful equation,
(17) Ly [V] =2 V2cy {2—1/21/2—1/2} n-12

There is a relation between the Lyapunov equation and the trace. From X +¥X =V,
we get 27IXY + X = X7V, then

(18) Tr (L [V]) = %I& (z7v) .

We will need later the derivative of A — L4 [V] for a fixed V. We compute it by differen-
tiating in the direction U, with respect A, the identity (13). We have

(19) 0=dyLla[VIA+LA[VIU+ULAV]+AduLa]V] .

Hence diy L4 [V] is the solution to the Lyapunov equation

(20) duLa[VIA+ AdyLa[V]=—(La[VIU+ULA[V]),
so that
(21) AdupLa V] =—LaLa[VIU+ULL[V]] .

We shall need also the second derivative of the function o~': ¥ — X2, From Eq. (15)
we have do~(X)[V] = Ls1/2 [V], then, from

(22) Ao Y D)U, V] = Lsiyz [Lsiye [VIU + ULz [V]]

Lyapunov equation is of crucial importance for us, as the linear operator £4 enters in the
expression of the Riemannian metric of interest with respect to the standard scalar product,
see Eq. (6). In fact, the numerical implementation of the scalar product Wy (U, V') requires
the computation of the matrix Ly [U].

There are many ways to write down the closed-form solution to Eq. (12). The integral
form solution is

(23) LalV] = / dt etV tA |
0

The vectorized form of the Lyapunov equation (12) is

(24) vec(V)=(A®I1+1® A)vec(X) ,
and so
(25) La[V]=bind (A®I+1® A) 'vec(V)) .
A solution based on the spectral decomposition A = OAO*, A = diag(\;: j=1,...,n)
and O*O = I, is computed using Hadamard’s matrix product [a;;] o [bi;] = [ai;bij] as
1 d
(26) 0*X0 = [/\i " )\jLFI o (0O*VO) .
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This closed form solutions are discussed in [7]. Efficient numerical solutions are not based
on the closed forms above, but rely on specialized numerical algorithms as discussed by E. L.
Wachspress [28] and by V. Simoncini [26].

We study now the square-of-a-matrix operation when acting on general invertible matrices.
We show in the next proposition that this operation is a submersion. We recall the definition,
see [11, Ch. 8, Ex. 8-10] or [18, §II.2]. Let O be an open set of the Hilbert space H, and
f: O — N a smooth surjection from the Hilbert space H onto a manifold A, i.e., assume
that for each A € O the derivative at A, df(A): H — Tya)N is surjective. In such a
case, for each C € N, the fiber f~(C) is a sub-manifold. Given a point A € f~(C), a
vector U € H is called vertical if it is tangent to the manifold f~1(C). Each such a tangent
vector U is the velocity at ¢ = 0 of some smooth curve ¢ — v(¢) with v(0) = A and 4(0) = U.
Precisely, from f(vy(t)) = C for all ¢ we derive the characterization of vertical vectors. We have
df (A)[%(0)] = 0 i.e., the tangent space at A is Taf'(f(A)) = Ker(df(A)). The orthogonal
space to the tangent space T4 f~(f(A)) is called the space of horizontal vectors at A,

(27) Ha = Ker(df(A))* = Im (df(4)") .

Let us apply the general theory to our case of interest. We denote by GL(n) C M(n)
the open set of invertible matrices; O (n) is the subgroup of GL(n) of orthogonal matrices;
Sym™ (n) is the subspace of M(n) of anti-symmetric matrices; and Sym* (n) = Sym (n) N
GL(n). We are going to show that the mapping

(28) o: GL(n) > A AA* € Sym™™ (n)

is indeed a submersion. The fiber 071(C) = {A € GL(n)| AA* = C} is characterized as
follows. From AA* = C' = C'/2C"Y2, we get

(29) c12aarc V2 =1,

hence there exists an orthogonal matrix R = A*C~'/2 € O(n) such that A = C'/2R*.
Conversely, AA* = C'if A= CY2R*.

Proposition 2.1. 1) For each given A € GL(n) we have the orthogonal splitting

(30) M(n) = Sym (n) A & Sym* (n) (A7) .
2) The mapping
(31) o: GL(n) > A AA* € Sym™ T (n)
s a submersion with fibers
(32) () = {01/231 ReO (n)}
and its differential at A is dxo(A) = XA* + AX*. The kernel of the differential is
(33) Ker(do(4)) = Sym* (n) (4%) !

and its orthogonal complement, H = Ker(do(A))*, is
(34) Ha = Sym (n) A.
3) The orthogonal projection of X € M(n) onto Ha is Laa- [XA* + AX™].
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Proof. 1) Assume (B,CA) = 0, for all C € Sym (n) that is, CA € Sym™* (A) . Then
Tr (BA*C) = 0, so that BA* € Sym™ (n) that is, B € Sym™ (n) (A4*)~1.

2) Consider the matrix A as a point in the fiber manifold o~!(AA*). The derivative of
oat A, X — dxo(A) = XA* + AX*, is surjective, because for each W € Sym (n) we have
do(A) [W(A*)7'] = W, hence o is a surjection and the fiber 0~!(AA4*) is a sub-manifold
of GL(n). Let us compute the splitting of M(n) into the kernel of do(A) and its orthogonal,
M(n) = Ker(do(A)) @ Ha. As the vector space tangent to o~ 1(AA*) at A is the kernel of the
derivative at A:

Ker(do(A)) = {X € M(n)| XA* + AX* =0}
={X e M(n)| (AX™")*=—-AX"}.
Hence, X € Ker(do(A)) <= AX* € Sym™ (n). Namely, Ker(do(A)) = Sym* (n) (A*)~1.
But we have just proved that this implies H4 = Sym (n) A.
3) Consider the decomposition of X into the horizontal and the vertical part, X = CA +
D(A*)~! with C € Sym (n) and D € Sym™ (n). By transposition, we get X* = A*C — A~'D.
From the previous two equations, we obtain the two equations X A* = C(AA*)+D and AX* =

(AA*)C — D. The sume of the two previous equations is X A* + AX™* = C(AA*) 4+ (AA*)C,
which is a Lyapunov equation. |

3. Wasserstein distance. The aim of this section is to present the derivation of the
Wasserstein distance in the Gaussian case and equation for the metric geodesic.

3.1. Block-Gaussian. Let us consider the case where the dispersion matrix ¥ € Sym™ (2n)
is partitioned into n x n blocks, we consider random variables X and Y such that

(35) RN A

so that K;; = Cov(X;,Y;) ifi =1,...,nand j = (n+1),...,2n. It follows that KZQJ <
(21)ii(X2)5, which in turn imply the bounds

(36) IK[; < Tr (1) Tr(£2)  and  sup |Ky| < %(TY (X1) +Tr (32)) -

Assigned the mean vectors p1, 2 € R? and dispersion matrices 1,32 € Sym™ (n), we
define the set of jointly Gaussian distributions with given marginals to be

(37) G20,z = { v 121] |22 1)}

and the Gini dissimilarity index to be

(38) G*((11,%1), (12, 22)) =

inf{]E [HX—YH?}

[ﬂ ~7 7€ G((u, %), (m,zg))} -

> K
a1 — g l® + Tr (£1) + T (Z) — zsup{Tr (K)| [Ki ’ } € Sym* <2n>}
K 2



8 L. MALAGO, L. MONTRUCCHIO, AND G. PISTONE

Actually, because of the bound in Eq. (36), the set G((u1,%1), (u2,X2)) is compact and the
inf is attained.
It is easy to verify that the relation

(39)  Gl(pr, B0), (12, 52)) — \/mm (e [lx=v]1 [§] ~ v € 0,200 2o }

defines a distance on G,, ~ R™ x Sym™ (n).

Actually, the symmetry of G is clear as well as the triangle inequality is easily obtained
by considering Gaussian distributions on R” x R”™ x R™ with given marginals. To conclude,
assume that the min is reached at some 7. Then

(40) 0= G((u1, %1, (2, B2)) = B [|X - Yﬂ S =p and Ty =3, .
A further observation is that distance G is homogeneous i.e.,
(41) G((A1, N21), (Mg, N89)) = AG((p1, 1), (2, 52)), A >0

3.2. Computing the quadratic dissimilarity index. Now we proceed to determine the Gini
index for multivariate Gaussian distributions. We will present a proof as given by Dowson
and Landau [12] but with some corrections.

Given ¥1,35 € Sym™ (n), each admissible K’s in (38) belong to a compact set of M(n)
because of the bound (36), so the maximum of the function 2 Tr (K) is reached. So we are led
to study:

a(X1,¥2) = max 2Tr(K)

KeM(n)
(42) subject to
_ | K +
Y= [K* EJ € Sym™ (2n)

Similarly, the value of the min problem will be denoted by (31, X2).
Next result provides a solution to problem (42).

Proposition 3.1. 1) Let $1,%5 € Sym™ (n). Then

(43) a(S1,85) = 2Tr ((2}”&2}”)1/2) and B(E1,5s) = —a(21, Do) .
2) If moreover det (31) > 0, then

(44) a(S1,5p) = 2T ((3132)2)

Proof. 1) The lengthy proof is gathered in a final App. 9.1.
2) From Eq. (9) we obtain

1/2 1/2
(45)  Tr ((21/2222}/2) > = Tr <Z}/2 (21/22221/2) oh 1/2> — Ty ((2122)1/2) .=
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The following result enables us to find easily the exact lower and upper bounds of E [||X - Y||2} .

Proposition 3.2. Let X,Y be multivariate Gaussian random variables taking values in R"™
and having means p1 and po and dispersion matrices 31 and Yo respectively. Then

1/2
o =gl + T (214 22 -2 (21 7mam)) ) <8 [l - ] <

1/2
|11 — /~02H2 + Tr <21 +35+2 (21/22221/2) > ‘

If det 31 # 0, then the extremal values are attained at the joint distribution of

. [W - ngf - Ml)} h

N M1 Y T\ N M1 D] +(39%)1/2
A\ l) [ ERT Dy )T e (1 50) 2 o ’

respectively, where T € Sym™ (n) is the solution to the Riccati equation TS, T = Y.
Proof. From Proposition 3.1 and Eq. (38), it follows

1/2

min [HX - YHQ] = Jlp1 — p2ll? + Tr (31) + Tr (o) — 2Tr ((z}”&z}/?) ) ,
2] 2 1/2@ wl1/2)1/2

mase X = Y[?] = i = pio* + T (B0) 4+ Tr (Z2) + 2T ((z3/°mmy?) )
To check the extremal points it suffices to observe that, in view of relation (8):

1/2 1/2
(A7)  Te(TS) =Tr <z;1/2 (2}/2222}/2) / z}/2> = Tr ((2}/2222}/2) / ) .

Hence it is verified that the extremal values are attained at Y = po + T(X — p1). In the
second form of the distribution we are using Eq. (10) and Eq. (11). [ |

The fact that the Gini dissimilarity is a distance which makes R” x Sym™ (n) a metric
space is formally claimed in the next Proposition.

Proposition 3.3. The relation

1/2
(48) G((ul,&),(m,zz)):\/nm—u2||2+ﬂ(21+22—2(z}/2222}/2) )

defines a distance on R™ x Sym™ (n).

Let us now find the geodesic in the metric space (R” x Sym™ (n), G).

Proposition 3.4. The geodesic from (u1,%1) to (u2,%2), with (p1,%1), (12,32) € R™ x
Sym™ ™ (n), is the curve

(49) :[0,1] >t (u(t),X(t)) ,
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where p(t) = (1 —t)p1 + tpe and
(50) X(t) = (A1 -t) I +tT)5 (1 -t)[ +1T) =

(1— )25 + 25 + ¢(1 — 1) ((2122)1/2 4 (2221)1/2) ,

where T is the (unique) non-negative definite solution to the Riccati equation TS T = Y.

Proof. Clearly, T'(0) = (u1,%1) and I'(1) = (ug, X2). Let us compute the distance between
I'(0) and the point

(51)  T() = (u(t), S(8)) = (1 + tsiz — ), (1 — T + (1) (1 — )1 + 7).
We have
SRS = SV ((1 = O+, (1 — I +¢T)5y?
= (52 - or+msy?) (5% - nr+msy?)
so that
(52) (2}/22@)2}/2)1/2 =SV =l +)x)?

and hence
(53)

Tr <(E}/22(t)z}/2)1/2> _ (E}/Q((l — ) +T)D 1/2) = (1—t)Tr(S)) + ¢t Te (T) .
We have

Tr(2(t) = Tr (1 — )T +tT)S1((1 — )T +tT))
=(1—t)*Tr (Z1) +2t(1 — ) Tr (TX;) + 2 Tr (22)

Collecting all the above results,
1/2 1/2\/2\
Tr () + S(t) — 2 (21 S(t)s! ) = Tv (S) +
(1—t)?Tr (X1) +2t(1 — ) Tr (TX) + 2 Tr (Bg) — 2(1 — t) Tr (%) — 2t T (TE) =

1/2
2 Tr (Xq) + 2 Tr (Bg) — 22 Tr (TX;) = 2 Tr <21 45,2 ( 1/22221/2> > ‘

In conclusion,

1) = 0) = o) + T (300) + 2(0) 2 (200) 2 (02(0)2) ) =
tG(I'(0),T(1)) . m
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A few remarks are of order.
1. Clearly Proposition 3.4 still holds under the only assumption that X; is not singular.
2. The definition of geodesic in metric spaces we use here is related to Merger convexity
property, see [25, p. 78]. A stronger definition requires the proportionality of the
distance between couple of points on the curve, i.e.,

(54) G (T(s), I(1)) = [t = 5| G (L(0),T(1)),

for s,t € [0,1]. It will be proved later that in fact our geodesic enjoy such a stronger
property.

3.3. Degenerate distributions. A few results formulated in the previous section required
the dispersion matrices to be nonsingular. It is interesting to analyze the opposite case in
which both matrices 1 and ¥, are singular.

The simplest case occurs when the two subspaces, Range X1 and Range Y5, are orthogonal.

Under all joint distribution for the random vector (X,Y), with marginals X ~ Ny (0, %)
and Y ~ N (0,%9), the values of X and Y will lie into orthogonal subspaces, so that XY™* = 0.
Hence | X — Y| = | X|*+ |Y]?, and

(55) E|X —Y|* =E|X|] +E[[Y]]* = Tt (S1) + Tr (2).

So any joint distribution (X,Y’) attains the optimal value \/Tr (X;) + Tr (X2).
If we now define X (t) = (1 —¢)X + tY, then

(56) E[IX = X0)?] =E[211X - Y|]?] = £ [Tr (%) + T (%)),
and so we have the geodesic joining the two random vectors X and Y.

The previous example can be extended by taking two singular matrices
(57) Y1 = oo and ¥y = ocaww*

where v # w € R" and |jv]| = ||lw|| = 1. Clearly, Range¥; N Range ¥y = {0} and they
are one-dimensional spaces spanned by vectors v and w, respectively (it is not restrictive to
assume v*w > 0, too). By (48), it follows that the distance between the two matrices is

(58) G(El,zg) = \/O'%—i-(f% — 20109v*Ww.

Despite singularity of these matrices, it can be directly found the point realizing the minimum
n (38). It is given by the singular matrix in Sym™ (2n):

2

k k
o7V 01020W o1v
(59) 1 " 2 % = [ 011}* OQw* ] .
0102WV oww oW
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4. Wasserstein Riemannian geometry. We have seen how to compute the geodesic of the
distance given by the Gini dissimilarity. As the component R" carries the standard Euclidean
geometry, we focus on the geometry of the matrix part i.e., we shall restrict our analysis to 0-
mean distributions N, (0, ). Moreover, we consider positive definite dispersion matrices. The
purpose of this section is to endow the open set Sym™™ (n) with a structure of Riemannian
manifold by deriving a metric whose distance is equal to the Wasserstein distance. The
Riemannian metric is obtained by pushing forward the Euclidean geometry of square matrices
to the space of dispersion matrices via the mapping o: A — AA* =%, cf. [27].

In view of Prop. 2.1, the mapping o: GL(n) — Sym™™ (n) C M(n), is a submersion, the
space Sym™ (n) (A*)~! is the space of the vertical vectors at A, and the space H4 = Sym (n) A
is the set of horizontal vectors at A.

We recall that a submersion f: GL(n) — Sym™™" (n) is called Riemannian if for all A the
differential restricted to horizontal vectors df (A): Ha — T4y Sym™™ (n) is an isometry i.e.,

(60) U,V € Ha= (df (A)ULdf (A)V]) pay = (U V)

A linear isometry is always 1-to-1 and, if it is onto, we can write backward that

(61) XY €Ty Sym** (n) = (X, V)0 = <(df<A>rHA)‘1X, (a5 (hy,) Y> -

A Riemannian submersion preserves the length of curves. Let [0,1] 5 ¢ — 7(t) be a smooth
curve in H and consider its image [0,1] > ¢ — f(7(¢)). The velocity of the image is ¢t —
df (v(t))[¥(t)] and its length is

1
(62) /0 dt df (YO / dt [4(8)

Fix a matrix A € GL(n) such that 0(4) = AA* = ¥, and consider the open convex cone
(63) HIT =Sym*" (n) A C Ha.

We denote by o4 the restriction to HXJF of o.

Proposition 4.1. The mapping
(64) oa:Hit 2B~ BB*=C € Sym™™" (n)
is globally invertible, the solution to o4(B) = C being
(65) B =CV2(CV2s0t ) 20124
Proof. For each C' € Sym™™ (n), the equation
(66) C = BB* = (BAT'A)(BA™'A)* = (BA™H)%(BA™Y)*
is a Riccati equation for BA™!. As B € Sym™" (n) A, we have BA~! € Sym™™ (n) and
(67) BA~! = 1202502 20/

is the unique solution. |
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We come now to the point, i.e., the construction of a metric based on horizontal vectors
at a point.

Proposition 4.2. The scalar product
(68) (U, V) =Ws(U,V) =Tr [Le(U)ELs(V)], U,V €Sym(n),

is the isometric push-forward of the metric on Sym* (n) by the mapping o: A — AA* = X.

Proof. Let X € M(n) and consider the decomposition of X = Xy + X with Xy vertical at
A and X horizontal at A. Then do(A)[X] = do(A)[Xx] and the restriction of the derivative
do(A) to the vector space H 4 of horizontal vectors at A is 1-to-1 onto the tangent space of
Sym™ (n) at AA*, that is, Sym (n). For such a restriction, we have, for each H € H 4,

U=do(A)[H) = HA* + AH* = HA ' AA* + A(HA' A)*
= (HA Y)AA* + AA*(HA™Y) = (HATH)AA* + AA*(HA™Y)

so that the inverse mapping of the restriction is given by

-1
(69) H = (do(A)ly,)  (U) = Lar(U)A,

Let us push-forward the inner product from H 4 to T4+ Sym™™ (n).
From Eq. (69), we have

@) (do(l,) " (1) =
(Laa=(U)A, Laa+(V)A) =Tr (Laa-(U)AALya+(V)) .

W W.V) = ( (4o,

which depends on AA* = X only. |

There is a tensorial form of Wasserstein Riemannian metric which is useful because it
represents the bilinear form of the metric in the standard scalar product.

Proposition 4.3. It holds

(70) Wa(U,V) = 5 Te(Lo(U)V) = § (£5(0), V) = {L3(0), V),
Proof. We have
() T (Lo(U)SLs(V)) = Te (Lo (V)SL(U) = Tr (Lo(U)Ls(V)D) |

and, taking the semi-sum of the first and the last term of the previous equation, we have
1 1
() Ws(UV) = ) T {Ls(U) [£5(V)S + SLo(V)]} = 5 T {Lo(U)V}

where the last line follows from Eq. (13). [ ]
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We have seen that there is a metric geodesic for the Wasserstein distance, connecting a
pair of matrices X1,3 € Sym™ (n). We now show that the same curve is the Wasserstein
Riemannian geodesic.

Recall that the symmetric matrix

(73) T =721 2n,mi/ )1 2n 2
is the unique solution in Sym™ (n) of the Riccati equation T%1T = Y. Note further that
(74) det (T) = det ($2)Y2 det (£1) Y2 > 0.
Proposition 4.4. The parametric curve
(75) ts S(t) = (1 =) +tT)S1((1 —t)I +tT) € Sym™™ (n)

is the unique Wasserstein Riemannian geodesic from %1 to Xa.

Proof. Set Ay = 21/2 and Ag = TE}/Q. We have

(76) Ar,Ag € D, = Sym™ (n) 52,
1

Actually, A, = IS1/% and Ay = TSY/?, with I,T € Sym™™ (n).
Therefore the straight line from A; to As,

(77) ts A(t) = (1 —-t)A; +tAy € H;}%, telo,1] ,

stays in 7—[;?2 As a consequence, t — A(t)A(t)* = X(t) is a geodesic in the Wasserstein
1
Riemannian metric connecting 31 to X9 = A(1)A(1)*.
This way, we get the curve

(78) ts B(t) = A)AQ)* = (I + (T —1)S1(I + (T — 1)) € Sym™ (n)

that agrees with Eq. (49). [ ]

Remark 4.5. The equivalence between Riemannian distance and Gini index (or Wasser-
stein distance) can be confirmed by computing the length in Sym (n) of the the geodesic

ts A(t), t € [0,1]. As A(t) = (T — I) 21’2, we have

HA(t)H - \/Tr (AnA@w)?) = VI (T =1 (T - 1) =
V(Tr (1) + Tr (%) — Tr (TE) — Tr (5,7)) =

VTE(S0) + T (S2) — T (S250)V2) — Tr (S152)1/2) .

In the last equality we have used Eq. (10) and Eq. (11).
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5. Wasserstein Riemannian exponential. We aim now at reformulating Riemannian
geodesic in terms of the exponential map. The purpose is that of writing the geodesic arc
passing through a given point and having a given velocity at the point itself.

The velocity of the geodesic (75):

(79) S)=(T—DE+2(T = 1)+ 20T — DXy (T - 1)
is affine in ¢. In particular, its initial velocity is
(80) 3(0) = (T — DTy + 24(T - I).
By inverting Lyapunov equation (80), we get T'— I = 52(0)(2(0))- Therefore,
(81) S(t) = 2(0) + t[(T — 1)2(0) + 2(0)(T — I)] + *(T — DHE(0)(T — 1)
= 5(0) + £53(0) + £ Loy (£(0)) 2(0) Loy (£(0)) -
We are so led to the following definition (see [1, p. 101-102]).
Definition 5.1. For any C € Sym™ (n) and V € Sym (n) ~ T¢ Sym™*™ (n), the Wasser-
stein Riemannian exponential is
(82) Expo (V) =C+V+Lc(V)CL(V) = (La(V)+1)C(Le(V)+ 1),
Next proposition concerns properties of the Riemannian exponential.

Proposition 5.2. 1) All geodesics emanating from a point C € Sym™™ (n) are of the form
Y (t) = Expg (tV), with t € Jy, where Jy is the open interval about the origin:
(83) Jy={teR:I+tLc(V) € Sym** (n)} .
2) The map V — Exps (V) , restricted to the open set
(84) ©={VeSym(n): I+ Lc(V)eSym™ (n)},
is a diffeomorphism of © into Sym™*T (n) with inverse
(85) Logc (B) = (BC)Y? 4+ (CB)Y? —2C ;
3) The derivative of the Riemannian exponential is
(86) dx (V—Expo (V)) =X+ Lo(X)CLAV )+ Lo(V)CL(X) .

Remark 5.3. Clearly, 0 € Jy. Moreover, the interval Jy is unbounded from the right,
that is, it is of the kind Jy = (£, +00), provided V € Sym™ (n). Likewise, Jy = (—o0,1), if
V € Sym™ (n).

Analogously, © is an open set containing the origin and so V' — Exp- (V) is a local
diffeomorphism around the origin.

Since the geodesics are not defined for all the values of the parameter ¢ € R, we have
that the Riemannian manifold Sym™™ (n) is geodesically incomplete. Of course this is not a
surprising fact: Sym™™ (n) is not a complete metric space, and hence Hopf-Rinow theorem
implies that it is not geodesically complete (see [11]).
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Proof of Prop. 5.2. 1) Let
(87) Y (t) = Expe (tV) = C +tV + 2L (V)CL(V), t € Ty .

Clearly, £(0) = C, X(0) = V. Pick a scalar { € Jy and consider the two matrices
¥ (0) and X (t) on the curve X. Introduce the new parametrization (1) = X (7t) so that

¥ (0) =3 (0) and X (1) = X (¢). We have,

(88) S (1) =CH+ 7tV + 722 Lc (V) CLe (V) .

By the relation (13) and setting ' — I = tL¢ (V), the equation above becomes
(89) S (1) =C+trLe (V)C +trCLe (V) + 212Lo (V) CL (V)
(90) =C+7(T-1)C+7C(T —1)+72(T - 1C(T —I)=TCT
(91) =[1-7)I+T|C[(1—=7)I+7T].

On the other hand, £ € Jy implies that T = I + tLc (V) € Sym™ " (n). Moreover,
¥ (1) =TCT =T% (0)T. In view of Eq. (75), the curve X(t) = Expg (tV), with ¢ € [0,] (or
[£,0]) is a portion of the geodesic 3(t), t € Jy.

2) By Eq. (82) we have the Riccati equation

(92) Expe (V)= +Lc(V)C(I + Lo(V)) =B
which solution is
(93) I+ Lo(V)=C V2(CV2BCY?) 2o/ m

provided I + L&(V) € Sym™™ (n). This is true for a sufficiently small neighborhood [|[V|| < r
of the origin. The inversion of the operator L& (+) and Eq. (9) provide the desired formula for
Logc (B).

3) The derivative follows from a simple bilinear computation.

6. Natural gradient. First, let us study the second order approximation of the matrix
function in Eq. (2). For a given ¥ € Sym™ (n), let H € Sym (n) such that (X + H) €
Sym™™ (n). It follows that ¥ +0H € Sym™ ™ (n) for all § € [—1,+1]. Consider the divergence
in Eq. (2) with g1 = po =0, 31 =X, Y9 = X + 0H, and the parametric function

1/2
(94) 0+ W2(S, + 0H) = Tr (2 + (S +0H) -2 (21/2(2 + 0H)21/2) ) -

1/2
2Tr(2)+9T&“(H)—2Tr<(22+021/2H21/2> /> .

=

The first derivative is computed using Eq. (15) and Eq. (18),

(95) iW2(2, Y+ 60H)=Tr(H)—2Tr <[,

do vz [21/2H 21/2]) -

(22+921/2H21/2)

Tr (H) — Tr ((22 + 921/2H21/2) e (21/21{21/2)) .
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We observe that

iWQ(z,z +0H) =0,

2 —
(96) W (S, 4 0H) |,y = - »

and proceed to the computation of the second derivative. We find, by derivation of the
composed function, that

2
(97) %W(z, Y+ 0H) =

Tr ((22 + 921/2}[21/2)_1/ ¢ va [SV2HE?) (224 921/21{21/2)_1/ i (21/2H21/2)> :

(22+921/2H2}1/2)
so that

2
(98) d—WQ(E, Y+ 0H)

d6? =Tr (Eflﬁz [EWHEV?} $-lyl/2 H21/2) _

" (e ) e

where we have used the Eq. (17). In conclusion we have shown that

(99) W2(Z,% +0H) = 922 Tr (Ls [H) H) + o(6?) .

The equation above confirms that the form of the Riemannian metric associated to Wasser-
stein distance is the metric that has been introduced above. Moreover the solution of the
problem

max f(X + H) — f(X)
(100) subject to
W2(X,X + H) = ¢ (small and fixed)

allows to identify the direction of the maximal increase of the function f as the natural
gradient, according to the name introduced by Amari [3] i.e., the Riemannian gradient as
defined below.

The Riemannian gradient is the gradient with respect to the scalar product of the metric.
We denote by V the gradient with respect to the scalar product (-, -), and by grad the gradient
with respect to the Riemannian metric. By Prop. 4.3 we now that W5 (X,Y) = (Lx [X],Y),,
hence for each smooth scalar field ¢ we have

(101) grad ¢(%) = L5 (Vo(X)) = VH(2)S + TV (X) |
where the second equality follows from Eq. (14). Conversely,

(102) Ly [grad ¢(X)] = Vo(3) .
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The gradient flow of a smooth scalar field ¢ is the flow generated by the vector field
v+ (v, —grad (7)), that is, the flow of the differential equation

(103) Y(t) = —grad ¢(y(t)) = = (Vo(v ()7 (1) + () Vo(1(1))) -

We discuss below two relevant examples of gradient flow. With reference to the full
Gaussian distribution, one considers smooth functions defined on R™ x Sym™* (n). The first
component of the gradient does not require a special gradient as the Riemannian structure is
the Euclidean one. The full gradient will thus have two components:

(104) grad QS(M? E) = (vlqb(ﬂ’ E)v gradQ ¢(:U’a E)) = (vlgb(:u? E)a v2¢(lu’a E)E + EV2¢(M, E)) .

The first example in Sec. 6.1 refers to the gradient flow of the mean value of an objective
function f: R™ — R. Its Euler scheme is used in optimization, see [1, Ch. 4] and [20]. In the
second example in Sec. 6.2 we discuss the gradient flow of the entropy function of a centered
Gaussian.

6.1. Relaxed function. We call relazation to the full Gaussian model of the objective
function f:R™ — R the function

(105) ¢, %) =E[f(X)], X ~Np(p,%) .

If we would include the Dirac measures in the Gaussian model, then f(x) = ¢(x,0) and
the function ¢ would actually be an extension of the given function. However, we consider
only ¥ € Sym™™ (n) in order to work with a function defined on our manifold.

There are two ways to calculate the expected value as a function of p and ¥. Each of
them leads to a peculiar expression of the natural gradient.

The first one arises from the relation

(106) (1, %) =E [f(2Z + )|, Z~No(0.1) .

which will lead to an equation for the gradient involving the derivatives of f. The second one
uses

(107)  G(E) = / F()(2m) 2 det (%) /2 exp (—;@: s —m) ds |

In this second case the natural gradient will be achieved by an equation not involving the
gradient of the function f. Both forms have their own field of application.

Let us start with Case (106). Under standard conditions regarding the derivation under
the expectation sign, we have

(108) Vio(s, %) =E [Vf(SY2Z + )| =E[VF(X)] .

By means of (15), it is straightforward to calculate the derivative dy (2 +— ¢(p, X)).
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Note that V f is the column vector and so V* f will be a row vector. We have

Ay, %) =B [df (S22 + ) (L3172 (U) 2)| = B [V*F(SY2Z + )Ly a (U) 2]
—E [Trv*f(zl/QZ + 1) Ly (U) Z} :
Under symmetrization (and setting X = X227 4 p):
Arg(s, %) = SE[Tr Loy (U) (29 F(X) + VF(X)2)
= (UE((ZV f(X) + V[(X)Z)))51/2
_ %E Tr Ly (ZV*f(X) + VF(X)2)U
= (BLyn/2 (ZVTf(X) + V[(X)Z),U),.
It follows that
(109) Vod(11, %) = ELgu/2 (ZV*f(X) + Vf(X)Z).
Calculating the natural gradient:

grady ¢(11, X)) = SELs1s2 (ZV*f(X) + Vf(X)Z) +
ELy 2 (ZV*f(X) + Vf(X)Z) 2.

If we set = =E[ZV*f(X) + Vf(X)Z], the natural gradient admits the representation
(110) grady 6(4, X) = SLy1 2 () + Lgia (3) 5

We move on to consider the second Case (107). Following the standard computation of
the Fisher score and starting from the log-density p(z; i, X) of N,, (u, 3), we have

1 1
(111) log p(z; p, ) = —g log 27 — 5 log det > — 5(:{3 — )2z — p)
1 1
= —g log 27 — §logdet2 —5 Tr (S Mz — p)(x — p)*) .

Denoting the partial derivative d,, (1 — log p(x; i, X)) as dy log p(x; 1, 2), and dy (X — log p(x; p, X))
as dy log p(z; pu, ), we get:

dylogp(x; 1, 2) = (z — p) 'S u = (X7 (@ — ), u)
dylogp(x; p, X)) = ~3 Tr (Z_IU) + %Tr (Z_lUZ_l(x — )@ —p)*)
= 5 (5 = e - e -5 0)

= (T (@ - )@ - p -2)27LU),
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So that
dup(p, %) = /f(ﬂf) dylog p(; p, X) p(a; p; X) da
= <21/f(x)(x — w)p(w; 45 %) dw7u>
and
dyd(p, ¥) = /f(i) dy log p(; u, ) p(; p, X) d
:< /f (z — )*—E)p(x;u,Z)del,U> .

2

At last, thanks to (104), the natural gradient of ¢(u,X) will be

Vio(p, 2 /f (x — p)p(x; u; X) de
grady (11, %) = / F(@) (@ = @)@ — )" — 5) plas 1, ) dw £
+ X7 /f ) (z —p)* — ) pla; p, ) da.
6.2. Entropy flow. The flow of entropy can be easily calculated by Eq. 111. We have
E(p,X) = —/logp(x;u, Y)p(a; p, ) dx
= glog 2m + %logdet ¥ — %Tr (2_12)

1
= g(log27r— 1)+ §logdet2 .

The entropy does not depend on p so that V1E(u,¥) = 0. Moreover (see [19, §8.3]) we
know that VE(X) = 71, so that

(112) grad€(X) = (7' + Bx7h) = 2I.

The entropic flow will be solution to the equations

(113) () =0, X(t)+20=0,
that is
(114) w(t) = pu(0), (t) = B(0) — 2¢1 .

The integral curve is defined for all ¢t such that 2t < A., A« being the minimum of the
spectre of 3(0).
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7. Second order geometry. Recall that Sym™™ (n) as an open set of the Hilbert space
Sym (n) endowed with the scalar product (X,Y), =  Tr (XY). We have shown in Prop. 4.3
that the Wasserstein Riemannian metric W is expressed in terms of the scalar product of
Sym (n) by

(115) We(X,Y) = (X, Y)g = (L [X], V), ,

for each (¥, X),(X,Y) in the trivial tangent bundle T'Sym™™* (n) ~ Sym™*™* (n) x Sym (n).
In the equation above, £: Sym™™ (n) — L(Sym (n),Sym (n)) is the operator defining the
Wasserstein metric the standard scalar product.

In the trivial chart, a smooth vector field X is a smooth mapping X: Sym™*™" (n) —
Sym (n). The action of the vector field X on the scalar field f that is, X f, is expressed in the
trivial chart by dx f that is, the scalar field whose value at point ¥ is the derivative of f in
the direction X (X). Similarly, we denote by dy X the vector field whose value at point ¥ is
the derivative at ¥ of X in the direction Y (X). The Lie bracket [X,Y] of two smooth vector
fields X, Y is expressed by dxY — dy X.

While we prefer to express our computation in matrix algebra, in some cases it is useful
to use a vector basis. We discuss below a field of vector bases of particular interest for us.

The set of symmetric matrices

(116) EPY = epey +eqen, pg=1,...,n,

spans the vector space Sym (n). There are repeated elements and a unique enumeration is
given by the set A of parts on {1,...,n} with 1 or 2 elements. This generating set is related
to the product of matrices by the equation

(117) Epqu,rvS + ET7SEp7q — 5q,7'Ep’s + 5q,sEp’T + 6p,'rEq’5 + 5p’sEq7T ,

where 0 is the Kronecker symbol.
In particular, we can take the trace of the equation above to get

(118) (EP1 E™) = 6p 1045 + 0ps0gr

which in turn implies

0 if {p,q} # {r, s},
(119) (BP9, E™) = q1 if {p,q} = {r,s} and p # ¢,
2 if {p,q} ={r,s} and p=gq
We can select an orthogonal basis by canceling the repeated elements. In the sequel, we
denote by (E®)aea the vector basis above, properly normalized to obtain an orthonormal

basis. We do not show the normalising constants in order to simplify the notation.
For each ¥ € Sym™*™ (n) the sequence

(120) EXS)=E°S+SEY, acA,
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is a vector basis of Sym (n) ~ T Sym™™ (n) because it is the image of a vector basis under

a linear mapping which is onto. We will call such a sequence of vector fields the (principal)

moving frame. Notice the following properties: £ = dpaX?; Ly [EY(X)] = E%; £%(I) = 2E°.
At a generic ¥, we can express each £% in the (Ef) g’s orthonormal basis as

(121) () =3 20a5(D)E" , gas(¥) = Tr (E°SET)
B

which is verified by right-multiplying by E7 Eq. (120) and taking the trace of the resulting
equation. As

(122) Ws(E9, %) = Tr (52 [£2(2)] £Ls, {gﬂ (Z)D _ (EazEﬁ) ,

the matrix [gq g]a,g is the expression of the Riemannian metric in the moving frame.
In fact, X,Y are vector fields expressed in the moving frame, X = > x,€% Y =

28 ysEP, then

(123) Ws(X,Y) =D 2a(2)ys(%)ga,s() = Tr <Zxa(Z)Ea>Z > ys(D)E’
B a 8

This expression of the scalar product is to be compared to that used in [27, |.

Any vector field X has two representations, one with respect to the moving frame (£%),
and another one with respect to the basis (E%),. The two representations are related to each
other as follows. We have

(124) X =32 => 70y 2005 = (Z Zwaga,ﬁ> E7,
« « B

5 \ a
so that
(125) (X,E")y = %Tr (XE") =) (Z xaga,g> Tr (EﬂE“Y) = Tagar »
3 \ a a
hence, by applying the inverse matrix [¢%°(2)] = [ga.5(2)] 7!, we have
(126) Ta =Y g (X, E), .
v

For example, Ly, [V] =" (&(V)EY(X), with
(127) V)= " (2) (Ls[V],ET)y = Ws(V, Y g™ E) .

The next example is related to the discussion of covariant derivatives to follow. Consider
a third vector field Z = > 2,€7. As the mapping ¥ — go,5(X) is a restriction of a linear
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mapping on Sym (n), we have
(128) dzWs(X,Y) =

> (dz2a(D)ys(S) + 2a(Z)dzys(E)) ga,s(5) + 2a(D)ys(S) Tr (E*Z(Z)E7) =
a’/B
> (dz2a(D)ys(S) + 2a(D)dzys(2)) gap(D) + D 2a(E)ys(D)2(5) Tr (E2ED)E)
a,B o,B,y
where dzz(X) and dzys can be expandex with respect to the components z, of Z.

For couple of vector fields X, Y, we denote by Dy X the action of a covariant derivative,
namely a bilinear operator satisfying, for each scalar field f,
(CD1) DyyX = fDyX,
(CD2) Dy(fX)=dyfX+ fDyX,
see e.g [11, Sect. 3] or [18, Ch. 8.4].
A convenient way to express a covariant derivative in the moving frame (120) is to define
define the Christoffel symbols

(129) Dga&P = ZF” £,
For X =3 z.E% Y =3 4 ysEP, by using (CD1), (CD2), and Eq. (121), we obtain

(130) DxY = ZmaDga (ysE”) = Zxa ( deayp) EP + yp (D5a55)>

a,B
zxadgaw 3 T8 = 3w (deowy + 5T ) €7

@By 7oap
The scalar product of DxY with Z = > 4 25€° is
(131) (DxY, Z)y, = Z Ta (dfayv + yﬁrg,ﬂ) 9575 -
o,B,7,0

In Sec. 7.1 below we compute the Levi-Civita (covariant) derivative of a vector field, that
is, the unique covariant derivative D that, for all vector fields X,Y, Z, is:

(LC1) compatible with the metric, dxW(Y,Z) =W (DxY,Z)+ W(Y,DxZ);
(LC2) torsion-free, Dy X — DxX = [X,Y] =dy X — dxY.

In Sec. 7.1.2 we compute the Riemannian parallel transport of vectors. In Sec. 7.2 we
compute the Hessian of a scalar field.

All the computations are straightforward in matrix form. Lang [18, Ch. 8.4] in his
statement MD3 provides an equation to compute the Levi-Civita derivative without actually
introducing any base of the vector space of coordinates. In this formalism we use the Cristoffel
symbol that is, minus the spray in Lang’s language. This allow to write the the differential
equation of the parallel transport without introducing a vector basis. Given the Levi-Civita
derivative, the Riemannian Hessian of a scalar field f is given by the bi-linear operator Dxdy f.
We provide too some of the expressions in the moving frame.
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7.1. Levi-Civita derivative. In order to have a compact notation, it will be convenient
to write the symmetrized of a matrix A € M(n) as {A}g = 1 (A+ A*). If either A or
B is symmetric, then Tr ({A}g B) = Tr(AB). We denote by X,Y,Z smooth vector fields
on Sym™ (n). We shall use repeatedly the expression for the derivative of the vector field
Y — Ly [X]. In view of Eq. 21 and our notation for the symmetrization, it holds

(132) dy Ly [X] = —2Ls [{£s [X] Y1) .
Proposition 7.1. The Levi-Civita derivative DxY is implicitly defined by

(133) (DxY,Z)s =
(dxY, Z)g + (X AL Y] Z}g)y = (X AL [Z] Y} g)y — (Vi {Ls [Z] Xg)y =

(dxY, Z)s + %Tr (Ls [X] ZLs [V]) — %Tr (Lx [X]YLs[Z]) — %Tr (Ls [Y] XLx [2])
while the Levi-Civita derivative itself is given by
(134)  DxY = dxY — {Ls [X]Y + Lx [Y] X} g + {EL5 [X] Lx [Y] + SLs [Y] L5 [X]}s -
Proof. Tn our case, Bq. MDS3 of [18, p. 205] becomes
(135) 2(DxY, Ls[Z])y =
2(dx Y, L3 [2])y + (Y, dx Ls: [Z])y + (X, dy L5 [2])y — (X, dzLs: [Y]), -
By Eq. (21) we have
(136) (YidxLs [Z])y = =2, Ls [{Lx [Z] X }g]), = 2 (V. {Ls [Z] X } o)y
and, analogously,
(137) (X,dyLs[Z]); = 2(X AL [Z]Y}g)y, (X dzLs[Y]); = —2(X{Ls2[Y]Z}g)y -

This way, Eq. (135) becomes the first part of Eq. (133).
The second part of Eq. (133) are then easily obtained. For instance,

(138) (X {Ls[Z)s)s = 5 Tr(La X {ZLs[¥]}g) = 5 Tr(Lx [X] ZL5 [V]) -

Regarding the explicit formula of the Levi-Civita derivative (134), observe that

(130) 5 Tr (£ [X] 2L [Y]) = 5 Tr (£ [V] L3 [X] 2) = Tr ({£[X] £5 Y]} 2) =

S T (£ ({5 [X] L5 [V]} g %+ % (L5 X] L3 [V]}5] 2) =

{Le [X] Lo Y]} X+ E{Le [X]| L [Y]}g, Z)y =
({ZLs [X] Lo [Y]}s +{ELs [Y] Lo [X]}g, 2)y =
{ELs [X]Ls [Y]+ 2L [Y] Ly [X]}g, Z)y, -
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Moreover,

(140) 5 Tr (£ [X]V L [Z]) + 5 Tr (L5 [V] X£3(7) =

Tr({Le [X]Y + Lo [Y] X} L5 [2]) = ({Ls [(X]Y + Lo [Y] X}g, Z)5

N | =

Therefore, Eq. (133) can be written as

(141) (DxY,Z)5, =
(dxY —{Ls [X]Y + L [Y] X} +{ELs [X] Lo [Y] 4+ XLs [Y] Ly [X]}g, Z)y
and the desired result obtains.
The equation we have used for computing the Levi-Civita derivative is proved in the given

reference. However, in order to have a self-contained presentation, we proceed by checking
Eq. (133) against conditions (LC1) and (LC2). In fact, we have

(142) (DxY,Z)s, +(Y,DxZ)y, = (dxY,Z)s, + (Y, dx Z)y, — Tr (Lx [Y] X Ly, [Z]) .
On the other hand, if we compute the derivative of W (Y, Z) at X, we obtain

(143) dx (Y, Z)y = dx Tr (L [Y] 2Ly [Z]) =
Tr(dxLs [Y]3Ls [Z]) + Tr (Le [Y] Edx Ls [Z]) + Tr (Ls [Y] X L5 [Z]) -

Since
(144) dxLs [Y] = Ly [dxY] —2Ls [{Ls [Y]}s X] |

we have

(145)  Tr (dx Ly [Y]SLs [Z]) = (dxY, Z)5 — 2 ({Ls [Y] X} g, Z)y =
(dxY, Z)y — Tr ({Lx [V] X} g Lz [2]) = (dxY, Z)5 — Tx (Lo [Y] XLx [2)) .

and, in a similar way, we can write
(146) Tr (Ls [Y] Bdx Ly [Z2]) (Y,dx Z)y, — Tr (Ls [Z] XLy [Y]) -

Substitution of the equations above in Eq. (143) proves (LS1).
Condition (LS2), is checked by

(147) (DxY — Dy X, Z)y, = (dxY — dy X, Z)y, = ([Y, X], Z)s; . n
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7.1.1. Levi-Civita derivative in the moving frame. Let us express the Levi-Civita deriva-
tive in the moving frame (120). Consider the vector field X (¥) = £%(X) = E*Y 4+ X E® and
the vector field V(X)) = £°(X) = EPY + X EP. By Eq. (134), we have

(148) Dga&P =

dga&P — {L’g (€98 + Ly [éﬂ 5a}5 n {zcz [£9] Ls [55} YL, [55} Ls, [5@]}S

We are going to compute one by one the three terms in the equation above.
The first term in Eq. (148) is

(149) deaE” = d(gaxspe)(E°E + SEP) =
EP(E°S + ZE®) + (E°“Y + SEY)EP =
EPE®Y, + EPSE® + E*XEP 4+ SE“EP

The second one is
(150) —{Ls[e)&” + Ly |€P] &2} =~ {E°(E°S+TEP) + EP(E°S+E°)} =
- {EaEﬁz + EOSES 1+ BPEeY 4 EﬁzEa}S _
. % (EO‘EfBE + EPECY + SEPE + EEO‘EfB> - (EazEﬁ + EﬁzEa) .
The sum is

1
(151) (EﬁEaz + ZEaE5> - (EaEﬁz + EEﬁEa) .

2

| =

The third term is
(152) {3Lsle) L5 €] + 2L [€7] £ [sa]}s ={spp’ + zEﬁEa}S _

(zEaEf” L YEPE® + EPEY 4 EaEﬁz) .

| =

In conclusion,
(153) DgaEP = EPE*Y + SE“EP .

The computation of the Christoffel symbols ZV re 557 = Dga&EP would require the solu-
tion of the equations

(154) E’E*S 4+ SE°ES =) T] 4(5) ('S +E)) .
Y

We do not do that here.
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Instead, let us take now X = 7, and Y = yz&€”. From the properties (CD1) and (CD2),
we have

(155) D(xaga)(yﬁgﬁ) = roDEga (yBEB) = Tqo (danﬁEB + yBDEaEB) =
Zadpays EP + tays (EﬁEaz + zEaEﬁ) .
Finally, for general X and Y,

(156) DxY = wadpoys B® + 3 zays (E*BE“E n EEO‘EB) .
a,f o,

7.1.2. Parallel transport. The expression of the Levi-Civita derivative in Eq. (133) can
be re-written as

(157) (DxY,Z)s, = (dxY, Z)s + (I'(%; X,Y), Z)5,

where I'(X; -, -) is the symmetric tensor field defined by

(158) ((%:X,Y), Z)y, =

[\j‘)ﬂ/-\

Tr (£ [X] 2L [V]) — 5 Tr (£ [X] V£ (2)) — T (L5 [V] XLy [2]) =
ST (Ls [Y] L5 [X) 2) — LT (L5 [X]Y + £5[Y] X) £5[7) =

ST (Ls [V £ [X] (£ 12)% + 5L [2]) — 5 Tr (£ [X]Y + L3[Y] X) L3 [7]) =
%Tr (BLs [Y] Ls [X] + L5 [Y] L [X]E — L5 [X]Y — Lx [Y] X) Lx [2]) =
{ELe Y] Ly [X]+ Ly [Y] Ly [X]E - Lo [X]Y — Ly [Y] X}, Z)y,
We have
(159)  T(S3X.Y) = {SLs [Y] L [X] + Ls [Y] Lo [X] S — Lo [X]Y — Ls[Y] X
and, on the diagonal,
(160) I(S; X, X) = $Lx [X] Ly [X] + Ly [X] Ls [X] S — Ly [X] X — XLx [X] .

I'(3; X,Y) is the expression in the trivial chart of the Christoffel symbol of the Levi-Civita
derivative as in [17]. In [18], —I" is called the spray of the Levi-Civita derivative. Given the
Christoffel symbol, we can write the linear differential equation of the parallel transport along
a curve t — X(t) as

(161) {Uv@) +T(S(1): £, Uy (1)) = 0.,

Uv(0) =V,

see [18, VIII, §3 and §4]. Recall that the parallel transport for the Levi-Civita derivative is
isometric.
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We do not discuss here the representation in the moving frame of Eq. (161). We limit
ourselves to mention that the action of the Christoffel symbol on vector fields expressed in
the moving frame can be computed from

(162) T(%;E%,8°) =
{252 [55] Ly [£°] + L, [55} L5 [E9]Y — Ly [€Y &P — Ly, [55} 5“}5 -
{SEPE® + B°E°S - B°(E°Y + TEP) - BP(B°% + zEa)}S -
{EEBEO‘ + EPEeY, — EOEPY — EOSEP - pPEeY - EﬂzEa}S -
— (E“XEP + EPYE®) .

7.2. Riemannian Hessian. According to [1, Def. 5.5.1] and [11, p. 141], the Riemannian
Hessian of a smooth scalar field ¢: Sym™*™ (n) — R, is the Levi-Civita covariant derivative of
grad ¢, namely, for each vector field X, it is the vector field Hessx ¢ whose value at X is

(163) Hessx 6(%) = Dx (grad ¢)(5) = Dx(Vo(Z)E + V()
The associated symmetric bilinear form is (see [1, Proposition 5.5.3])
(164) Hess 6(%) (X, Y) = (Dx (grad )(£), Y)y; -

It is enough to compute the diagonal of the symmetric form, hence we let X = Z =V in
the second part of Eq. (133) to obtain

Hess ¢(X) (V,V) = (dvY,V)s +
LT[ (V) Vs (V)] = 3 T [ (V) Y Ly (V)] = 3 T [ (V) VL (V)] =

(dyY, V) — %Tr Ly (V)Y L (V)]

where Y = grad ¢ (X). After plugging Y = grad ¢ (X) = ¥V¢ (X) + V¢ (2) X into it, we get
easily

(165) Hessop(X) (V,V) =
(Vi ()2 +EVi¢(2),V)y + Tr[Ve (8) VL (V)] - Tr[Lx (V) Ve (3) BLx (V)]

Plugging V = Ly [V] ¥ 4+ XLy [V] into the second term of the RHS, we have at last
(166) Hess¢(X) (V,V) = (Vo (2) S+ EVio(8), V) + Tr Vo (£) Ls (V) L (V)] .

Relation (166) substantiates the following important property that links the Hessian to
the derivative along a geodesic (see the proof of Proposition 5.5.4 of [1]).
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Proposition 7.2. Let ¢ : Sym™™ (n) — R be a smooth scalar field and define

(167) ¢ (1) = ¢ (expyg (tV)) .
It holds
(168) ¢ (0) = Hess ¢(X) (V, V) .

Proof. By Proposition 5.2

(169) Y(t) = Expy, (tV) = B+ tV + 2L (V)ZLx(V)

where $(0) = ¥ and 3(0) = V. Hence ¢ (t) = <V¢(Z(t)), 2(t)>2, and

(170) 3 (1) = (VHEEOL M), + (Vo). £0)), -
At t =0,

(171) 3 (0) = (V2o(D)[V], V), +2(Vo(X), Le(V)ELx(V)), -

In view of Eq. (166),
(172) Hess o(X) (V, V) = (V6 (%), V), +2(Vo(X), Ls (V) Ls (V) = $(0).

8. Discussion. The present paper is intended to be an introduction to a research project
in progress. It contains both a review of the literature and novel results. The issue of a
comparison between Fisher and Wasserstein metric is not discussed as it is, for example, in
Chevallier et al. [10].

It is the Authors’ plan to investigate the following developments and applications.

1. Push-back of the geometry with the mapping Sym (n) 3 A +— e € Sym™ (n).

2. Computation of the curvature tensor.

3. Numerical solution and simulation methods foe the relevant equation of the geometry
namely: geodesic, parallel transport, Hessian.

4. Linear optimization method using the natural gradient as direction of increase using
the Riemannian exponential as a retraction. Cf. [1] and in Amari monograph [4].

5. Second order optimization method with the Riemannian Hessian and the Riemannian
exponential. Cf. [1] and [4].

6. Diffusions on Sym™™ (n) with the method of J. Armstrong and D. Brigo [6].

7. Sub-manifold of the correlation matrices i.e. with diagonal elements all equal 1. In
this case, the tangent space at each point is the space of symmetric matrices with zero
diagonal.

8. Sub-manifold of trace 1 matrices. This application possibly requires the generalization
to Complex Gaussians see e.g., Fassino et al. [13], and Hermitian matrices as in Bhatia
et al. [8].
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(10]

(11]

(12]

(13]
(14]
(15]
(16]
(17]
(18]

(19]

20]

(21]

9. Sub-manifold of the concentration matrices with a given sparsity pattern. In this case
the Wasserstein distance interpretation is not available but see the Bhatia interpreta-
tion of the distance [8].
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9. Appendix.

9.1. Proof of Proposition 3.1. A symmetric matrix ¥ € Sym (2n) is non-negative define
if, and only if, it is of the form ¥ = SS*, with S € M (2n). In our case, given the block
structure of ¥ in (42), we can write

(173) E{l g ] = [g] [A* B*] = [gi: gﬁi] :

where A and B are two matrices in M(n x 2n).
Therefore, problem (42) becomes

a3, ¥9) = max 2Tr (AB)
A,BEM(nx2n)

(174) subject to

Y, = AA*, Y, = BB*

We have already observed that the optimum exists, so the necessary conditions of Lagrange
theorem allows us to characterize this optimum. However, the two constraints 3; = AA* and
Y9 = BB* are not necessarily regular at every point (i.e., the Jacobian of the transformation
may fail to be of full rank at some point), so we must take into account that the optimum could
be an irregular point. To this purpose, as a customary, we shall adopt Fritz John first-order
formulation for the Lagrangian (see [21]).

We shall initially assume that both ¥; and 39 are non-singular.

Let then (v9,A,T) € {0,1} x Sym (n) x Sym (n), with (v, A,T) # (0,0,0), where the
symmetric matrices A and I' are the Lagrange multipliers. The Lagrangian function will be

L = 2uy Tr (AB*) — Tr (AAA*) — Tr (I BB*)
= 20y Tr (AB*) — Tr (A*AA) — Tr (B*T'B)

The critical points of L lead to the following first order conditions

(175)

I/()B = AA, I/OA =TIB
Y, = AA*, ¥y =BB* '

In the case vy = 1, i.e., the case of stationary regular points, Eq. (175) becomes

B=AA, A=TB
(176)

Y, = AA*, ¥y =BB*’

which in turn implies

(177) ABA=2 e Sym )
Sl =y, - oymin
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and further
(178) K =Y1A=T%,.

Of course, Eq.s (177) could be more general than Eq.s (176) and thus possibly contain
undesirable solutions. In this light, we establish the following facts, in which both matrices
Y1 and Y5 must be nonsingular. Notice that in this case Eq.s (177) imply that both A and T’
are nonsingular as well.

Claim 1: If (T, A) is a solution to (177) and A=! =T, then the couple (T',A) are Lagrange
multipliers of Problem (/2).

Actually, let X1 = AA*, A € M(n x 2n) be any representation of the matrix ;. Define
B = AA so that A= A~'B =TI'B. Moreover

(179) BB* = AAA™A = A 1A =%y,
and so (A,T") are multipliers associated with the feasible point (A, B).

Claim 2: The set of solutions to (177), such that T=! = A, is not empty. In particular, there
18 a unique pair (K,f) where both A and T are positive definite.

We have already observed that Eq.s (177) imply that A and I" are nonsingular. Moreover,
we have I'"13,T'~! = 5. Recalling that Riccati’s equation has one and only one solution in
the class of positive definite matrices, then X = A =T'1.

Now we proceed to study the solutions to AX;A = 39 and we shall show that Eq (177)
has infinitely many solutions. In correspondence to each one A, the value of the objective
function will be given by 2Tr (K) = 2Tr (3¥1A). Therefore, we must select the matrix A such
that Tr (X1A) be maximized.

Following [12], we define

(180) R=x12A91? € Sym(n) |

so that, in view of (177), we have

(181) R2 = 212ASIPel A5l — sl2as Anl/? = 2125912 € Sym™ (n)
Moreover,
(182) Tr(R) = Tt (21/2/\2}/2) = Tr (z}”z}/?A) — Tr (S1A) = Tr (K) .

Eq. (181) shows that, though the Lagrangian can have many rest points (i.e., many
solutions A) the matrix R? = Ei/ 2222}/ > € Sym™ (n) remains constant. Not so the value of

the objective function Tr (K) = Tr (R) which depends on R (i.e., on A).
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Let

(183) R* =) " \E;
k

denote the spectral decomposition of R?, then the solutions to R will be

(184) R = Z Ekx\llc/2Ek
k

with ¢ = £1. Hence Tr (K) = Tr(R) will be maximized whenever ¢, = 1 and so R €
Sym™ (n). Clearly the objective function will be minimized if e, = —1. From now on the
proof of the min statement follows similarly.

It follows that the maximum of the trace occurs at

1/2
(185) R= (2}/2222}/2) ,

_ /2
namely A = ¥, 1/2 (21/22221/2> N /2 Thanks to Claims 1-2 this matrix is a multiplier
of the Lagrangian and so we would have

1/2
(186) a(E1,5,) = 2Tr (2}/22221/2) ,

as long as the optimum is attained at a regular point. In fact, to complete the proof, we must
still examine the case vy = 0, for which Eq. (175) becomes

(187) AA =0, T'B=0.
It follows

AY; = AAA* =0
'S, =T'BB* =0,

and consequently A = T' = 0. Therefore there is no irregular point, provided ¥; and Yo are
not singular matrices. So we have proved the relation (186) under the above assumptions.
Last step will be that of extending our result when the matrices 31 and o are not both
nonsingular.
Given the two matrices X1, %5 € Sym™ (n), set

(188) Yi(e) =31 +¢l, and X5 (e) = Xo + eI, withe €[0,1].
If € > 0, then
(189) det (S +eI) = [[(\ij+) >0, i=12.

j=1
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where \; ;, j = 1,...,n is a set of eigenvalues of 3J;, ¢ = 1,2. Let us consider the parametric
programming problem

a(X1(g),X2(e)) = max 2Tr(K)

KeM(n)
(190) subject to
[K* 22(5)] € Sym™ (2n)

Observe that the feasible region is contained in a compact set independent of € € [0, 1] because
of the bound (36).

Now the continuity of the optimal value € — «a(X;(e), X2(e)) follows easily from Berge
maximum theorem, see for instance [2, Th. 17.31]. Hence

(191) a(S1, %) = lim a (%1 (e), Ba(e)) = 2 Tr ((2}/22221/2)1/2)

and the assertion is proved for any ¥1, %5 € Sym™ (n).
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