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Abstract

We study uncertainty averse preferences, that is, complete and transitive preferences that are convex
and monotone. We establish a representation result, which is at same time general and rich in struc-

ture. Many objective functions commonly used in applications are special cases of this representation.
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1 Introduction

Beginning with the seminal works of David Schmeidler, several choice models have been proposed in
the past twenty years in the large literature in choice under uncertainty that deals with ambiguity,
that is, with Ellsberg-type phenomena. As a result, there are now a few possible models of choice
under ambiguity, each featuring some violation of the classic independence axiom, the main behavioral
assumption questioned in this literature.

Our purpose in this paper is to put some order in this class of models by providing a common
representation that, through its properties, allows to unify and classify them. Since a notion of minimal
independence among uncertain acts is, at best, elusive, the starting point of our analysis is that this
common representation has to be independence-free. That is, it must not rely on any independence
condition on uncertain acts, however weak it may appear.

This leads us to consider complete and transitive preferences that are monotone and convex, with-
out any independence requirement. Besides its unifying power, this is arguably the most fundamental
class of economic preferences that model decision making under uncertainty. General equilibrium re-
sults are, for example, typically based on them, as well as the classic arbitrage arguments of finance.!

Transitivity and monotonicity are fundamental principles of economic rationality. The former
requires that decision makers be consistent across their choices, while the latter requires that they
prefer acts that deliver better outcomes in each state. Convexity reflects a basic negative attitude of
the decision makers toward the presence of uncertainty in their choices, an attitude arguably shared
by most decision makers and modelled through a preference for hedging/randomization.? Finally,
completeness — which requires decision makers to be able to compare any pair of uncertain acts — is

a common simplifying assumption that can then be weakened in subsequent analysis.?

We call uncertainty averse the preferences that satisfy these properties, that is, the complete and
transitive preferences that are monotone and convex.* In the paper we establish a representation for
uncertainty averse preferences which is, at the same time, general and rich in structure. Specifically,
in a standard Anscombe-Aumann set up, let F be the set of all uncertain acts f : S — X, where S is
a state space and X a convex outcome space, and let A be the set of all probability measures on S.
We show that a preference 77 is uncertainty averse and satisfies some suitable technical conditions if,
and only if, there are a utility index v : X — R and a quasiconvex function G : u (X) xA — (—o0, 0],

increasing in the first variable, such that the preference functional

V(f)zgggG(/u(fm@p) vfeF 1)
represents .

In this representation decision makers consider through the term G ( Ju(f)dp, p) all possible
probabilities p — i.e., all possible “models,” in the macroeconomics language — and the associated
expected utilities [w (f)dp of act f. They then summarize all these evaluations by taking their
minimum. The quasiconvexity of G and the cautious attitude reflected by the minimum in (1) derive
from the convexity of preferences. Their monotonicity, instead, is reflected by the monotonicity of G

in its first argument.

1See, e.g., Rigotti, Shannon, and Strzalecki [40] and the references therein.

2See the classic discussions in Debreu [12, p. 101] and Schmeidler [45].

3 Along, for example, the lines of Bewley [6]. See also the discussion in Gilboa, Maccheroni, Marinacci, and Schmeidler
[23].

4We use the general term uncertainty — rather than a more specific term like, for example, ambiguity — because of

the great generality of this class of preferences.



The function G plays a key role in the representation (1) and its properties are what gives (1)
its rich structure. In particular, a noteworthy feature of (1) is the presence of expected utilities
in the first argument, even though no independence assumption whatsoever is made on uncertain
acts. Remarkably, expected utility thus already emerges in the representation of uncertainty averse
preferences, and this confirms its prominent role in decision theory.

Behaviorally, G can be interpreted as an index of uncertainty aversion, as Proposition 6 shows. In
particular, higher degrees of uncertainty aversion correspond to pointwise smaller indices G. Moreover,
the index G can be elicited from choice data, that is, it is behaviorally determined. In fact, we show
that

G (t,p) = sup {U(wf) : /u(f)dpét},

feF
where x4 is the certainty equivalent of act f. As a result, once the utility function w is elicited,
something that can be done by standard methods, the quantity G (¢, p) can be recovered from choice
data by determining the certainty equivalents of the acts f such that [u (f)dp <t. In this way, the
preference functional (1) itself can be behaviorally (e.g., through experimental analysis) determined
and tested.

1.1 Generality and Structure

The combination of generality and rich structure is the main feature of the representation (1). Thanks
to its generality, (1) is able to unify, as special cases, many of the choice criteria commonly used to
model choices under uncertainty, even when prima facie they may appear unrelated. Thanks to its
structure, this unification is insightful since all special cases can be regarded as the result of suitable
specifications of the uncertainty aversion index G. Moreover, novel specifications can be suggested by
the properties of G and their derivation can be significantly simplified by having the representation

(1) at hand. For the same reason, also the derivation of known specifications can be simplified.’?

All this can be seen in Section 4, where we illustrate the scope of the representation (1). In
particular, we show how (1) provides a common framework for two general classes of preferences
under ambiguity, the variational preferences studied by Maccheroni, Marinacci, and Rustichini [34]
and the smooth ambiguity preferences studied by Klibanoff, Marinacci, and Mukerji [30].

We first consider variational preferences. The main issue in studying a special case of (1) is
to determine the appropriate form of the uncertainty aversion index G. Proposition 10 shows that
variational preferences correspond to additively separable functions GG. Indeed, variational preferences
are characterized by

G(t,p)=t+c(p),

where ¢ : A — [0, 00] is a convex function, and in this case (1) reduces to the variational representation

v =uig{ [u(hdo+en}. @)

pEA

As [34] shows, the variational representation (2) includes as special cases the multiple priors model of
Gilboa and Schmeidler [24] and the multiplier preferences of Hansen and Sargent ([28], [27]), which

5For example, this is the case for the variational representation (2), whose derivation becomes easier when based on
the representation (1).
6See Ergin and Gul [17], Nau [38], and Seo [46] for works related to [30].



can therefore be viewed as particular specifications of an additively separable uncertainty aversion
index G.”

Smooth ambiguity preferences are represented by

vin=o ([ o [eteme)am). 3)

where ¢ is a continuous and strictly increasing function and p is a probability measure on A. Theorem
16 shows that smooth preferences with concave ¢ correspond to the uncertainty aversion index given
by
G(t,p)=t+ min I, (v | ). (4)
vel'(p)

Here, I (- || p) is a suitable statistical distance function, defined in (19), that generalizes the classic
relative entropy, and I' (p) is the set of all second-order probabilities v that are absolutely continuous

with respect to p and that have p as their reduced, first-order, probability measure on S.

In the important exponential case ¢ (t) = —e~%, Corollary 17 shows that (4) takes the form

1
t,p) =t+ - mi
G(t,p) =t+ ey?rl&)R(” (NOF

that is, I (- || p) reduces to the relative entropy R (- || 1).® In this case the smooth preference functional

(3) can thus be represented as

vin=wind [a(f e+ g min 76w} )

The preference functional (5) is also variational, with ¢ (p) = § min,er(,) R (v || ). The exponen-
tial case thus turns out to be both smooth and variational. Our last result on smooth preferences,
Theorem 18, shows that the overlap between these two classes of preferences is basically characterized
by functions ¢ that are constant absolute risk averse (CARA), that is, that have either the form
() =—ae™ + Bor¢(t)=at+ 3, with a,0 >0 and 3 € R.

Inter alia, all these results shed light on the relations between smooth and variational preferences
by showing that, first, (1) is the general representation that encompasses them as special cases, and,
second, that the CARA case can be regarded as their overlap.

Since variational preferences feature additively separable uncertainty aversion indices, a natural
class of uncertainty preferences to consider are those characterized by multiplicatively separable un-
certainty aversion indices. To further illustrate the flexibility of the representation (1), we carry out

this exercise, which is related to the analysis of Chateauneuf and Faro [8], in Section 4.

1.2 Final Remarks and Organization

Our setting admits a game against Nature interpretation, where decision makers view themselves as
playing a zero-sum game against (a malevolent) Nature. In this case, f and p become, respectively,
the strategies of the decision maker and of Nature.

"See Strzalecki (2007) for conditions on variational preferences that characterize multiplier preferences (see also
Subsection 4.2.4 below).
8Recall that
dv dv :
Rl = { T s () dn ity <
00 otherwise.



As detailed in Section 3, the function ¢ : T x A— (—o00, 00] such that
G(t,p) =t+c(t,p)

can be regarded as a a parametric cost function for Nature, where ¢ (¢,p) is the cost for Nature to

play p at value t of the parameter. Using this cost function, the objective function (1) can be written

V(f)=ggg{/U(f)dp+c</U(f)dp7p)}.

This is arguably the most general form of a game against Nature. Its special cases are determined

as

by suitably specifying the parametric cost function c¢. For example, the variational representation
(2) is characterized by a parametric cost function ¢ (¢,p) that does not depend on ¢. The game
theoretic interpretation of our setting thus generalizes the one discussed in [34] and [35] for variational
preferences.

Notice how Nature’s cost turns out to be parametrized by both players’ strategies f and p through
their expected utility f w(f)dp. Also in the game interpretation, the appearance of expected utility
at this level of generality (without any independence assumption) is remarkable. All this and more is

discussed in Sections 3 (in particular in Subsection 3.4) and 4.

The analysis of this paper is static and its dynamic extension is a natural future research topic,
along the lines of Epstein and Schneider [16] and Maccheroni, Marinacci, and Rustichini [35]. In this
regard, it is also important to notice that Siniscalchi [47] and Hanany and Klibanoff [26] have recently
studied in depth updating rules for uncertainty averse preferences; a natural direction of research is

to see how their analysis can be read in terms of the representation (1).

Finally, to derive the results of this paper we had to establish some novel duality results for
monotone quasiconcave functions. This is a further contribution of this research project, developed in
Cerreia-Vioglio, Maccheroni, Marinacci, and Montrucchio [7]. In Appendices A and B we report the
results on quasiconcave functions that are needed for our derivation. These quasiconcave methods are

quite different from the concave duality methods that [34] use in their study of variational preferences.

The rest of the paper is organized as follows. Section 2 presents some preliminary notions, needed
to establish in Section 3 the main representation results. Section 4 studies some special classes of
uncertainty averse preferences. Appendix C provides some more material on the statistical distance

functions I, while Appendix D contains the proofs of the results.

2 Preliminaries

2.1 Decision Theoretic Set Up

We consider a set S of states of the world, an algebra X of subsets of S called events, and a set X
of consequences. We denote by F the set of all the (simple) acts: functions f : S — X that are
Y-measurable and take on finitely many values.

Given any = € X, define z € F to be the constant act such that z(s) = x for all s € S. With the
usual slight abuse of notation, we thus identify X with the subset of the constant acts in F. If f € F,
z € X, and A € X, we denote by xAf € F the act yielding = if s € A and f (s) if s ¢ A.

We assume additionally that X is a convex subset of a vector space. For instance, this is the case

if X is the set of all the lotteries on a set of prizes, as it happens in the classic setting of Anscombe



and Aumann [3]. Using the linear structure of X we can define in the usual way, for every f,g € F
and « € [0,1], the act af + (1 — a)g € F; it yields af(s) + (1 — a)g(s) € X for every s € S.

We model the decision maker’s preferences on F by a binary relation 7. As usual, > and ~ denote
respectively the asymmetric and symmetric parts of 2. If f € F, an element x¢ € X is a certainty

equivalent for f if f ~ xy.

2.2 Mathematical Preliminaries

We denote by By (X) the set of all real-valued ¥-measurable simple functions — so that u (f) € By (X)
whenever u: X — R and f € F — and by B (X) the supnorm closure of By (X). If T is an interval of
the real line, set By (X,T) = {¢ € By (X) : ¢ (s) € T for all s € S}.

As well known, the dual space of By (X2) (or indifferently of B (X)) can be identified with the set
ba (X) of all bounded finitely additive measures on (.5, X). The set of probabilities in ba (X) is denoted
by A and is a weak* compact and convex subset of ba (X). Elements of A are denoted by p or q.
Finally, we denote by B (A) the Borel o-algebra generated by the weak* topology on A.

When ¥ is a o-algebra we denote by A the set of all countably additive probabilities in A. In
particular, given ¢ € A%, we denote by A (¢) the set of all probabilities in A% that are absolutely
continuous with respect to ¢; i.e., A% (q) = {p € A7 : p K ¢}.

Functions of the form G : TxA — (—o00, 00|, where T is an interval of the real line, will play a key
role in the paper. We denote by G (T'xA) the class of these functions such that:

(i) G is quasiconvex on T'xXA,
(ii) G (-,p) is increasing for all p € A,
(iii) infyen G(t,p) =tforallteT.
We denote by H (T'xA) the class of functions in G (T'xA) such that:
(iv) G is lower semicontinuous on T'x A,
(v) G (-, p) is extended-valued continuous on T for each p € A.?

Set domG (-,p) ={t € T : G (t,p) < oo}. We denote by & (T'xA) the set of functions in H (T'xA)
that have the following additional properties:

(vi) domG (-,p) € {0, T} for all p € A,
(vii) G (-,p) are uniformly equicontinuous on T with respect to all p € A such that domG (-, p) = T.1°

Property (vi) requires that the functions in £ (T'xA) be either real valued or constant at co; that
is, either domG (-,p) = T or domG (-,p) = (), respectively. Property (vii) requires that, when real

valued, the functions G (-, p) are uniformly equicontinuous on 7.

A function G : TXA — (—o00,00] is linearly continuous if the map

wwgggG(/wdp,@

9That is, lim¢—¢, G (t,p) = G (to,p) € (—00,00] for all to € T and p € A. For instance, G (t,p) = co for all t € T is
continuous in this sense.

10That is, for every e > 0 there is § > 0 such that ¢t,¢' € T and |t — t/| < § imply |G (t,p) — G (t',p)| < e, forallp € A
such that domG (-,p) =T.




from By (3, T) to [—00,00] is extended-valued continuous.'! Next we show that a function is linearly

continuous if it belongs to H (T'xA), something easily verified with a routine real analysis check.
Lemma 1 If G € H(TxA), then it is linearly continuous.

A last piece of notation: we denote by U (X) the set of all nonconstant affine functions v : X — R.

3 Uncertainty Averse Preferences

3.1 Basic Axioms

Our analysis relies on the next three main behavioral assumptions on the preference -, which formalize
the requirements of completeness, transitivity, monotonicity, and convexity that we discussed in the
Introduction.

Axiom A. 1 (Weak Order) The binary relation 7 is nontrivial, complete, and transitive.
Axiom A. 2 (Monotonicity) If f,g € F and f(s) 77 g(s) for all s € S, then f 7 g.
Axiom A. 3 (Uncertainty Aversion) If f,g € F and a € (0,1), f ~ g impliesaf+(1—a)g 7 f.

These classic axioms are all falsifiable through choice behavior. In Axiom A.1, nontriviality means
that f >~ ¢ for some f,g € F. Axiom A.2 is a monotonicity assumption, which requires that an act
is preferred if, state by state, delivers a preferred outcome. Axiom A.3 is a convexity assumption
that, as argued by Debreu [12] and Schmeidler [45], models a negative attitude toward the presence
of uncertainty.

Definition 2 A preference 77, is uncertainty averse if it satisfies axioms A.1-A.8.

As argued in the Introduction, uncertainty averse preferences are the most fundamental class of
preferences that model decision making under uncertainty.

The next assumption is peculiar to the Anscombe-Aumann setting and imposes a standard inde-

pendence axiom on constant acts, that is, acts that only involve risk and no state uncertainty.

Axiom A. 4 (Risk Independence) If z,y,z € X and « € (0,1), z ~ y implies ax + (1 — ) z ~
ay+ (1 —a)z.

We now introduce some technical assumptions, which make possible the mathematical derivation
in our very general set up.

Axiom A. 5 (Continuity) If f,g,h € F, the sets {a € [0,1] : af + (1 —a)g 5 h} and {a € ]0,1] :
hzaf+(1—a)g} are closed.

Axiom A.5 is a standard continuity assumption, which along with axioms A.1 and A.2 implies the
existence of a certainty equivalent x; for each act f € F (see, e.g., [34, p. 1478]).
The next assumption requires that there are arbitrarily good and arbitrarily bad outcomes. In the

representation this implies that the utility function w: X — R is onto (i.e., u (X) = R).

Axiom A. 6 (Unboundedness) There are x,y € X such that, for each a € (0,1), there exist
2,2/ € X such that az+ (1 —a)y =z >y >az’ + (1 —a)z.

1 An e-§ definition of linear continuity is given by Lemma 50 in Appendix A.



For some results we use an additional continuity condition.

Axiom A. 7 (Uniform Continuity) For every z’ < z in X, there are y' <y in X such that

f,9 € F and %f(s)+%y’j %g(s)+%y VseS = %xf—i-%z'j %a:g+%z. (6)
Together, axioms A.5 and A.7 form a uniform continuity condition. Axiom A.5 implies A.7 under
minimal independence assumptions on acts and for this reason it is normally enough to assume A.5
in derivations that maintain some form of independence.
We close with a standard monotone continuity condition, due to Arrow [4], which will ensure in
our representation results that only countably additive probabilities matter. In applications this is
often a very convenient property because countably additive probabilities are much better behaved

than probabilities that are merely finitely additive (see [9] and [34] for more on this).

Axiom A. 8 (Monotone Continuity) If f,g € F, x € X, {En},cy € X with By 2 Ey D ... and
Mpen En =0, then f = g implies that there exists ng € N such that xE,, f > g.

3.2 The Representation

We now derive our general representation (1) for uncertainty averse preferences. It relies on Axioms
A.1-A.5, that is, on the original axioms of Gilboa and Schmeidler (1989), with the key exception of
their independence assumption on uncertain acts, here replaced by the much weaker Axiom A.4, which
applies only to constant acts.

Theorem 3 Let 7 be a binary relation on F. Then, the two following conditions are equivalent:

(i) 7 is uncertainty averse and satisfies axioms A.4 and A.5;

(#i) there exists a nonconstant affine v : X — R and a linearly continuous G : u (X) xA — (—00, 0]
that belongs to G (u (X) xA) such that, for all f and g in F,

rroe w6 ( [uan) = w6 ( [uwanp). g

The function u is cardinally unique and, given u, there is a (unique) minimal G* : v (X) XA —
(—00,00] in G (u(X) xA) satisfying (7), given by

G*(t,p):sup{u(mf):/u(f)dpgt} Y (t,p) €u(X) x A. (8)
feF

Moreover, - has no worst consequence if and only if infu (X) ¢ w(X). In this case G* is lower
semicontinuous on u (X) x A.12

Recall that xs is a certainty equivalent of act f. Hence, thanks to (8) the function G* in Theorem
3 can be derived from behavioral data. In fact, once the utility function w is elicited (by standard
methods), the quantity

am{uun:/uuwwSt}

feF

is determined by the certainty equivalents x; of the acts such that f u(f)dp <t.

12Recall that 7~ has no worst consequence if for each z € X there is y € X such that z > y, and that lower
semicontinuity of G* implies that infyea G* ([ u (f) dp,p) = minyea G* ([ u(f)dp,p) for all f € F.



As a result, Theorem 3 guarantees that, given an uncertainty averse decision maker that satisfies

the behavioral axioms A.4 and A.5, we can elicit the precise form of the representation

V(f)zinfc;*(/u(f)dp,p>, Vf e F, )

PEA

of his preference, by using purely behavioral (e.g., experimental) data.

By Theorem 3, uncertainty averse preferences = that satisfy axioms A.4 and A.5 are characterized
by pairs (u, G*), which we call uncertainty averse representations of 2.'3 Such pairs have the following

uniqueness property.

Proposition 4 Let (u,G) be a uncertainty averse representation of a preference 7. Then (ﬂ, G) 18
another uncertainty averse representation of = if and only if there exist « > 0 and 3 € R such that
@ =oau+fp and G (t,p) = aG (a‘l (t—ﬁ),p) + 8 for all (t,p) € u(X) x A.

In Theorem 3 we establish the minimality, but not the uniqueness, of the index G. The next result
shows that uniqueness holds when - satisfies A.6, that is, when u (X) = R.

Proposition 5 Let = be an uncertainty averse preference that satisfies A.4-A.6. Then, G* defined
in (8) is the unique lower semicontinuous G € G (u(X) xA) for which (7) holds.

3.3 Comparative Attitudes

Based on Ghirardato and Marinacci [22], given two preferences 771 and 72, say that 71 is more

~

uncertainty averse than 7o if, for all f € F and x € X,

In other words, 771 is more uncertainty averse than =5 if, whenever ~; is “bold enough” to prefer
an uncertain act f over a constant outcome x, then the same is true for 7.

Next we show that comparative uncertainty attitudes are determined by the functions G. Here
u1 & uy means that there exist « > 0 and § € R such that u; = aus + 0.

Proposition 6 Given two preferences 71 and o with uncertainty averse representations (ui, G1)

and (ug, Ga), the following conditions are equivalent:
(i) 71 is more uncertainty averse than 7o,
(ii) w1 =~ ug and Gy < Gy (provided uy; = usg).

Given that u; =~ us, the assumption u; = wug is just a common normalization of the two utility
indices. Therefore, Proposition 6 says that more uncertainty averse preference relations are character-
ized, up to a normalization, by pointwise smaller functions G. The function G can thus be properly

interpreted as an index of uncertainty aversion.

Assume u (X) = R. Since inf,ea G (t,p) = t, the maximally uncertainty averse index is given by
G (t,p) =t for all t € R and all p € A. Therefore, the preference functional

V() =iy [ u(f)dp = minu (7 (5).

J4S seS

13In other words, a pair (u,G) € U (X) x G (u(X) xA) is an uncertainty averse representation of - if G is linearly
continuous, and (7) and (8) hold.



represents preferences that are maximally uncertainty averse.

Subjective expected utility preferences are, instead, minimally uncertainty averse. In fact, suppose
7 is a subjective expected utility preference, represented by V (f) = [w (f)dg, for some g € A. Its
uncertainty index is G (t,p) =t + 04 (p) for all (¢,p) € RxA, where d, denotes the indicator function

511(10):{ 0 r=a

0 p#Fq.

Suppose G’ € G (R x A) is such that G’ > G. To prove the minimal uncertainty aversion of
7 we need to show that G’ = G. We have G’ (t,p) = G (t,p) = oo for all t € R if p # ¢; while
t < G(t,q) < G'(t,q) for all t € R. But then, G’ (¢,q) = minyea G’ (t,p) =t for all t € R, and so
t=G(t,q) =G (t,q) for all t € R. We conclude that G = G’, as desired.

3.4 Games against Nature

As mentioned in the Introduction, our setting admits a game against Nature interpretation, where
decision makers believe that they are playing a zero-sum game against (a malevolent) Nature. Here f
and p become, respectively, the strategies of the decision maker and of Nature, and the interpretation
of the axioms has to be suitably modified. For example, in Axiom A.3 the reason why decision makers
prefer to randomize among indifferent acts is because this makes more costly for Nature (which has
no control on the random device) to reply.

A key ingredient in this interpretation is the specification of a cost function of Nature. To this
end, next we introduce parametric cost functions ¢ : T' x A— (—o0, 00|, where ¢ (¢,p) is the cost for

Nature to play p at value ¢ of the parameter.

Definition 7 Given an interval T of the real line, a function ¢ : T x A— (—o0, 00| is a parametric

cost function if:

(i) ¢ is nonnegative on T X A;

(ii) c(t,-) is quasiconvex on A for allt € T;

1) c(t,-) is grounded, i.e., inf,ca c(t,p) =0 for allt € T.
P

It is easy to check that if G € G (T'xA), then the difference G (t, p) —t is indeed a parametric cost
function. Therefore, in the equality

G(t,p)=t+c(tp) (11)

the function ¢ is a parametric cost function. As a result, we can rewrite the representation (7) as

rzoe i { fonae([unas) 2 n{ [vware( [uwwr)}

As observed in the Introduction, this is arguably the most general form of a game against Nature
and special cases are determined by suitably specifying the parametric cost function c. In particular,

this cost function is parametrized by both players’ strategies f and p through their expected utility
Ju(f)dp.

Representation (12) can be summarized by a pair (u,c), where ¢ is a parametric cost function
for Nature that corresponds, via (11), to an uncertainty averse representation. The comparative
relation (10) can now be used to behaviorally pin down such cost functions. For, notice that, given a



decision maker’s act f, Nature can affect the relative likelihood of the act f outcomes by choosing a
probabilistic model p, unless f is a constant act (in which case Nature has no power).

Hence, if 75 prefers an uncertain act f over a constant one x whenever also ; does, here this
means that -5 is less worried than ~—; about Nature’s ability to impair his acts’ outcomes. The
following version of Proposition 6 shows that in the representation (12) this translates into higher cost

functions ¢ for Nature.

Proposition 8 Two preferences 71 and 7o, with representations (uy,c1) and (us, o), satisfy (10) if

~

and only if u; = us and ¢; < co (provided u; = us ).

In other words, relative to 772, the decision maker 7-; behaves as if he is believing to face a more

powerful Nature, that is, a Nature that incurs in lower costs for her actions.

3.5 More on Continuity

As we already observed, Axiom A.7 is a uniform continuity condition when added to Axiom A.5. Since
Axiom A.5 implies A.7 under minimal independence assumptions on acts, Axiom A.7 is redundant in
derivations that assume some form of independence (even very weak form of independence actually
ensure the Lipschitzianity of the representing preference functional).

In our independence-free setting, Axiom A.7 delivers an interesting version of our representation,

in which the index G belongs to £ (T'xA) and thus features stronger continuity properties.
Theorem 9 Let =~ be a binary relation on F. Then, the two following conditions are equivalent:

(i) 7 is uncertainty averse and satisfies axioms A.4-A.7;

(i) there exist an affine u : X — R, with u(X) =R, and a G : RxA — (—o00, 00| that belongs to
E (RXA) such that, for all f and g in F,

ftg@géigG</U(f)dpvp) ZminG</U(g)dp,p)~ (13)

pPEA

The function u is cardinally unique and, given u, the index G is unique and given by

Gt =swp {utep)s [utnap=1}. (14)

feF

If, in addition, ¥ is a o-algebra, then = satisfies axiom A.8 if and only if there is ¢ € A such
that G (-,p) = oo for all p ¢ A (q); in particular A can be replaced with A% (q) in (13).

Observe that, inter alia, we now have an equality sign in (14), something that simplifies the
elicitation of G since less acts f have to be considered. Moreover, inspection of the proof shows that
A.1-A.6 actually suffice to have this equality sign, as well as the possibility of replacing A with A7 (g)

(provided X is a o-algebra and 7 satisfies axiom A.8).

4 Special Cases

Uncertainty averse preferences are a very general class of preferences and in this section we present

important special cases that can be obtained by suitably specifying the uncertainty aversion index G.
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4.1 Variational Preferences

We begin with the variational preferences of Maccheroni, Marinacci, and Rustichini [34]. A pair (u,c)
is a variational representation of a preference 7 if v : X — R is an affine function and ¢ : A — [0, o0]

is a lower semicontinuous convex function, with inf,ea ¢ (p) = 0, such that

rzge=nn{ [u@drem |z up{ [u@dcm], (15)

pe

for all f and g in F.

As shown by [34], a preference admits a variational representation if and only if it is an uncertainty
averse preference that satisfies both Axiom A.5 and the following weak independence axiom, discussed
in detail in [34].

Axiom A. 9 (Weak Certainty Independence) If f,g € F, z,y € X, and a € (0,1),
aft(l-a)zzmag+(l-—a)z=af+(1-a)yZag+ (1 —a)y.

In this case, 7~ is said to be a variational preference. A variational preference - satisfies A.4 (it is
implied by A.9) and, setting
G(t,p)=t+c(p), (16)

the pair (u, G) clearly represents = in the sense of (7). More is actually true:

Proposition 10 Let u: X — R be affine with u(X) =R. If (u,c) is a variational representation of
7, then, setting
G(tp)=t+c(p)  V(tp) eRxA, (17)

(u, G) is an (additively separable) uncertainty averse representation of 7.

Conversely, if (u,G) is an additively separable uncertainty averse representation of 7=, i.e.,
Gtp)=7{t)+clp) V(,p)eRXA

for some v : R — R and ¢ : A — [0, 00] with infpea c(p) = 0, then «v is the identity and (u,c) is a

variational representation of 7.

Variational representations are thus nothing but additively separable uncertainty aversion repre-
sentations. Notice that in the game against Nature interpretation, the variational case corresponds

to a parametric cost function c (¢, p) for Nature that does not depend on ¢.

4.2 Smooth Ambiguity Preferences

The smooth ambiguity preferences studied by Klibanoff, Marinacci, and Mukerji [30] provide another
example of uncertainty averse preferences. In this subsection we will study their uncertainty averse
representation.

A triplet (u, ¢, 1) is a smooth (ambiguity) representation of a preference 7~ if u : X — R is an affine
function, ¢ : R — R is a strictly increasing function, and p is a countably additive Borel probability
measure on A such that

rzoes [o [uueae)uw = [o [vuordme)anm. s
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for all f,g € F.1

As in standard statistical decision theory, the first-order probabilities p are possible models that
govern states’ realizations, while the second-order probabilities y are priors on such models. As
discussed by [30], because of ambiguity the function ¢ may not be linear. In particular, the concavity
of ¢ reflects ambiguity aversion and in this case 7 is an uncertainty averse preference.

Throughout the paper we will consider the ¢ concave case. In order to establish the uncertainty
averse representation of these smooth preferences, we need to introduce a family of statistical distance

functions.?

4.2.1 A Family of Statistical Distance Functions

Denote by A (B(A), ) the set of all (second-order) countably additive Borel probability measures
on A that are absolutely continuous with respect to p. In particular, given a v € A% (B(A), ),
denote by dv/du the Radon-Nikodym derivative of v with respect to u. Moreover, ¢* : R — [—00, 00)
is the concave conjugate of ¢, given by ¢* (z) = infrer {kz — ¢ (k)}.

For all t € R, define I (- || u) : A7 (B(A), p) — [—00,00] by

Aw|m=¢*(ng—/w(ﬁZ)mD—m (19)

The function I; (- || ) is a statistical distance on A (B (A), ), as next we show.
Proposition 11 For allt € R,

(i) I (|| 1) = 0;

(i) I (v || w) >0 for each v € A% (B(A), u);
(i5i) Ip (- || 1) is quasiconver;

(iv) I (- || p) is lower semicontinuous and coercive, i.e., the lower contour sets {v € A% (u) : I; (v || p) <
are weakly compact in A (B(A),u) for all ¢ € R.

Example 12 The classic relative entropy R (v || p1) is an example of function I;. For, consider ¢ () =

—e 9 with # > 0. Simple algebra based on Proposition 15 below shows that

1
Ll =5Rwlm, VeR

In particular, when 8 = 1 we get I (v || u) = R (v || ) for all ¢ € R. Notice that in this special case
I; does not depend on t. A

In a different context, this family of statistical distances has been considered in Mathematical
Finance by Frittelli [19] and Bellini and Frittelli [5]. There is an interesting relation between the

degree of concavity of ¢ and the magnitude of the induced distance I;.

Proposition 13 Suppose ¥ is not trivial. Then, given two strictly increasing and concave functions

¢1, 92 : R — R, the following conditions are equivalent:

M1n richer settings (whose specification is beyond the scope of this paper), Ergin and Gul [17], Klibanoff, Marinacci,
and Mukerji [30], Nau [38], and Seo [46] provide behavioral conditions that underlie the representation (18). Observe
that, when needed, ¢ and ¢~ denote the extended-valued continuous extentions of ¢ and ¢~ from [—o0, o0] to [—o0, c0].
See (65) in Appendix B.

15See [32] for a thorough study of statistical distance functions.
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(i) ¢1 is more concave than ¢o;'°
(i) T (|| ) < T2 | ) for all p € A” (B(A)) and t € B.

In particular, ¢, =~ ¢9 implies I' = I2. This means, inter alia, that in terms of I the functions ¢
are unique up to positive linear transformations, and can therefore be normalized.

We now introduce a class of functions for which it is relatively easy to compute I;. Here it is
convenient to normalize ¢ by setting ¢ (0) = 0 and ¢’ (0) = 1.

Definition 14 A normalized function ¢ : R — R is order Orlicz if it is strictly increasing, strictly
concave, differentiable, and there exists o > 1 such that k¢' (k) /¢ (k) > o/ (a —1) for k < 0 small
enough and k¢’ (k) /¢ (k) < af (o + 1) for k > 0 large enough.

Order Orlicz functions are thus characterized by “tail” conditions on the elasticities k¢’ (k) /¢ (k)

of ¢. The normalized negative exponential is an example of order Orlicz function.

Proposition 15 If ¢ is order Orlicz, then

i =0t ([wow (k)5 )an) 1, weRvedmni(ln 0

where ) = (¢/) " and k (v) € (0,00) is the only solution to the equation

/1/1 (ij) dv =t. (21)

In other words, when ¢ is order Orlicz, the index I; can be computed in two stages. First, k (v) is
determined via (21), and then it is used to determine I; via (20). This procedure is known (see [29]),

our contribution is to identify a class of functions in which it works (see also [44]).

4.2.2 Uncertainty Averse Representation

We can now state the announced representation. A piece of notation: p = f A qdv (q) means

p<A>:/Aq<A>dy<q> VA€ B(A).

Theorem 16 Let u: X — R be an affine function with u(X) =R, ¢ : R — R a strictly increasing
and concave function, and i a countably additive Borel probability measure on A. The following

conditions are equivalent:

(i) (u, @, n) is a smooth representation of 7,

(i) (u,G) is an uncertainty averse representation of 7=, where, for all (t,p) € R x A,

~?

G(t,p)=t+ min I; (v | ), (22)
vel(p)

with

T ={vearB@m o= [},

under the convention G (-,p) = oo when T (p) = 0.

16That is, there exists a strictly increasing and concave h : ¢1 (R) — R such that ¢2 = ho ¢1.
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The important part of Theorem 16 is (22), which provides an explicit formula for the uncertainty
aversion index G in the smooth case.

To interpret this formula, first observe that the term T (p) has a very simple decision theoretic
interpretation in terms of the standard operation of reduction of compound lotteries (i.e., of averaging
of second-order probability measures, in our general setting). In fact, I’ (p) is nothing but the set of
all second-order probabilities v that are absolutely continuous with respect to p and that have p as
their reduced, first-order, probability measure on S.

When the support of p is finite, say supp (1) = {q1, ..., ¢n }, there is at most one second-order prob-
ability v with this property provided the first-order probabilities in supp (u) are linearly independent.
In fact, in this case we can identify p with a vector (pu1, ..., tn) € A, where A,, denotes the simplex
in R™. Thus, A% (B(A), u) can be identified with A,,, and

I'(p) = {1/ EAT(B(A),p):p= Z%‘Vi for all 1 = 1,...,n} , Vp € A.

i=1
In other words, T (p) is the set of all possible weights v = (4, ..., ) € A, such that p can be written
as a convex combination of the probabilities ¢; in supp (¢). The set T' (p) is nonempty if and only if p
belongs to the convex hull of the support of u; that is, T' (p) # 0 if and only if p € co (supp (¢)). When
this happens, I' (p) is a singleton if the probabilities in supp (u) are linearly independent. Thus, the

nonsingleton nature of T' (p) reflects a linear dependence of the probabilities in supp ().

In view of this decision theoretic interpretation of I (p), we can say that G (t,p) is determined
in formula (22) by evaluating all second-order probabilities v in I' (p) through the distance I, (v || p)
with respect to p. The least distant one is then selected. Probabilistically, the term G (¢, p) — ¢, that
is, min,ep(p) It (v || @), is called the I; distance of y from I'(p) and an element of I'(p) where the
minimum is achieved is called projection of p on I' (p) (see Csiszar [10]).

Summing up, by Theorem 16,

o ([o([othan)auw) =min([nas min 1 wpalm) @)

for all f € F. Here the game against Nature interpretation is especially stark. In fact, the parametric

cost function of Nature ¢: R x A — (—o0,00] is given by

c(t,p) = min I; (v ,
(t.) = min I(v | )

that is, by the I; distance of p from I (p).

4.2.3 Exponential Case and Overlap

Consider the important exponential case ¢ (t) = —e~%, which corresponds to constant ambiguity
aversion (see [30, p. 1866]). In this case we have the following version of Theorem 16, where I; (+||x)

reduces to the relative entropy R (-||p).

Corollary 17 Let u : X — R be an affine function with u(X) =R, 8 > 0 a real number, and p a

countably additive Borel probability measure on A. The following conditions are equivalent:

(i) (u, 7679('),/1) is a smooth representation of 7,

14



(i) (u,G) is an uncertainty averse representation of 7=, where

~7?

1
G(t,p)=t+ - min R(v | u), V(t,p) e Rx A.
91/61—‘(17)

(ii) (u,c) is a variational representation of ¥, where ¢ (p) = §min,er) R (v || 1) for all p € A.

~J

Hence, here (23) becomes:

~glog [ e O (o) —min{ [ u(F ) dp(s)+ 5 min Rl ) |-
0 A S QVEF(p)

PEA

Corollary 17 thus shows what we already observed in the Introduction: the exponential case is
thus both a smooth and a variational representation. Next we show that the exponential case is also,
basically, the extent to which these two representations overlap.

Theorem 18 Let u : X — R be affine with uw(X) =R and ¢ : R — R be a strictly increasing and
concave function. The triplet (u, ¢, 1) represents a variational preference for all countably additive
Borel probability measures pn on A if and only if ¢ is CARA.

4.2.4 Quasi-Arithmetic Representation and Multiplier Preferences

We close this subsection by briefly considering preferences - that correspond to an objective function

V() =o! ( [@en dq) . vYierF (21)

where u : X — R is an affine function, ¢ : R — R is a strictly increasing and continuous function, and
q € A7 is a (countably additive) probability on S.17 We call (u, ¢, q) a quasi-arithmetic representation
of = and we refer the interested reader to Strzalecki (2007) for a recent discussion of this setting.

When ¢ is the negative exponential —e~%, the representation (24) takes the variational form

vin= min { [unasrela}. (25)

pEAT(

with the relative entropy R (p || ¢) as cost function. This variational representation corresponds to
the Hansen and Sargent multiplier preferences ([28], [27]). In particular, Strzalecki (2007) provided
behavioral conditions on variational preferences that characterize (25).

When ¢ is a general concave function, not necessarily exponential, the quasi-arithmetic represen-
tation (24) is uncertainty averse but, in general, no longer variational. The next result, based on the
techniques that we just developed to represent smooth preferences, establishes the general uncertainty
averse representation of (24), thus generalizing its variational representation (25) obtained for the ¢

exponential case.'®

Theorem 19 Let u : X — R be an affine function with u(X) =R, ¢ : R — R a strictly increasing

and concave function, and q € A a probability measure on S. The following conditions are equivalent:

17Tt can be checked that a preference 7 satisfies Savage’s axioms P1-P6 and Axioms A.4, A.5, and A.8 if and only if
it can be represented by (24) with a nonatomic q. Moreover, 7 also satisfies Axioms A.3, A.6, and A.9 if and only if ¢
is CARA (these observations have been made jointly with Larry Epstein).

18We omit the proof of this result because it is essentially an elementary version of the more complicated Theorem

16 and Corollary 17. Similarly, we omit the proof of Proposition 20, which is a simpler version of that of Theorem 18.
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(i) (u,d,q) is a quasi-arithmetic representation of 7,

(i) (u,G) is an uncertainty averse representation of -, where for each t € R,

~o?

(26)
00 else.

G(t,p):{ t+1li(plla) ifpecA(a),

In particular, ¢ (t) ~ —e=%, with § > 0, if and only if I; (p || ¢) =0 R (p || q).

By (26), we thus have

¢! (/S (¢ou)(f) dq> = dain {/u(f) dp + Iy u(pyap (Pl q)}

for all f € F. In the game against Nature interpretation, this means that Nature’s parametric cost
function ¢ (¢, p) is given by the statistical distance I; (p || q)-

Finally, a result parallel to Theorem 18 holds here.

Proposition 20 Let u: X — R be affine with u(X) =R and ¢ : R — R be a strictly increasing and
concave function. A triplet (u, ¢, q) represents a variational preference for all probabilities ¢ € A7 if
and only if ¢ is CARA.

In other words, the multiplier representation (25) is basically the overlap between variational and
quasi-arithmetic representations.

4.3 The Homothetic Case

Proposition 10 showed that variational preferences correspond to additively separable uncertainty
indices. Next we study the multiplicatively separable case. A related model has been studied by
Chateauneuf and Faro (2006), as we detail below.

Behaviorally, this case turns out to be characterized by the following weak independence axiom

with respect to a reference outcome x, (think for example of the agent endowment).
Axiom A. 10 (Homotheticity) If f,g € F and o, 8 € (0,1],
af+(l-a)z.mag+ (1l —a)z, = Bf+ (1 =Pz 7 Bg+ (1 — ) s

Relative to axiom A.9, here the weights « and (3 can differ, while the constant act z, is fixed.
Axioms A.9 and A.10 can thus be regarded as symmetric weakenings of the Certainty Independence
axiom of Gilboa and Schmeidler [24] (see the discussion in [34, pp. 1454-1455]). In particular, a
preference satisfies the Certainty Independence axiom if and only if satisfies both axioms A.9 and
A.10.

Theorem 21 Let - be an uncertainty averse preference that satisfies axioms A.4-A.7 and (u, G) be an

uncertainty averse representation of - such that u (xz.) = 0. The following conditions are equivalent:
(i) 7 satisfies axiom A.10;

(i) there exist a nonempty, weak* closed, and convex subset C' of A and two functions c1,cq : C —
[0, 00], such that

(a) c1 is concave and upper semicontinuous, with 0 < inf,cc c1 (p) < maxpeccr (p) = 1;
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(b) co is convex and lower semicontinuous, with minpec co (p) = 1;

(c) for all (t,p) € R x A,

1@)) ift>0andpeC

: ift<0andpeC (27)
ifpe A\C

O

G(t,p) =

c2(p)

8

(iii) there exist v : R — Ry, with v (t) = 0, if and only if t = 0, and dy,ds : A — (—00, 0] such
that, for all (t,p) € R x A,

) y@®di(p) ft>0andpeA
G(t,p){ v(t)da(p) ft<0andpeA

with the convention 0 - 0o = 0.
By Theorem 21, we have the following representation result.
Corollary 22 Let - be a binary relation on F. Then, the two following conditions are equivalent:
(i) 7 is uncertainty averse and satisfies axioms A.4-A.7, and A.10;

(ii) there exist an affine u: X — R, with u(X) =R and u(x.) =0, a nonempty, weak* closed, and
convex subset C' of A, and two functions c¢1,co : C — [0,00] as in points (a) and (b) of Theorem
21 such that, for all f and g in F, f 7= g if and only if

((Mf)dp)*_(fu(f)dp)) (UMWPV U“(g)dp)). (28)

c1(p) c2 (p) c1 (p) c2 (p)

> min
peC

min
peC

In this case, u is unique up to multiplication by a positive scalar, C, c1, and co are unique.
If, in addition, ¥ is a o-algebra, then = satisfies axiom A.8 if and only if there is ¢ € A such
that C C A7 (q).

For example, if f (s),g (s) ZZ z. for all s € S, then (28) becomes:

. Ju(f)dp . Ju(g)dp
fRo=ma =0 2

This is the specification studied by Chateauneuf and Faro (2006), who assume the existence of a worst

outcome with respect to which A.10 holds.

We close with couple of remarks. First notice that cs can take value co. In particular, we can have
2 (p) = oo for all p € C. In this case G (¢,p) = 0 for all t < 0 and p € C, and (28) becomes:
> min

o Jundn)” (Julg)dp)”
fRo= peC c1 (p) = peC c1 (p) '

Second, we already observed that a preference satisfies the Certainty Independence axiom of Gilboa
and Schmeidler [24] if and only if satisfies both axioms A.9 and A.10. This means that a preference
is both variational and homothetic if and only if is multiple priors. This can be seen also from the
properties of the uncertainty aversion indices. In fact, by (17) and (27), an index G is both variational

and homothetic if:
t+c(p) = L ift>0and peC,

c1(p)
t—i—c(p):cip) ift<0andpeC,
t+c(p) =00 ifpe A\C.

17



It is easy to check that the unique solution is ¢(p) = 0 and ¢; (p) = ¢z (p) = 1 for all p € C, and
c(p) =00 if p ¢ C. We thus get

ftgﬁgéig/u(f)dpzmin/U(g)dp, (29)

peC

which is the multiple priors criterion. Notice that for fixed u and C, by Proposition 6, the agent using

criterion (29) is the most uncertainty averse of those using criterion (28).
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A Quasiconcave Monotone Functionals

In this Appendix we report the properties of a duality notion for monotone quasiconcave functionals
on which the results of the paper rest. This topic is studied in detail in [7], to which we refer the

interested reader.!?

Notation 23 In this section and in the next one we denote by X (resp, g : X — [—00,00]) an ordered

vector space (resp, an extended valued function).

This makes it easier to refer to [7]. See [33] and [2, Ch. 9] for all notions on ordered vector spaces

used here.

A.1 Preliminaries
A.1.1 Set Up

The Space and its Geometry

Assumption 1 (X, |||, >) is a normed Riesz space with order unit e and ||-|| is its supnorm, i.e.
lz]| = inf{a € R:|z| < ae} Vo € X.

Recall that any norm on a normed Riesz space with order unit is equivalent to the supnorm induced
by the unit.

The most relevant example for this paper is the function space By (), with order unit 1g. By (X)
also have the following important property: for every ideal J of By (X), the quotient space By (X) /J
is Archimedean. Normed Riesz spaces with this property are called hyper-Archimedean, and every
hyper-Archimedean space is actually Riesz isomorphic to suitable space By (X) (see, e.g., [33, Thm.
37.7)).

If y,z € X, [y, 2] is the order interval {z € X : y < x < z}. Notice that the closed unit ball of X
coincides with
[—ee] ={zreX:—e<z<e}. (30)

Denoting by X and X_ is the positive and negative cones in X, then the positive and negative unit
balls are
[e,e]N X4 =10,¢] and [—e,e] N X_ = [—e,0].

A subset Y of X is lower open (resp. upper open) if for all y € Y there exists € > 0 such that
[y —ce,y] CY (resp. [y,y+ee] CY). Clearly, open sets are lower and upper open (but, there are
subsets of R? which are lower and upper open, without being open).

For every x € X, set

esssup (z) =inf{a € R: 2 < e} and essinf (z) = —esssup (—z).
By definition of supnorm, [|-|| = esssup (|-|). For any interval T of the real line, set

X (T)={x € X : [essinf (z) ,esssup (z)] C T} .

19For the sake of completeness, in this version of the paper we report the proofs of almost all the formal statements
with the following mark-up: an asterisk “*” for those results that are special cases of those in [7], a pound “#7 for
standard verifications.
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It is easy to check that X (T) is convex, and either lower open (if and only if inf T ¢ T') or upper open
(if and only if supT ¢ T') or it is an order interval ([(inf T") e, (supT') e]). Moreover, it is open if and
only if T is open.

If X = By (%), then X (T') = By (£,T) is the set of functions in By (X) whose range is contained
inT.

We denote by X* the topological dual of X. Elements of X* are usually denoted by &, and (¢, x),
with z € X, denotes the duality pairing & (x). X7 the set of all positive functionals in X*. Notice
that, by (30), [[£|| = (£, e) for all £ € X7. In particular the set

A={eex ¢l =1}
is (and weak* compact and) convex since it coincides with {£ € X1 : (£, e) = 1}.
Assumption 2 A is equipped with the weak* topology.

A subset C of X is evenly conver if it is the intersection of a family of open half spaces.?’ Evenly

convex sets are convex, and intersections of evenly convex sets are evenly convex.

Lemma 24 A set C is evenly convez if and only if for all T ¢ C there is ¢ € X* such that <g,j> <
<g,x> forallz € C.

By standard separation results, both open convex sets and closed convex sets are then evenly

convex.
Lemma 25 For every interval T of R, X (T') is evenly convez.

Proof.” If T is a closed half line, then X (T) is of the form z + X for some z € (e), and it is closed
and convex.

If T is a open half line, then X (7') is the interior of a set of the form z + X, for some z € (e),
and it is open and convex.

Else, there exist two half lines 77 and T" such that T =T'NT", in this case

X(T)=X(T'NT")={x € X : [essinf (z) ,esssup ()] CT' NT"}
— X ()N X (T"),

and X (T) is evenly convex being an intersection of evenly convex sets. |

Functions

Y CX,g:Y — [—00,00], and a € [—00, 0], we set

{92a}={yeY :g9(y) >a},

{g > a}, {g <a}, and {g < a} are defined in the same way.

For functions g : X — [—00,00], the relevant notion of effective domain, dom (¢g) depends on
whether we consider the hypograph or the epigraph of g. In the former case we have dom (g) =
{g > —oo}, while in the latter case we have dom (¢g) = {g < oo}. For functions g : X — [—00,00) it
is natural to consider hypographs, and so dom (g) = {g > —oo}. Symmetrically, we have dom (g) =
{g < oo} for functions g : X — (—00, 00]. In any other case the definition of dom (g) will be explicitly
given.

A function g : X — [—o00, 00] is:

20With the convention that such intersection is X if the family is empty. The notion of even convexity and its basic
properties are due to Fenchel [18].
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e monotone if x > y implies g (x) > g (y);

e cvenly quasiconcave if the sets {g > a} are evenly convex for all a € R;
e cvenly quasiconvex if the sets {g < a} are evenly convex for all « € R;
e positively homogeneous if g (Ax) = Ag(x) for all A > 0 and z € X

o normalized if g (ae) = a for all a € R;

e translation invariant if g (x + ae) = g (z) + « for all @ € R.

Clearly, evenly quasiconcave functions are quasiconcave. Moreover, both lower and upper semi-
continuous quasiconcave functions on X are evenly quasiconcave.

Observe that when g is positively homogeneous on X, then g (0) = Ag(0) for all A > 0, so that
either ¢ (0) = o0 or ¢ (0) = 0. In particular, g (0) = 0 if it is finite.

If g is defined on a subset Y of X the above definitions remain unchanged with the additional
requirement that all the arguments of g (-) belong to Y.?!

If {x,,} is a sequence in X, write x,, /" x (resp. x, \, x) if it is increasing (resp., decreasing) and

it converges to x in norm. A function g:Y — R is:

o left (sequentially) continuous at x € Y if {z,} CY and z,  « implies g (z,) — g (x);

o right (sequentially) continuous at x € Y if {z,,},, C Y and z,, \,  implies g (z,,) — g ().
Upper (and Lower) Semicontinuous Envelopes

Given x € X, denote by N, the set of all neighborhoods of z in X. Given a function g : X —

[—00, 00], its upper semicontinuous envelope g : X — [—o0, 00| is defined by (see [11, Ch. 3])

+ — inf .
g* (@)= inf Sup g W), VrelX;
and hence
{g" >a} = ﬂ{g>ﬁ}, Vo € R. (31)
B<a

Moreover, gt is the least upper semicontinuous function on X that pointwise dominates g.

Lemma 26 If g : X — [—o00,00] is monotone, then g* is monotone and g* (x) = inf, g (z,) for all
x € X and every sequence x, such that x,, — x and x,, > x for all n € N.22

Moreover, g© is quasiconcave provided g is.

Proof. Let x € X. For each n > 1, set V,, = [22 — a, 2] = [ — €n, 2 + €3], where e, = ©,, — x
for all n € N. Belonging to the interior of Xy, e, is an order unit for all n € N, and e,, — 0. In
particular, V,, € N, for all n € N. Therefore, infyen, sup,err g (y) < inf, sup,cy, g (y). Moreover,
since e,, — 0, for each U € N, there is ny € N such that V,,,, C U,?3 and we also have

supg(y) > sup g(y) >inf sup g(y).
yeU YEVny, n oyev,

21For example, positive homogeneity becomes: g (Ax) = Ag (z) for all A > 0 and = € X such that Az, z € Y.

222, > z means that z,, — = belongs to the interior of X{ (while z,, > z means that z, > z and z,, # z).

23There exists § > 0 such that [z — e,z + de] C U, but e, — 0 implies that eventually —en, e, C [—de, de], and
[t —en,z+en] Clx—de,x+de] CU.
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Then infyen, sup,ep g(y) > inf, sup,cy, g (y), and gt (x) = inf, sup,cy, 9 (y). By monotonicity of
9, supyey, g (y) = g (v,) and g* (z) = inf,, g ().
If z€ X and z < z, then g (sc + n_le) <g (z + n_le) for all n € N, whence

g7 (z) =infg(z+n'e) <infg(z+n"'e) = g7 (2),

thus g* is monotone.
Finally, if g is quasiconcave, (31) implies that g* as well is quasiconcave. |

Totally analogous results hold for lower semicontinuity: Given a function g : X — [—o00, 0], its

lower semicontinuous envelope g~ : X — [—00, 00] is defined by (see [11, Ch. 3])

g (z)= sup inf g(y), VreX;
UeN, yeU

and hence

{7 >a}=J{g>8}), VaeR (32)

B>«

Moreover, g~ is the greatest lower semicontinuous function on X that is pointwise dominated by g.

Lemma 27 If g : X — [—00,00] is monotone, then g~ is monotone and g~ (x) = sup,, g (z,) for
all v € X and every sequence x, such that x, — x and x > x, for all n € N. Moreover, g~ is

quasiconcave provided g 1s.

Proof.# Let z € X. For each n > 1, set V,, = [z,,22 — x,] = [z — en, T + €,], Where e, = x — z,,
for all n € N. Belonging to the interior of Xy, e, is an order unit for all n € N, and e,, — 0. In
particular, V,, € N, for all n € N. Therefore, supy ¢, infy e g (y) > sup,, inf ey, g (y). Moreover,
since e,, — 0, for each U € N, there is nyy € N such that Vo C U,?* and we also have

inf < inf < inf .
Jnf g (y) < ya (y) < sup inf g (y)
Then supyey, infyev g (y) < sup,, inf,cv, g (y), and g~ (x) = sup,, inf cy, g (y). By monotonicity of
g, infyev, g (y) = g (zn) and g~ () = sup,, g ().
If z€ X and z < z, then g (CC — n_le) <g (z — n‘le) for all n € N, whence

g (x) =supyg (.T - n_le) <supg (z — n_le) =g (2),

thus ¢~ is monotone.
Finally, if g is quasiconcave, then for all Voo € R and 3 > « the sets {g > 8} and {g > 3}° are

convex. Moreover, if z,y € U {g > B}° there are B,,3, > « such that z € {g > 3,}° and y €
B>a

{9 > 8,}°, wlog 8, > By, then {g > B,} C {g > B,}, {g>B:}° € {9 > 8,}°, and z,y € {g > S,}".

Therefore, since {g > 3,}° is convex, all the convex combinations of x and y belong to {g > 3,}° C

U {g > B}°. Conclude that U {g > B}° is convex and, by (32), g~ is quasiconcave. |

B>a B>«

24There exists § > 0 such that [z — e,z + de] C U, but e, — 0 implies that eventually —en, e, C [—de, de], and
[x—en,z+en] Clx—de,x+de] CU.
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A.1.2 Two Key Auxiliary Functions

Let 0 #Y C X and g : Y — [—00, 00]. Set
ge (1) =sup{g (x) sz € Y and (€,2) =t}

and
Ge (t) =sup{g(z):z €YY and ({, z) <t}

for all (¢,€) € RxA, with the usual convention sup ) = —oo.

These two functions, which will play a key role in what follows, can take values on [—oo, oo]. For
our analysis, the set where they can take on value oo is more relevant than that where they take on
value —oo. Hence, throughout the appendix we set dom (g¢) = {g¢ < oo} and dom (G¢) = {G¢ < oo}

The function G¢ is monotone and dominates ge. In fact, G¢ (t) = supy<; ge (k). Moreover:

(1) gae (at) = ge (t) for all & € R\ {0};

(i) Gag (at) = Ge (¢) for all a > 0.

Denote by gg' and GZ‘ the upper semicontinuous envelopes of g¢ and G¢, respectively. In particular,
by Lemma 26, Gg‘ (t) =1inf {G¢ (¥') : t/ > t} since G¢ is monotone.

The next lemmas give some basic properties of the function G¢ (the proofs, when omitted, can be
found in [7]).

Lemma 28 For any function g : Y — [—00,00|, the map (t,§) — Ge (t) is quasiconvex over R x A.
Moreover,

lim G¢ (t) = supsup G¢ (t) = sup g (x), VE e A.

t—00 CEA teR zeY
Proof.* Let (t1,&1),(t2,&) € R x A and « € (0,1). Consider the point (¢,¢’), with ¢/ = at; +
(1—a)ty and & = &y + (1 — ) &2. We have

{zeY (o)<t} C{xeY : (&, z) <t} U{z €Y : (&) <t} (33)

which implies G¢ (t') < max {Gg, (t1),Gg, (t2)}, as desired.

Moreover, G¢(t) < sup,cy g(z) for all t € R and all ¢ € A, so that supgca sup,eg G¢ (1) <
sup,cy ¢ (x). Similarly, g (y) < Ge ((§,y)) for all y € Y and all £ € A.

There exists a sequence {z,,} € Y such that g (z,) 1 sup,cy ¢ (z). Since t — G¢ (t) is monotone,

we have g (z,,) < Ge ((§, ) < limy_,oo Ge (¢) for all n € N. Hence,

sup g (z) =limg (z,) < lim Gg (t) < supsup G (t) < sup g ()
z€Y n t—o0 CEA teR z€Y

as desired. [

Lemma 29 Let Y be lower open and g :' Y — [—00,00] be monotone and lower semicontinuous.

Then, the map (t,&) — Ge (t) is lower semicontinuous on R x A.

Proof. Let A € R and (7,£) € R x A be such that G¢ (f) > . We want to show that G (t) > A for
all (¢,€) in a suitable neighborhood of (Z,£).
Since SUPy ey (£ ,4) <7 9 (y) > A, thereis yp € Y such that <£_, y0> <tand g (yp) > . SinceY is lower

open, eventually the sequence y,, = yo—n~'e belongs to Y and y,, /" 1o. As g is lower semicontinuous,
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there exists i € N such that y; € Y and g (yz) > A\. Moreover, <§_, yﬁ> = <§_, y0> —at <§,e> <t—-9¢
for § =n~"L
The set U = {£ € A: (&, yn) < ({,yn) + 0/2} is open in the induced weak* topology of A, and

for all (¢,€) € (t—0/2,00) x U we have
(€ yn) < (Eyn) +0/2<T—-0+8/2=1-6/2 <t.

Hence, G¢ (t) = supyey (e, <t 9 (Y) = g (yn) > A, as wanted. [

Remark 30 In particular, for all § € A, the map t — Ge (t) is lower semicontinuous and monotone,

therefore it is left continuous.
In the next Lemmas we assume Y = X.
Lemma 31 If g: X — [—00,00] is monotone, then G¢ = g¢ for all £ € A.

Proof.* Clearly, g¢ (t) < Ge () for all (t,£) € RxA. Suppose, by contradiction that ge (t) < Ge (t)
for some £ € A and ¢t € R. This implies that

sup{g(z) 1z € X and (§,z) =t} <sup{g(z):z € X and (§,z) <t}
=sup{g(z):z € X and ({,z) =t} Vsup{g(z):z € X and ({,x)

and
sup{g(z):x € X and ({,z) =t} <sup{g(z):z € X and ({,z) < t}.

Therefore there exists a point Z € X for which g¢ (t) < g(z) < G¢ (t) and (§,z) < t. But ({,z + ae) =
t, for a =t — (£, z) > 0. Hence, g(z) < g(& + ae) < ge (t) that leads to a contradiction. |

Lemma 32 Let h: X — [—00,00], ¢ : h(X) — [—00,00] be extended-valued continuous and mono-
tone, and g = p o h. Then, G¢ (t) = ¢ (He (t)) and ge (t) = ¢ (he (t)) for all (€,t) € R x A.

Proof.# We prove that, in general

sup g (z) = ¢ (Sup h (w))

zeC zeC

for each nonempty set C, h : C' — [—00,00], ¢ : h (C) — [—00, 0] extended-valued continuous and
monotone, and g = @ o h.

It is then sufficient to observe that, for all (§,t) € R x A, the sets {z € X : (¢,x) <t} and
{z € X : ({,x) =t} are not empty.

Since C is not empty, there exists sequence z,, in C such that h (z,) — sup,cc h (z). Therefore
H = sup,ec h(z) € h(C). By definition H > h(z) for all z € C and monotonicity of ¢ implies
w(H) > ¢(h(z)) = g(x) for all x € C. That is, ¢ (H) is an upper bound for g on C. Assume, per

contra, there exists an upper bound m for g on C such that m < ¢ (H), then ¢ (h(x,)) — ¢ (H) and
eventually m < ¢ (h(x,)) = g (z,), a contradiction. [
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A.2 General Representation
A.2.1 A Theorem of de Finetti and its Extension

The next result shows that a function g can be recovered from the scalar functions g¢ (¢) and Ge (t)
as long as g is quasiconcave. Here we only consider the monotone case, and we refer the reader to [7]
for a general version and for a proof. An early version of this result for the function g¢ can be found
in de Finetti [13, p. 178], while a closely related general formulation can be found in [39, Theorem
2.6]. Notice that versions of this result play an important role in microeconomic duality theory (see,
e.g., Diewert [15]).

Theorem 33 A function g : X — [—00, +00] is evenly quasiconcave and monotone if and only if

g(x) = {122 Ge (<§?x>) = ggggf (<£,JJ>), Ve € X. (34)

Moreover:

(i) If g is lower semicontinuous, then the infima in (34) are attained for all x € X.
ii) If g is upper semicontinuous, then G¢ and g¢ in (34) can be replaced with G and g, respectively.
§ 3 13 13

Proof.* First, by Lemma 31, G¢ ((§,2)) = g¢ ((§,2)), for all z € X and £ € A. Therefore it suffices
to prove the statement only for the functions G.
“If” Suppose g is evenly quasiconcave and monotone.
If g = +00, then
Ge(t) =sup{g(y):y € X and ({,y) <t} ==+o0

for all (¢,€) € RxA, and the result is trivial.
Else, since
9(x) <G (&), VzeX, VEEA, (35)

then
9() < inf Ge((ga),  VaeX. (36)

If z is a global maximum for g on X, equality holds in (35), and so in (36). Assume that z € X is
not a global maximum.

Let 7 € R be such that {g>7} # 0 and z ¢ {g > r}. Since the latter set is evenly convex, by
Lemma 24, there exists £ € X* such that ({,z) < ({,z) for all z € {g >r}. Clearly, { # 0 hence
(¢/ HEH z) < (& ||§_|| ,x) for all z € {g > r}. Wlog ¢ belongs to the unit ball in X*. Next we show
that ¢ is positive, thus (wlog) £ € A. Let z € X, and take y € {g > r}. Notice that, by monotonicity,
y+nze{g>r}forallneN, andso ({,z) < ({,y) +n (& z). Then, (£, z) >n~' (({,z) — (£,v))
for all n € N, which implies <5 , z> > 0, as desired. We have shown the following:

Fact For all » € R such that {g >r} # ) and Z ¢ {g > r}, there exists { = &. € A such that
(&z) < ({z)forallz € {g=>r}

Case 1: Suppose g () € R. Since Z is not a global maximum, there is £ > 0 such that {g > ¢ () + &} #
) for all € € (0,]. For all such e, # ¢ {g>g(Z)+¢e} # 0. Then there exists { = & € A
such that (£,7) < ({,z) for all z € {g>g(z)+e}. Thatis, {g>g(z)+e} C {{>(z)} and
{€<(&7)} S{9<g(x)+¢c}. Thus, G¢ ((€,7)) < g(T) +¢ and
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Since this is true for all € € (0, &], it implies equality in (36).

Case 2: Suppose g(Z) ¢ R. Then g(Z) = —oo, because g (Z) = +oo implies that Z is a global
maximum. Since g # —oo, there is # € N such that {g > —n} # 0 for all n > 7. For all such n,
z ¢ {g > —n} #0. Then there exists { = &, € A such that (£,z) < (§,z) for all x € {g > —n}. That
is, {g > —n} C {§_> <§_,i>} and {ég <§,§7>} C {g < —n}. Thus G¢ (<§_,5>) < —n and

9(@) < Inf Ge ((6,2)) < Ge ((€.2)) < —n.
Since this is true for all n > i, infeea Ge ((€, %)) = —00 = ¢g (&), and again equality holds in (36).

“Only if”. Suppose (34) holds, i.e., g (z) = infeen G ((€, x)) for all z € X.

Let r € Rand 7 ¢ {g > r}, ie., g (%) < r. It follows that there is £ € A for which Ge (& x)) <.
If there is y € {g > r} such that <§_,y> < <§_,£>, then g (y) < G¢ (<§_,i>) < r, a contradiction.
Therefore, <§_,:E> < <f_,y> for all y € {g > r}. By Lemma 24, {g > r} is evenly convex. Since this is
true for all » € R, g is evenly quasiconcave.

If £ >y, then (§,z) > (£, y) for all £ € A, Ge ((€,x)) > Ge ((€,y)) for all £ € A, and g (z) > g (y).
That is ¢ is monotone.

(i) Suppose that g is lower semicontinuous, then — by Lemma 29 — the map (¢, ) — G¢ (t) is lower
semicontinuous on R x A. For all z € X, the map & — ((£,z), &) is continuous, thus their composition
& — Ge¢ ((§,x)) is lower semicontinuous and, by the Weierstrass Theorem, it admits minimum point

on the compact set A.

(ii) Let z € X. If Z is a global maximum for g on X, then, by (35) and the definition of upper

semicontinuous envelope,
9(7) S Ge ((6,7) Gf ((6,7) G ((€,7) +1) < g(z), VEEA,

and g (7) = infeea GF ((6,7)).

If Z is not a global maximum for g on X. There exists a sequence {r,} C R such that r, | ¢ (Z)
and T ¢ {g > r,} (that is g () < ry,) for all n € N (in fact, it cannot be g (Z) = 00). Moreover, since
there exists § € X such that g (y) > g (%), eventually g (§) > r,, and {g > r,} # 0. Wlog {g > r,,} #0
for all n € N.

Let n € N. Since {g > r,,} is closed, convex, and nonempty, by a strong separation theorem there
are £, € X* and g, > 0 such that (&,,%) + &, < (&, ) for all x € {g > r,}. Since &, # 0, then
(&l 16l @) +en/ I€nll < (En/ [I€nll, x) for all z € {g > r,}. Wlog &, belongs to the unit ball in X*.
Next we show that &, is positive, thus (wlog) &, € A. Let z € X and take y € {g > r,}. Notice
that, by monotonicity, y + mz € {g > r,} for all m € N, and so (£,,Z) + e, < ({n,y + mz). Then,
(€n,2) > m™ (&0, %) + en — (En,y)) for all m € N, which implies (£,,2) > 0. This is true for all
n € N.

Therefore, {g > r,} C {& > (§n, @) +en} with &, € A and g, > 0 for all n € N. That is,
{& < (€n,T) +en} C {g < rn}. This implies Ge,, ({5, Z) + ) < 7. Therefore, for all n € N,

— _ — . + — + — —
9(@) = inf Ge (€.8) < inf GF ((6.2)) < G, (6 ) < Ge, (§0) +20) < i
which yields the result. |

The next result considers the representation (34) for a monotone function defined on a subset Y.
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Theorem 34 Let g:Y — R be a quasiconcave and monotone function defined on a convexr subset Y
of X. Then,

= inf G , = inf s Y)) VyevY, 37

9(y) = jnf Ge (€ v) = inf g¢ ((&,1)) y (37)

provided at least one of the following conditions hold:

(i) g is lower semicontinuous and Y is lower open;

(i) g is upper semicontinuous and Y is either upper open or it is an order interval.
Moreover, under condition (i) the infima in (37) are attained for ally €Y.

Proof. (i) Suppose that g is lower semicontinuous and that Y is lower open. We want to prove (37)

with min in place of inf. The function § : X — [—o0, 0c] defined by

g(z)=sup{g(y): Y sy <z}, (38)

is the minimal monotone extension of g to X (with the usual convention sup () = —c0).

Assume first that Y is open. Since
{reX:gx)>t}={yeY gy >t} + X4, Vt € R,
the function § is quasiconcave and lower semicontinuous. By Theorem 33,

g(z) = lggngﬂﬁ ) = mmgg((& ),

for all € X. Hence, given y € Y, there is {, € A such that

9(y) =Ge, (&) = Ge, (&:9) =g (W) =3 (1) -

Hence, g (y) = mingea Ge ({§,y)), and so the first part of (37) holds. Analogously, there is ¢, € A
such that

9(W) = g¢, (Cy,9)) = 9¢, ((Gys9)) = 9(y) = 3 ().
Hence, g (y) = mingea g¢ ((€,y)), and so the second part of (37) holds.

If Y is only lower open, consider the lower semicontinuous envelope ¢~ of g, simply denoted by g.
Since § is monotone and quasiconcave so is ¢ (see Lemma 27). Moreover, g extends g. In fact, for all
yey,

g(y) =supg (y—n"'e) =limg(y —n"'e) =limg (y —n'e)

since eventually y —n~"'e € Y, and by monotonicity and lower semicontinuity of ¢ on Y’
g9(y) =limg (y—n~'e) 2 g(y).
By proceeding as in the first part of the proof, we can then prove that (37) holds.?®

(ii) Suppose that g is upper semicontinuous and that Y is either upper open or it is an order
interval [w, z]. Consider the function §: X — [—00, 00| defined in (38). From point (i) we know that
g is the minimal monotone extension of g to X, and that § is quasiconcave. By Lemma 26, its upper
semicontinuous envelope ¢ is monotone and quasiconcave too. Denote it by §. Next we show that §

extends g.

25By Theorem 33, §(z) = mingea ég ((&,z)), for all « € X. Hence, given y € Y, there is & € A such that
G(y) = Ge, (&, ) 2 Ge, ((§ys9)) = g(y) = §(y). Hence, g (y) = mingea Ge ({€,)), and analogously...
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e If Y is upper open. Let y € Y, then

g(y)=infg(y+ n_le) =limg (y + n~'e) =limg (y+ n_le)
n n n
since eventually i + n~'e € Y, and by monotonicity and lower semicontinuity of g on Y’

g(y) <limg(y+n~'e) <g(y).

o If Y = |w, 2], for some w, 2 € X. We show that § is upper semicontinuous on X, then g = g* = g,
and g extends g, since § does. Let x € X +w. For all y € Y such that y < x, theny < zAz <=z
and w <y <z Az<zimply that z Az €Y and g (y) < g(x A 2), thus

g) <glznz)<g(a).
Since this is true for all y € Y such that y < z, then
g(x)=sup{g(y): Y sy<az}<g@nz) <j(z);
but the choice of  was arbitrary, hence
Ggx)=g@Az), VreX,+w.

If x,, 2 € X4y +w and z,, — x, then , A z — A z and limsup,, § (z,,) = limsup,, g (x, A 2) <
g (x A z) = g (). This shows that § is upper semicontinuous on the closed set X +w. Together

with § (z) = —oo for all © ¢ X + w, this shows that § is upper semicontinuous on X.

For all £ € A and t € R,

Ge (t) =sup{g(z) :x €Y, ({,2) <t} =sup{g(z) :x €Y, ({,z) <t}
<sup{g(z):z e X, (§x) <t} =Ge(t).

By Theorem 33, for all y € Y,
9W) =3y = inf Ge((€.9) 2 inf Ge ((€.9)) 2 ik 9¢ ((€.9) 2 9 (1),

as desired. [ |

Corollary 35 Let g: X (T) — R be quasiconcave and monotone. If g is continuous, then

9(w) = inf Ge ((€2) = inf ge ((€.2)), Vo€ X (T).

In particular, the infima are attained if T' is lower open.

A.2.2 Concavity

The next two corollaries of Theorem 33, proved in [7], give some characterizations of concavity.
Here ¢g* : X* — [—00,00| denotes the classic (concave) Fenchel conjugate of g, given by ¢g* (§) =
infrex {(&,z) —g(x)} for all £ € X*.

Corollary 36 Let g: X — R be evenly quasiconcave and monotone. The following facts are equiva-
lent:
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(i) g is concave;
(i) ge¢ is concave for each § € A;
(i11) Ge is concave for each & € A;
(iv) ge (t) = infaer, {M —g* (A} for each (t,&) € R x A.
In particular, dom (Ge¢) € {0,R} for all & € A.

Proof.* First notice that, for all (A,€£) € RxA,

g () = inf (Mea) —g(@) =int inf (A(Ex) —g (@)

= inf inf }{/\t —g(x)} = inf {)\t - sup g (m)}
)=t}

teR {zeX:(&,x)=t teR {zeX: (&2
= inf {X —g¢ (1)} = (9¢)" (A).

Moreover, (ii) is equivalent to (iii) since G¢ = g¢ for all £ € A, by monotonicity of g.
(i) implies (iii). In fact, for all £,7 € R and « € (0, 1),
Ge(at+(1—a)r)=sup{g(z):ze X, {z)<at+(1—a)r}
Zsupfg(ay+(1—a)2):y,z€ X, (§y) <t, (§2) <1}
Zsup{ag(y) +(1-a)g(z):y,2€ X, (§y) <t, (£ 2) <7}
=asup{g(y):ye X, (&y) <t} + (1 —a)sup{g(z):z€ X, (§,2) <r}
=aGe (t)+ (1 —a)Ge(r).

(ii) implies (iv). Let £ € A. Since g¢ : R — (—00,00] and it is concave, then either g is finite on R

(hence continuous), or g = co. In either cases

9¢ (t) = inf {At—=(ge)" (W)}

for all ¢ € R.26 Monotonicity of g¢ implies (g¢)™ (A\) = —oo for all A < 0, whence
e ()= inf (3¢~ (9)" (V) = lnf (M= * (00)}

for all t € R.
(iv) implies (i). Assume g¢ (t) = infaer, (At — g* (AE)) for each (¢,£) € R x A. By Theorem 33,

9(@) = inf ge ((€,2)), VeeX.

By (iv) ge is concave, for all £ € A. Therefore
v ge((§x), VeeX,

is concave for all £ € A, and ¢ (being an infimum of concave functions) is concave too. |

Next we consider normalized functions.

Corollary 37 Let g : X — [—00,00] be monotone and evenly quasiconcave. g is normalized if and

only if infecp Ge (t) =t for all t € R. Moreover, the following properties are equivalent:

26If g¢ = oo, then 9% (A) = infier {M — 0o} = —oo for all A € R and infyep (At — (—00)) = oo for all ¢t € R.
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(i) g is concave and normalized;
(ii) g is translation invariant and g (0) = 0;
(i11) ge (t) =t —g* (§) for eacht € R and £ € A.
Proof.* By Theorem 33, if ¢ is normalized,
t=g(te) = inf Ge((¢,te)) = Inf Ge (1), VEER.
Conversely, if infeea Ge (t) =t for all ¢ € R, then
te) = inf G te)) = inf G¢ (t) =1t vVt e R
g(te) = inf G ((&,te)) = inf Ge () =1, €R,

as desired.
That (ii) implies (i) is well known.
(i) implies (iii). Let £ € A. Since g is normalized and monotone, it is real-valued. By Corollary
36,
ge (t) = inf {Mt—g" (N}, Y (t,€) e R x A. (39)
AER

Since g is monotone and normalized, g* (§) = —oo if € ¢ A. Hence, g* (A) = —co if £ € A and X # 1,

and so, by (39), ge (t) =t — g" (&)
(iii) implies (ii). By Theorem 33 we have:

Which clearly implies translation invariance. |

A.2.3 Topological Representation

Next we give a topological version of Theorem 33. Also in this case we only consider the monotone

case, and we refer to [7] for the general case and for a proof.

Theorem 38 A function g : X — R is uniformly continuous, quasiconcave, and monotone if and
only if

9(@) = minGe ((6.2)) = minge (¢.2), Vo€ X, (40)

dom (G¢) € {0, R} for all { € A, and {C:’E}&A:dom(cg):R are uniformly equicontinuous.*”

Proof.* Suppose g is quasiconcave and uniformly continuous. In particular, g is lower semicontinuous
and, by Theorem 33, we have the representation (40). As g is uniformly continuous, for all € > 0,

there is some § > 0 such that ||z — y|| < ¢ implies |g () — g (y)| < . In particular,

g(x+de) <g(x)+eandg(z—de) >g(x)—e (41)
Let £ € A, t € dom (Ge), and t' € R with |t —¢'| < §. Consider two cases:
Case 1: t' <t. Then,

Ge(t)—e=sup{g(z) —e:x € X,({,z) <t} <sup{g(z—de):z € X,({z) <t}
=sup{g(y) 1y € X,(§y+de) <t} =sup{g(z) : 2 € X, ({,x) <t — 6}
= Ge(t=0) <Ge (V') < Ge (1)

2TThat is, for every € > 0 there is § > 0 such that [t — /| <& implies |G¢ (t) — G (/)| < ¢, for all t,#' € R and all
¢ € A such that dom (Gg) =R.
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Therefore, |Ge (t) — Ge (t)] <e.
Case 2: t' > t. Then,

Ge(t) < Ge () < Ge (4 8) =sup {g (1) : ¢ € X, (€,2) < 1 + )
=sup{g(z):z € X, (& xz—de) <t} =sup{g(y+de):ye X, (&y) <t}
<sup{g(y) +te:y € X, ({y) <t} =Ge (t) +e,

and again |Ge¢ (t) — G¢ (t')] < e.
Therefore:

e If dom (G¢) # 0, for all t € dom (G¢), then [t — d,¢ + ] C dom (G¢); that is, dom (G¢) = R.

e For all £ € A with dom (G¢) =R, [t —t'| < § implies |Ge (t) — Ge ()] < e.

As wanted.

As to the converse, assume that (40) holds, dom (G¢) € {0, R} for all £ € A, and {Gﬁ}geA:dom(Gg)zR
are uniformly equicontinuous. By Theorem 33, g is evenly quasiconcave and monotone (while by
assumption it is real-valued). Moreover, for all € > 0, there is 6 > 0 such that |G¢ (t) — Ge ()| < ¢
for all t,t’ € R with [t —t| < 6 and all £ € A with dom (G¢) = R. Take z,y € X such that
|z —y|| < 6. Thereis & € A such that g (x) = Ge, ((§2,)). Since g (z) € R, then dom (G¢,) = R.

Moreover, if |z —y[| < 4, then [(&, @) — (&, 9)| < [[&|l[lo =yl < 6. By uniform equicontinuity,
|Ge, (€2, @) — G, (&2, 9))] < €, and so

9(x) = Ge, ((§2, 7)) = Ge, ((§asy) —€ 2 gggGs (&) —e=gy) —e

Exchanging the two points = and y, we obtain |g (z) — ¢ (y)] < &, and so g is uniformly continuous.ll

A.2.4 Uniqueness
Proposition 5 is based on the following result, proved in [7].
Lemma 39 Suppose g : X — [—00,00] and G : R x A — [—o00, 0] satisfy the following conditions:

(i) limy_ oo G (t,€) = limy_oo G (¢, ') for all £,&" € A;

(i) G(-,€) is increasing for each £ € A;

(iii) G is lower semicontinuous and quasiconver on R x A;

() g (z) =infecn G ((§,2),§) for allz € X.

Then,
G(t, &)= sup g(z)=Ge(), YV (t, &) € Rx A. (42)
zEX:(6,m)<t

Proof.* Observe first that there is no loss of generality in assuming that g and G are real-valued
(bounded) functions. For, let ¢ : [—00,00] — R be a strictly increasing, extended-valued continuous,
and bounded function, say ¢ (t) = arctant. If we consider h = p o g and H = ¢ o G, they satisfy
(1)-(iv) and are real-valued (bounded), and H (¢,£) = sup,¢ x.(¢ 2)<¢ b () implies (42), by Lemma 32.
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Fix £ € A and t € R. We have

Ge(t) = — inf G ((¢,2),¢).
g(®) xe;é};)gtg(x) xe;a)gt&ﬂ ({6, 2),€)

DefineI' : X x A — R by I'(z,¢) = G({&,z),¢) for all (z,£) € X x A. It is easy to show that I’
is lower semicontinuous on X X A (see, e.g., Claim 1 of Lemma 51). Moreover, I' (z,-) : A — R is
quasiconvex on A for all z € X, and, by assumption (ii), I'(-,£) : X — R is quasiconcave on X for
all £ € A, AsY = {z e X: <§_,m> < t} is nonempty and convex, and A is nonempty, convex, and

compact, we can invoke a well known Minimax Theorem (e.g., [25, Theorem 4]) and obtain

Geg(t)= sup  inf G((§,z),§) =sup inf I'(z,{) = Inf supT'(z,§) = Inf  sup G ((§2),¢).
f() :EGX:<;;$>St£€A (<§ > 6) xGY&EA ( 5) EEA 4y ( f) e $6X1<g,x>§t (<§ > 5)

It remains to study the program

sup G ((&,2),6).

xEX:<g,m>§t

Consider separately two cases:
(a) & € (€). There exists A € R such that £ = A, but 1 = £ (e) = A (e) = A, implies £ = £. Thus,

sup G x),8) = sup G(<g,x>,@ zG(t,g),

zeX:(§ )<t zeX:(§z)<t
attained, for example, at T = te.

(b) & ¢ (). Hence, ker (§) € ker (§), i.e., there is y € X for which (£,y) =0 and (£, y) # 0. This
implies that, choosing Z such that (£, Z) = ¢, the straight line {Z + ay : a € R} is included into
the hyperplane <§_,x> = t. Thus,

supG (r,§) = sup G ((§1),8) Zsup G ((§, T+ ay),§) = sup G (r,§)
reR xEX:<§,m>§t acR reR

hence, in view of (i) and (ii),

sup G ((6,2),6) =supG (r,€) = lim G (r,€) = lim G (r,€) > G (1,).

mGX:(é,x>§t reR

Conclude that

Gg (t) = Inf sup G ((§2),8) | =G (t.€),

§€A r€X:<£,z>§t
as desired. [
Remark 40 Since £ — G ((§,x) ,€) is lower semicontinuous, the inf in (iv) is attained.

A.2.5 Positively Homogeneous Functionals

As proved in [7], Theorem 38 takes the following form for positively homogeneous and quasiconcave

functionals such that g (z) # 0 for some z € X .
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Theorem 41 Let g : X — R be such that g(xz) # 0 for some x € X . Then g is monotone,

quasiconcave, uniformly continuous, and positively homogeneous if and only if

g(@) =minGe((§,2),  Vrex (43)

and there exist a nonempty, closed, and conver subset A of A, ¢y : A — (0,00) concave and upper
semicontinuous with inf, x ¢1(§) > 0, and cz : A — (0,00] conver and lower semicontinuous, such

that

Cl&) ift>0 andfe&

Ge(t)=4 o5 ift<0andfeA (44)

o ifEeA\A.

Moreover, g is normalized if and only if max, x ¢1 &) = min x Cz (&) =1.
Proof.* We build on some Lemmas.

Lemma 42 Let (a;);c;, (bi);c; € RY. The family of functions

i€l =
fit) = )

is uniformly equicontinuous if and only if sup;cr a;, sup;c; by < oo.

Proof of Lemma 42.* First observe that a family of monotone functions is uniformly equicontinuous
if and only if for every € > 0 there is § > 0 such that

Ji(t+6) < fi(t)+¢ (45)

forallt ¢ R and i € 1.28
In our special case for alli € I, t € R, and § > 0,

a;0 ift>0
fl(t-l-é)—fz(t): ait+a;0—bit if —6<t<0
b if445<0 (e t <—3)
aié iftZO
(ait<0if —0<t<0)<q ad—0bit if —d<t<0
b;0 ift <-4
aié iftZO
(biéz—bitZOif—5<t<0)§ a;0+b6 if —d<t<O
b;6 ift <-4

IN

(a; +b;)0 < <Supai + sup b; + 1) 0.

iel i€l
Therefore, if sup,¢ a;, sup;cy b; < oo, for all € > 0 it suffices to take

€
(sup;er a; +sup;c; by + 1)

o<

281f for every € > 0 there is § > 0 such that [t/ — | < § implies |f; (t) — f; (t'")| < &, for all ¢/,¢” € R and all
t €I, then f; (t+06)— fi(t) = |fi(t+6)— fi ()] < eforallt € R and all i € I. Conversely, if condition (45) holds,
consider ¢/, € R with [t/ — '] < 6, wlog t' > t/, then t/ <t + 4, f; (" +3) < fi (t"") + €, and monotonicity, deliver
Fi@)<fi(#+6) < fi(#")+e, whence |f; )= fi ") =fi(#)—fi(t")<eforalliel.
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to obtain

fi(t+0) = fi(t) < (SUPai + sup b; + 1) §<e
el iel

for all i € I, t € R, which implies uniform equicontinuity.
If sup;c; a; = oo, then for all § > 0

fi(0+0) = £ (0) = aid

and hence sup;c; (fi (04 0) — f; (0)) = oo, which contradicts condition (45).
If sup;c; bs = oo, then for all § > 0 take ts < —6

fi(ts +0) = fi (ts) = bid
and hence sup;; (fi (t5 +9) — fi (t5)) = oo, which contradicts condition (45). O

Lemma 43 Let C be a convexr subset of a vector space and f1, fa : C'— R be quasiconver functions.
If f1 >0, fo <0, and f1fo =0, then fi1 + f2 is quasiconver.

Proof of Lemma 43.*% Let f = f1 + fo. Set C~ ={z € C: fo (x) < 0}. The set C'~ is convex, and

we can assume C~ # ) (else fi + fo = f1 is quasiconvex). As f; and f2 are quasiconvex, we have

IN

f1(azy + (1 — a) z2)
fo (azq + (1 — @) x2)
flazi + (1 —a)zs)

fi(z1) V fi(z2) and
fo (1) V f2 (z2), then
fi(x1) V f1(z2) + fo (z1) V fo (z2)

IA

IN

for all 21,29 € C and « € [0, 1]; we want to show that f (axy + (1 — a)x2) < f(z1) V f (z2).
Consider the following cases:

(a) x1,20 € C7;
(b) 1 € C~ and 2o ¢ C—;
(¢) w1,20 ¢ C.

Case (a). The convexity of C'~ implies ez + (1 — a) 22 € C~, and over C~ we have f; = 0, then
fic- = f2 delivers the result.
Case (b), we have f1 (z1) =0, fa (z1) <0, fa(x2) =0, and f; (z2) > 0. Therefore,

flaxy + (1 —a)z2) < fi(z1) V f1(z2) + fa (21) V fa (22) = f1 (z2)

and
f(x) Vv f(z2) =0+ fa(21)) V (fi (¥2) +0) = fi1 (22)

as wanted.
Case (c) we have fs (z1) = fa (22) =0, f1 (21) >0, f1 (z2) > 0. Hence,

flazi+ (1 —a)xz) < fi(z1) V fi(x2) + fa(x1) V fa(x2) = f1 (x1) V f1 (22) = f(x1) V [ (22)

which concludes the proof. (]
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Lemma 44 Let A be a nonempty, closed, and convex subset of A, ¢y : A— (0, 00) concave and upper

semicontinuous, and cy : A— (0, 00] convex and lower semicontinuous. Let

Cl’ég) ift>0 andﬁeﬁ

G(t.& =1 = ift<0and &€ A
oo ifEeA\A

and

g(x):gggG(@,w%f), Ve e X. (46)

Then g s finite, monotone, upper semicontinuous, positively homogeneous, quasiconcave and

i (&) (62)” .
90 = < a® e ) e 1)

Moreover:
o G (t) =G (t,€) forall (t,&) e R x A;

e if T is a nonempty, closed, and convex subset of A dy : ' — (0,00) is concave and upper
f pLy, , ; ; pp

semicontinuous, dg : T' — (0,00] is conver and lower semicontinuous, and

i (&) (&) .
9@ = <d1 GREAG ) e 1)

then (f, dl, d2) = (&, Ci, CQ) ;s
e g is non-negative and concave on A® = {x €X:{xy>0 forall€e Z},
e g concave on X if and only if ¢1 (§) > c2 (§) for all € € A.

Proof of Lemma 44.* Next we show that G satisfies all the conditions of Lemma 39.

(i) If € € A, then
t
lim G(t,§) = lim —— =0
t—o0 ( 5) t—oo Cq (f)
since ¢1 (€) € (0,00), and the same is true if £ ¢ A.
(ii) G (+, &) is obviously monotone and extended-valued continuous on R, for each £ € A.

(iii) Next we check that G (t,£) is lower semicontinuous and quasiconvex on R x A. Notice that
AN
ca(§) ()

for all (t,£) € R x A. Since R x A is closed and convex in R x A, and G (t,€) = oo outside R x A,
it suffices to check that G is lower semicontinuous and quasiconvex on R X E, where G is finite and

G (t,€) = (49)

given by (49). It is convenient to study first separately the two functions (¢,&) — ¢ /c; (£), and
(t,&) =t~ /2 (6).

For all o > 0, we have

{@@ekxﬁz ga}:{@oeRx£w+—mM@g@

tt+
c1 (§)

and the latter set is closed and convex since the functions t — tT and £ — —ac; (§) are convex
and lower semicontinuous; while for @ < 0 the set is empty. Therefore (¢,£) — t*/c; () is lower

semicontinuous and quasiconvex.
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Analogously, for all a > 0, we have

{(t,f)eRxﬁ:c;(OZa}

€ (—00,0) x A acy (§)+t <0t U (t,ﬁ)ERerE:och(ﬁ)SO}

U

—— 2 A

€(—00,0) X A acy (€) +t <0

§)

3 }
£,6) € (—00,0) x Az acs (€) +1 <0} U

£) } (t,g)ewxﬁza@(g)ﬂgo}

§)

ERXA:QCQ(§)+t§0}

and the latter set is closed and convex since the functions ¢ — ¢ and & — acs (§) are convex and lower
semicontinuous; while for v < 0 the set is R x A. Therefore (£, &) — t~ /¢y (€) is upper semicontinuous
and quasiconcave.

As a consequence, the mapping (£,t) — t7 /c1 (§) — 17 /co (€) is lower semicontinuous, and quasi-
convex by Lemma 43, and (£,t) — G (¢,&) is lower semicontinuous and quasiconvex on R x A.

For every z € X, £ — ((§,z),¢) is affine and continuous, therefore & — G ((£,z),&) is lower
semicontinuous and quasiconvex on A.

(iv) is just (46).

Lemma 39 yields the following consequences:

o G (tvg) = SupreX:(f,z)St g (I) = Gf (t) for all (taé-) €R x A.

e ¢ is monotone, quasiconcave, and upper semicontinuous;

e since, by (iii), the inf is attained in (46), then g is finite, in particular

g () = min ((f,x>+ - (f,x)) , Vo € X;

cea \ a (§) c2 (§)
and g is positively homogeneous.

e IfTis a nonempty, closed, and convex subset of A, d; : r — (0,00) is concave and upper

semicontinuous, dy : I' — (0, 00] is convex and lower semicontinuous, and

M@mm<@m+@m> rex.

di(§)  d2(8)

gel
set
7o przomdect dt(+)_dt;) if (t,6) eRxT
H(t.§={ g ift<0adgel =4 “© &

8

o Etea\f if(t,g)eRx(A\f)

Apply the previous points and obtain H (t,£) = sup,cx.(e0)<¢ 9 (¥) = Ge (1) = G (¢,§) for all
(t,€) € R x A. In particular,

T={(cA:H(0,)=0}={(cA:G(0,5)=0}=A
1/dy (&) = H(1,§) =G (1,§) =1/e1 (€),  VE€Aie dy=cy,
—1/dy (&) = H(—1,6) = G (=1,€) = —1/cy (€),  VEéeAie. dy=cy.
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e For all z € X such that (£,z) > 0 for all £ € A,

B (% M (35 I R A S
g(‘”)‘gez<c1<s> cQ<s>)‘gea<q<§>’>

which is clearly concave and non-negative.

e g is concave if and only if G¢ is concave for each £ € A. This is automatically true, if £ € A\ 5,
while if £ € A this amounts to say that the function

L ift>0
Ga£>={ o <o
a@ "'
is concave, or equivalently
1 1

thus ¢z (§) < 0o and ¢ (§) > 2 ().

As wanted. U

Let g : X — R be such that g (z) # 0 for some x € X, and assume ¢ is monotone, quasiconcave,
uniformly continuous, and positively homogeneous. Theorem 38 guarantees that (43) holds. Next we
prove that G¢ (t) has the representation (44).

By Theorem 38, dom (G¢) € {0, R} for all £ € A, and {Gf}feA:dom(Gg):R are uniformly equicon-
tinuous. Set A = {€ € A : dom (G¢) =R}, which is not empty since g is finite. Clearly, Ge (t) = o0
if&e A\ A. TFor all e 5, the functions t — G¢ (t) are (monotone and) positively homogeneous, in
fact, for all t € R and A > 0,

Ge(M)=  sup g(x)= sup g(\y)= sup Ag(y) = AGe(t)
z€X:(§,x) <At yeX ()<t yeX (&)<t

since {z € X : (&, ) <M} = Ay € X : (£,y) <t}. Therefore, there are two functions py, ps : A —

[0, 00) such that
t ift>
G =1 P 20 (50)
p2 ()t ift<0
if ¢ € A
If p1 (€) = 0 for some ¢ € A, then Geg(t) =0 for all £ > 0 and

sup g (z) = lim Gg(t) =0
zeX t—o0

which — together with monotonicity — contradicts the assumption g (z) # 0 for some z € X;. Thus
p1: A — (0,00).

Step 1. A is convex. Notice that A = {¢ € A : Ge (0) < oo}. If G, (0), G, (0) < oo, quasiconvexity
of G¢ (t) implies Gy, 4 (1-a)e, (0) < oo for all a € (0, 1) too.

Step 2. The function ¢; : A — (0, 00) defined by ¢1 (€) = 1/py (€) is concave over A (remember that
p1(€) > 0). Let &,& € A and o € (0,1). Choose ky, ko > 0 such that kipy (&) = kap1 (€2). As Ge (t)
is quasiconvex,

Gagi+(1-a)e, (k1 4+ (1 — @) ko) < max{Ge, (k1),Ge, (k2)}. (51)
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In view of (50), this amounts to

(k1 + (1 — @) k2) p1 (a1 + (1 — @) &) < max {kip1 (&1), k2p (&2)} = k1p (§1),

and so, since kao/k1 = p1 (§&1) /p1 (&2),

1 aky + (1 — a) ke ! -«

= = + .
p1 (& + (1 —a) &) kip1 (1) p1(&)  p1(&2)
This shows that 1/p; (§) is concave. Consequently, in (50) we can write p1 (§)t = t/c1 (§), where

1 (€) = 1/p1 (€) is concave on A.

Step 3. The region A = {5 EA:ps (&) > O} is convex. In fact, for all £ € A, py (&) = —G¢ (—1) and
thus
A:{geE;Gg(—1)<o}

is convex by quasiconvexity of G (t).

Step 4. The function ¢z : A — (0,00) defined by ¢z (§) = 1/p2 () is convex on the set A defined
above. Let &,& € A C A and o € (0,1). Pick k1, ko < 0 such that kyps2 (§1) = k2pa (§2). From the
quasiconvexity of G¢ () we have (51). Namely,

(aky + (1 — ) k2) p2 (a&y + (1 — ) &) < max {k1p2 (&), kap2 (&2)} = kip2 (&1)

that implies
1 <ak1+(1—a)k2: «@ +1—a
p2(ai+(1—a)&2) = kip2 (&) p2 (&) p2(&2)’
and C2 (&) =1/pa (&) is convex and finite on A. Clearly ps (§) = 1/cq (§) on A. Setting cs (£) = oo for

€€ A\ A, convexity of ¢ : A — (0, 00] is maintained and ps (€) = 1/c5 (€) for all £ € A.

Hence, G¢ (t) has the representation (44) with A nonempty and convex, ¢; : A — (0, 00) concave,

and ¢y : A — (0, 00] convex.

Step 5. By Lemma 42,2 inf, x ¢1(§) > 0 and inf. 3 2 (§) > 0 are necessary and sufficient for the
uniform equicontinuity of the family {G¢ (-)};cx. (Note however that the latter will be a consequence

of the fact that ¢y (€) is lower semicontinuous over the compact set A.)

Step 6. A is closed and c1 1s upper semicontinuous on A. The function

1 : A
£ Ge(l) {oo if¢ e A\A

is lower semicontinuous on A, and inf,_z c1 (§) > 0, that is A = sup.z (1/c1 (§)) < co. Then
A={6eA:CGc(1) <o} ={6€A:G:(1) <A}

is closed. If a > 0,

{565101(5)Za}z{feE:Gg(l)ga—l}

= A. Therefore ¢, is upper semicontinuous.

is closed, while if o < 0 then {f €EA:q &) >«

—

29Remember that in [0, 0o], with 1/0 = co and 1/c0 =0, a > biff 1/a < 1/b, inf;er a; = 1/sup;es (1/a;), sup;er ai =
1/infier (1/ai).
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Step 7. ¢y : A — (0,00] is lower semicontinuous. The function & — Ge (—1) = —1/co (§) is lower
semicontinuous (A and hence) on A. If o > 0,

{éeZ:QK)Sa}{geZ:QZ)zi}{EEZ:G“U_I}

(67

is closed, while if o < 0 then {f cA: e (§) < a} = (). Therefore cy is lower semicontinuous.

Conversely, Lemma 44 shows that g is finite, monotone, upper semicontinuous, positively homo-
geneous, quasiconcave. Clearly dom (G¢) € {0, R} for all £ € A. Moreover, inf, x c1(§) > 0 (by
assumption) and inf,_z c2 (§) > 0 (since ¢z is lower semicontinuous and strictly positive over the
compact set A); therefore the family {Gy (Vteer = {Gg}564\:010111(%):]R is uniformly equicontinuous
(by Lemma 42). Theorem 38 delivers uniform continuity of g.

Finally, g is normalized if and only if, for all ¢ € R,

inf, x —t= ift>0 tinf, x — ift>0
t = g(te) = inf G (t) = { T O { Teeda® 2
geAn mfgeﬁ ) ift<0 tsupgeﬁ G ift<0

which is equivalent to max, x €1 & = ming x 2 (&) = 1 thanks to the semicontinuity properties of

c1 and cs. [ |

A.3 Continuity of Monotone Functionals
A.3.1 Lower and Upper Continuity

Lemma 45 Let Y be lower open and convex. For a monotone function g : Y — R the following

conditions are equivalent:
(i) g is left continuous;
(ii) g is lower semicontinuous;
(#ii) for any c € R and z,y €Y, the set {a € [0,1] : g (ax + (1 — a)y) < ¢} is closed;

(iv) foranyc € R andx,y € Y withy < x and g (x) > ¢, thereisa € (0,1) such that g (ax + (1 — o) y) >

C.

Proof. (i) implies (ii). Let ¢ € R, S(g,¢) = {r € Y : g(z) < c}. We want to show that, {z,}, .y C
S(g,c) and 2,, — xz € Y imply z € S (g,c). There is g9 > 0 such that z —ee € Y for all € € [0, g].
Let €, > 0 be such that {e,,},,cy € [0,60] and &, | 0. Then z —e,e € Y for all m € N.
Since z,, — «, for all m € N there is n,, € N such that z — ¢,,e < z,,, and monotonicity implies
g(x—eme) < g(zn,,) < ¢ and left continuity guarantees g (x) = lim,, g (x —emne) < c¢. (This

implication does not require convexity.)

(ii) implies (iii). Let c € Rand z,y € Y. Since Y is convex, axz+(1 —«)y € Y for all « € [0, 1]. Let
{an},en € 10,1] be such that a,, — ag and g (a,x + (1 — a,) y) < e Then az+(1 — )y € S (g,¢)
and a,z+ (1 — an)y — agz+ (1 — ap) y € Y, lower semicontinuity implies apxz + (1 — ) y € S (g, ¢)

(i.e. g(apz + (1 — ap)y) < ¢). (This implication does not require lower openness.)

(iii) implies (iv). Let ¢ € R and z,y € Y (with y < z) and g(x) > ¢. Assume, per contra,
glax+(1—a)y) < cfor all @ € (0,1). By (iii) the set A = {a €[0,1]:g(ax+ (1 —a)y) <c} is
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closed, thus (0,1) C A implies [0,1] = A and (for oo = 1) we have g (x) < ¢, which is absurd. (This

implication does not require lower openness.)

(iv) implies (i). Let x, " zp in Y. Monotonicity guarantees g (x,) T ¢ < g(xp). Assume,

€ (0,1) such that
g((1—ay)zo+ayy) > c. Take gg > 0 such that zg —ecpe € Y. Set y = xy — gpe and notice
that

per contra, g(zxg) > c¢. By (iv), for each y € Y with y < =z, there is «

Y 5 (1 —ay)zo+ ayy = xo — ayo + 0o — yepe = Tg — QyEpe.

Since x,, — g, there is 7 € N such that for all n > n
Tn > xo — ayee = (1 — o) To + iy
and g (z,) > g ((1 — ay) o + ayy) > ¢, which is absurd. [

If X is hyper-Archimedean, and Y is replaced by a (non-necessarily lower open) set of the form
X (T) the above results still hold; more indeed is true:

Proposition 46 Let X be hyper-Archimedean. For a monotone function g : X (T) — R, conditions
(i)-(w) of Lemma 45 are equivalent. Moreover, lower semicontinuity is also equivalent to the following

conditions:
(v) foranyk € T, c€ R and x € X (T), the set {a € [0,1] : g (az + (1 — a) ke) < ¢} is closed;

(vi) foranyk € T, c € Randx € X (T) with g (x) > ¢, there isa € (0,1) such that g (ax + (1 — «) ke) >
c.

(vii) for any k € T, c € R and v € X (T) with ke < x and g(z) > ¢, there is a € (0,1) such that
g(ax+ (1 —a)ke) > c.

Lemma 47 Let X be hyper-Archimedean. If x,,x0 € X (T), x, — 2o, and essinf (xo) = inf T, then
for all o € (0,1) there is i = Ny € N such that x, > axo+ (1 —«a) (inf T') e for alln > n.

Proof. Wlog, X = By (S,X) and e = 1g. The condition essinf (xg) = inf T implies inf T" € T'.
Let inf T' = 0. There exists a partition {Ag, 41, ..., An} of Sin ¥ and 0 = Gy < B1 < ... < By, such
that zg = ZZZO Bila,. Take e = min;—y _ m Bi —af; > 0. Since z,, — x( there exists 7 € N such that

rg —ece <z, < x0 + €e, Vn > n.

In particular, for all n > 7, if s € Ag, axo (s) =0 < x, (s), else there is ¢ € {1,...,m} such that s € 4;
and

Ty (s) > x0(s) —e > B +afi — i = aff = axg (s),

and x, > axg, as wanted.

Let inf T' = ¢, then z, —te, xo—te € X (T —t), xp,—te — xo—te, and essinf (xg — te) = essinf (zg)—
t =0 = inf (T —t). By what we have just shown, for all & € (0,1) there exists # € N such that
Tp—te > a(xg—te)+(1l —a) (inf T —t) e = axg+(1 — ) (inf T) e—te and x,, > axp+(1 — «) (inf T) e
for all n > n. [ |

Proof of Proposition 46. If T is lower open, then X (T') is lower open too, and Lemma 45 delivers

the equivalence of (i)-(iv). Assume ¢t =infT € T.
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(i) implies (ii). Let c € R, S(g,c) = {z € X (T) : g(z) < c}. We want to show that, {z,},cx
S(g,¢) and z, — x € X (T) imply = € S(g,c). Let &, > 0 be such that ¢, | 0 and set y,,
(x —eme) Ve for all m € N. {y,, } C X (T) and yp, /" z. In fact,

N

meN
T >t <essinf ((x —epe) Vie) <esssup (((x —epne) Vie)) = esssup ((x — ene))Vt < esssup (z) € T,

moreover, (z —eme) < (¢ —emi1e) implies (z —epe) < (v —emg1e) V te and (x —epe) Vte <
(x — emi1€) V te, thus y,, is increasing and © — epe < (z —epe) V te < x implies y,, — x. Since
x, — x, for all m € N there is n,,, € N such that z — epe <z, and z,,, € X (T) implies te < z,,_,

whence Y, < x,,,, and g (ym) < g (zn,,) < ¢, left continuity guarantees g (z) = lim,, g (ym) < ¢.3°

(ii) implies (iii) and (iii) implies (iv) are proved in exactly the same way as in Lemma 45.

(iv) implies (i). Let x, /" xo in X (T). Monotonicity guarantees g (z,) T ¢ < g (o). Assume,
per contra, g(xo) > c¢. By (iv), for each y € X (T') with y < =z, there is a, € (0,1) such that
g((1 —ay)zo+ ayy) > c. If essinf (xg) > inf T, there is eg > 0 such that zy —ege € X (T). Set
y = xg — €ge and notice that

X(T) 2 (1 —ay)zo+ ayy =20 — ay®o + QyZo — Qyepe = T — QyEQE.
Since x,, — g, there is 7 € N such that for all n > 7
Ty, > xo — ayee = (1 — o) To + ayy

and g (z,) > g ((1 — o) o + ayy) > ¢, which is absurd.

Else if essinf (zo) = infT = t. Set y = te, by Lemma 47, there is n = n,, € N such that
Ty > ayxo+ (1 —a)y for all n > 7, and g (z,) > g ((1 — o) o + ayy) > ¢, which is absurd.

We have shown that (i) = (ii) = (iii) = (iv) = (i).

Clearly (iii) implies (v), the proof of (v) implies (vi) is almost identical to the one of (iii) implies
(iv), and obviously, (vi) implies (vii). It only remains to show that (vii) implies (i), which is almost
identical to (iv) = (i):

(viil) implies (i). Let x,, /" ¢ in X (T'). Monotonicity guarantees g (z,) T ¢ < g(zo). Assume,
per contra, g(xg) > ¢. By (vii), for each k € T with ke < xq, there is a; € (0,1) such that

g9 (1 — ax) o + agke) > c. If essinf (xg) > inf T, choose k € T such that essinf (z¢) > k > inf T, and
set € = essinf (zg) —k > 0. Then zg —ce € X (T') and z¢ — ayee € X (T) too. In fact,

infT < k = essinf (xg) — & = essinf (zg — ce) < esssup (xg — ge) < esssup (zo) € 7.
Therefore there is n € N such that for all n > n
Ty > g — aee = xg — apessinf (zo) e + arpke > xo — apzo + arke = (1 — ag) zo + agke

and g (z,) > g (1 — ax) o + arke) > ¢, which is absurd.
Else if essinf (zg) = infT = t. Set k = t, by Lemma 47, there is i = fi,, € N such that
Tp > apxo + (1 — ayg) ke for all n > 7, and g (x,) > g ((1 — ag) o + arke) > ¢, which is absurd. W

Very similar results hold for upper semicontinuity: just observe that g (x) from X (T') to R is lower
semicontinuous and monotone if and ounly if —g (—z) from X (—7') to R is upper semicontinuous and
monotone.

30Notice that we did not use the hyper-archimedean assumption. Therefore a monotone function g : X (T') — R is left
continuous if and only if it is lower semicontinuous. (For the “if” part, observe that , — x in X (T) and zn < Zn41
for all n € N imply z,, < z for all n € N. Monotonicity of g implies g (zn) T ¢ < g (x) and lower semicontinuity delivers
c=limy g (zn) > g (z).
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A.3.2 Uniform Continuity and Lipschitzianity
Proposition 48 For a monotone g : X (T') — R the following properties are equivalent:
(i) g is uniformly continuous on X (T);

(i1) for every e > 0 there is § € (0,supT — inf T') such that

g(x+de) <g(x)+e (52)

for all x € X (T) with x4 de € X (T).

Notice that if T is bounded and § > supT — inf T, then (iii) is vacuously satisfied since there is
no x € X (T) such that x + de € X (T).

Proof. (i) implies (ii). Fix £ > 0 and let 6’ > 0 be such that ||z — y|| < §’ implies |g () — g (v)| < e.
Set § =27 min {§',supT — inf T}. If 2,z + de € X (T), then

g +de) — g(2) < |g (w +de) — g (x)| < <.

(i) implies (i). Fix € > 0 and let § € (0,supT —inf T') be such that g (x + de) < g(z) + ¢ for all
x € X (T) such that z + de € X (T'). Notice that if z and x — de belong to X (T), then (x — de) and
(x — de) + de € X (T). Thus, g(x) = g ((z — de) + de) < g (z — de) + ¢ and

g(x—de) > g(x)—e.
Let z,y € X (T) be such that ||z — y|| < . Then
Tz —de <y <zx+de. (53)
Moreover:
Claim. There exist t,7 € T such that t + 9 < 7 and te < z,y < Te.

Proof of the Claim. Set ¢’ = essinf (x A y) = essinf (x) Aessinf (y) € T and 7/ = esssup (z V y) =
esssup (z) Vesssup (y) € T. Clearly t/ < 7’ and t'e < z,y <7le. If 7' —t' > dset t =¢ and 7 = 7.
Otherwise, consider the following cases: (i) if 7' is unbounded above, set t = ¢’ and 7 = 7/ 4+ §; (ii)
if T'is unbounded below, set t = ¢/ — ¢ and 7 = 7/; (iii) if T is bounded consider two sequences t),
and 77 in T such t) =t/, 7 =7/, ¢, | infT, 7/ 1 supT. For alln > 1, the < z,y < 7/e and
1), —t, —supT —inf T > §. Hence there is # € N such that 7/, — ¢/, > §;set t =t,, and 7 =75,. O

n
Since

t < essinf ((z — de) Vte) < esssup ((z — de) Vte) < esssup (z) < 7,

t < essinf (z) < essinf ((z + Je) A Te) < esssup ((z + de) ATe) < T,

t <essinf (z) <essinf(zV (t+d)e) <esssup(zV (t+3d)e) =esssup(z)V (t+) <7,
() A

t <essinf (z) A (T —9) =essinf (z A (T —d)e) <esssup (z A (T —9)e) <esssup(z) < T,
then (z — de) Ve, (z+de) ATe, xV (t+0)e, x A (T —3d)e e X (T), as well as

(xV({t+d)e) —de=(r—de)Vtee X (T) and (z A (T —0d)e)+de= (z+de)ATe € X (T). (54)
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From (53) we have (z — de) Vte <y < (x + de) A Te. By monotonicity, (54), and the choice of 4,
g(x )—€<g((xv(t+5) e)) —e<g((xV(t+d)e)—de)=g((x—de)Vte)
gW) <gl(z+de)ATe)=g((xA(T—0)e)+de) <g((zxA(T—0d)e))+¢
g(z)+e
<

and so g (z) —e < g(y) < g(x)+e¢, as desired. |

A similar argument, can be used to prove the following Lipschitz version of Proposition 48

Proposition 49 A monotone g : X (T') — R s ¢-Lipschitz on X (T) if and only if g (z + de) <
g (x)+ 45 for allxz € X (T) and all § > 0 such that x + de € X (T).

Proof.# If g is (-Lipschitz, then g (z + ) — g (z) < £ ||z + de — z|| = €6 for all x € X and all § > 0
such that x 4 de € X (T).

Conversely, let z,y € X (T) with « # y, and set t = essinf (x A y) = essinf (z) Aessinf (y) € T and
T =esssup (z Vy) =esssup (z) Vesssup (y) € T. From te < z,y < re it follows z — y < Te — te and
y—x < 71e—te. Hence, |zt —y| < (r—t)eand ||z —y| <7 —t Set § = ||z — y|| > 0 and notice that
t<t+d<7andt<7-—9<7. Any z € X such that te < z < 7e belongs to X (T). In particular,
since

t <essinf ((z — de) V te) < esssup ((z — de) V te) <esssup (z) < 7,

(
t < essinf (z) < essinf ((z + Je) A Te) < esssup ((z + de) ATe) < T
t <essinf (z) <essinf(x V (t+d)e) <esssup(xV (t+3d)e) =esssup(z) V (t+9) <,
(

t <essinf (v) A (1 — 9) = essinf (z A (7 — J) e) <esssup (z A (7 —6)e) <esssup (z) <,
then (z — de) Vte, (z +de) ATe,zV (t+ ) e,z AN(T—0d)e € X (T) and
(xV(t+d)e)—de=(r—0de)Vtec X (T) and (x A (T —0d)e)+de= (x+de) Ate e X (T). (55)
Since ||z — y|| < 6, then  — de < y < = + Je, and
(x —oe)Vite <y < (r+de)ATe
by monotonicity, (55), and the observation that g (z+ d'e) < g(z) + £’ for all z € X (T) and all
d’ > 0 such that z 4+ é’e € X (T') also implies g (z — §’e) > g (z) — £’ for all z € X (T) and all &' > 0
such that z — d’e € X (T), it follows that:
g(z )f€5<g((x\/(t+5) €)= <g((xV(t+d)e)—de)=g((xz—de)Vte)
gW) <gl(z+de)nTe)=g((zAN(T—0d)e)+de) <g((zA(r—0)e))+ L
g(x) + 05

and g () =Lz -yl < g(y) < g(z) + Lz -yl
Thus |g () — g (y)| < £ ||z — y|| for all z,y € X (T) with  # y. As wanted. |

A.3.3 Linear Continuity

Lemma 50 If G € G (T x A), then

9(@) = f G((&,2),6)  VaeX(T),

is finite, (evenly) quasiconcave, monotone, normalized, and G (t,§) > G (t) for all (t,£) € T x A.
Moreover, if X (T) = By (3,T), then g is continuous if and only if G satisfies the following
conditions for every partition Ay, ..., A, of S in %, tg,t1,....,t, €T, and ¢ € R:

43



1. for all e > 0 such that G <Zt1p ,p| >cHe forallp € A, there exist § > 0 and o € (0,1)

=1
n

such that G (Z (ati + (1 —a)to) p(Ai) ,p) >c+0 forallp e A;

i=1

2. if there exists p € A such that G (Ztip (4;) ,p) < ¢, then there exist ¢ € A and « € (0,1)

i=1
n

such that G (Z (at; + (1 — a)to) g (4;) ,q) <ec.

i=1
Proof. We only assume G : T'xA — (—00, 00] is increasing in the first component and inf,ea G (¢,p) =
tforallteT.

We first prove monotonicity: if > y, then (§,2) > (£,y) for all £ € A, and monotonicity of

G (-, ) implies that G ({(&,z),&) > G ({£, ) ,€), and hence g () > g (y).
Next we show normalization: for all t € T, g (te) = infeen G ((§,te) ,§) = infeen G (£,£) =t.
Finiteness follows from monotonicity and normalization, in fact, for all x € X (7)),

essinf () e < x < esssup (r)e = essinf (z) < g (z) < esssup (z).

Next we show (even) quasiconcavity: Let @ € R. As observed, X (T) is evenly quasiconvex, thus
the set

L=X(T)n N € > b]

(§:b)eAXR:[E>D] 2{ye X (T):9(y) 2a}

is evenly quasiconvex and contains {y € X (T') : g (y) > a}.
Let z ¢ {y € X (T): g (y) > a}, then,

e cither ¢ X (T') and hence T ¢ L;

e orze X (T)anda > g(Z) =infeen G ((£,7),€), then there is £ € A such that G ((¢,7),€) < a,
and (by monotonicity of G in the first component) for all y € X (T) such that & (y) < & ()
9() <G({(&y), &) <G ((§1),8) <a
that is {y € X (T):£(y) <€(@)} C{y € X (T):g(y) < a} and
{yeX(M):gly)2a} S{ye X(T):&(y) > (@)} C [€>E(2)];
thus (£,6(z) € AxR: [£>E@)] 2 {y € X (T): g(y) > a) but # ¢ [£>&(2)], and hence

T ¢ L.
Therefore L is contained {y € X (T') : g (y) > a}, and the two sets coincide.

Moreover, for all (£,{) € T x A, and all y € X (T)) such that (£, y) <, then

g(y) = inf G((&y),&) <G ((&y),8) <G (L,9).

EeEA

Therefore,

Ge (t) = sup g(y) <G (L€).

yeX(T):(&,y) <t
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Finally, by point (vi) of Proposition 46, g is lower semicontinuous on X (T') <= for each ¢ty € T,

n n
c € R and Zt’ilAi € X (T) with inf,en G <<p, ZtilAi> ,p) > ¢, there exists a number « € (0,1)
i=1

i=1

n
such that inf,ea G | ( p, aZtilAi +(1-a) t0> ,p | > ¢ <= for every partition Ay, ..., A, of S in
i=1

X, to,t1,..,t, € T, and ¢ € R, infpen G <<p, ZtilAi> ,p> > ¢ implies that there is a € (0,1)
i=1

n
such that infpea G <<p,a2ti1Ai +(1—a)ty ),p| > ¢ < for every partition Ay, ..., A, of S in
i=1

3, to,t1, sty € T, and ¢ € R, if there exists € > 0 such that G Ztip (4;) ,p) >c+eforallpe A,

=1
n

then there exist a € (0,1) and § > 0 such that G <Z (ati + (1 —a)to)p(Ai),p| > ct+dforallp € A.
i=1
While, again by Proposition 46, g is upper semicontinuous on X (T') <= for each to € T, ¢ € R and

n n n
ZtilAi € X (T) with g (Ztilm < ¢, there is a € (0,1) such that g (aZtilAi +(1—-a)ty| <c
i=1 i=1 i=1
n

<= for each ty) € T, ¢ € R and ZtilAi € X (T) with inf,en G ( P, ZtilAi> ,p) < ¢, there is
i=1

i=1
n
a € (0,1) such that inf,ea G ( D, aZtilAi +(1-a) to> ,p) < ¢ <= for every partition Ay, ..., A,

=1

n
of S'in 3, to,t1,....,t, € T, and ¢ € R, infpca G <<p, ZtilA,-> ,p) < ¢ implies that there exists a
i=1

number « € (0, 1) such that infyca G <<p, aZtilAi +(1-a) t0> ,p) < ¢ <= for every partition

i=1
n
Ay, .., A, of SinX, tg,t1,...,t, € T, and ¢ € R, if there exists p € A such that G Ztip (A4),p| <cgc,

i=1
n

then there exist « € (0,1) and ¢ € A such that G (Z (at; + (1 —a)to) g (4;), q) <ec. [

i=1

Lemma 51 If G € H (T x A), then

9(@) = L G((2).O)  VoeX (D),

is continuous and the inf is attained for all x € X (T).

Proof. The proof is divided into several claims that are used in different parts of the paper.
Let G : T X A — [—00,00] be lower semicontinuous. Define I' : X (T') x A — [—o00,00] by
I'(z,8) =G (&, x),€) for all (z,8) € X (T) x A.

Claim 1. T is lower semicontinuous on X (T') x A.

Proof of Claim 1. Consider a net {(z4,&,)} in X (T') x A such that (z4,&,) — (z,€) € X (T) x A.
This is equivalent to z, — x and &, — £. It follows that (£, 24) — (£, 2). In fact,

[(€as o) = (€, )| < [(€ar Ta) = (€ar )] + [(§as ) — (& 2)] = [(Cars e — ) + [{€a, ) — (&, )]
<l lza = ol + [{Ea 2) = (€, 2)] = 120 — 2 + [(§as 2) = (& 2)[ — 0.

45



Since G is lower semicontinuous, it then follows that

linhinfr (xonfa) = hH%llnfG (<§(¥7xa> aga) >G (<§,l‘> ’g) =T (l‘,f)

as wanted. O

In particular, T' (z,-) : A — [—00, 0] is lower semicontinuous on A for all z € X (T'), thus

9(@) = nf T (@,6) = min T (2,€) = minG ((¢,2).,¢) (56)

that is the inf is attained.
Claim 2. g is lower semicontinuous on X (7).

Proof of Claim 2. Counsider a sequence {z,} in X (T) such that z, — = € X (T). Then, there
exists a subsequence {x,, } such that liminf, g (z,) = limy g (z,,). Furthermore, by (56), for each
k there exists &,, € A such that g(z,,) = I'(zy,, &, ). Since A is compact, there exists a subnet
{fnka} such that &,, —— £ € A. By Claim 1,

lin&linfg (xn) = lilgng (Tn,) = liflxng (mnka) = ligénl" (mnka,ﬁnka) >T (x,@ > Igréiéll—‘ (z,8) =g (x)
as wanted. O

Now assume G € H (T x A), since G (+,&) is extended-valued continuous on 7" for each £ € A,
then it is upper semicontinuous on T for each £ € A. Therefore I' (+,&) : X (T') — [—o0, o] is upper
semicontinuous on X (T') for all £ € A3! finally ¢ () = infeen I'(+,€) is upper semicontinuous too. W

Lemma 52 If G € £(T x A), then
= i f X T
g(@) = Inf G({£2),6)  YoeX(T),
is uniformly continuous.

Proof. By definition, given € > 0, there is 6 > 0 such that |G (¢,€) — G (¥/,&)| < ¢ for all £ € A with
dom (G (+,€)) =T, and all ¢,t' € R with |t — /| <.

Take z,y € X (T) such that ||z —y| < §. Since g(z) € R (see Lemma 50), there is &, € A
such that g(z) > G({&,x),&) — ¢, and it must be the case that dom (G (-,&;)) = T. More-
over, since [lz —yl| < 4, then [{&,x) — (&, y)| < [|&]|[lz —yl| < 6. By uniform equicontinuity

|G ((€x,2) 1 &) — G (€2, y) 5 &a)| < €, and s0 G ((§2y ) 1 &) — G ((§as @), &) < € thus

9(@) 2 G (& @), 8) =€ 2 G ((ry) &) =26 2 Il G((§,y),§) — 26 =g (y) — 2.

Exchanging the roles of z and y, we get |g (z) — g (v)| < 2¢ for all z,y € X (T) such that ||z — y|| <4,

and so ¢ is uniformly continuous. |

#Let € € A, if {wn} in X (T) and 2n — 2 € X (T), then (§,2n) — (£, ) and limsup, G ((§,2n) ,€) < G ({(§,2) ,€).
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A.3.4 Monotone Continuity on Function Spaces

Theorem 53 Let ¥ be a o-algebra, and I : By (¥) — R be such that

1) = i G ( [ wdvn). 657)

where G : RxA — (—o0, 00] is jointly lower semicontinuous, grounded,3? and increasing in the first

component. The following conditions are equivalent:
(i) I is monotone continuous (i.e., I (p,) T1(p) if on T ©);

(it) if o, € By (X), k €R, and ¥ 3> E,, | 0, then I (¢) > I (v) implies that there exists n € N such
that I (klg, +¢lge) > 1(p);

(iii) G (-,p) = o0 for allp ¢ A°;

(iv) there is ¢ € A% such that {p € A: G (t,p) < a} is a weakly compact subset of A (q) for all
t,a € R.

(v) there is ¢ € A such that G (-,p) = oo for all p & A (q);

Proof. We will use the following claim.

Claim. Let P be a subset of A. The following statements are equivalent:
(a) G(,p) =oc forall p ¢ P;

(b) U {peA:G(t,p) <a} CP;

t,a€R

© |J {peA:G(mp)<n}CP

m,n=1

Proof of the Claim. If there exists p ¢ P such that p € U {peA:G(t,p) <a}, thenG(t,p) < a
t,a€R
for some t,@ € R and G (-, p) # oo. That is not (b) implies not (a), and (a) implies (b).
Clearly (b) implies (c).
If there exists p ¢ P such that G (-,p) # oo, then there is ¢ € R such that G (¢,p) < oo, therefore
there is 7 € N such that G (¢,p) < 7 and, by monotonicity of G (-,p), for all m < t, G (m,p) < n,
thus exists p ¢ P such that p € U {p € A:G(m,p) <n}. That is not (a) implies not (c), and (c)

m,n=1

implies (a). O
(i) implies (ii). Suppose first that & < min+. Set ¢, = klg, + ¢1g:, then ¢, T ¢ and

I () 1T I(3)). Therefore there is ng such that I (¢y,) > I(@). If k> min4, then klg, +¢lge >
(miny) 1g, + 9¥1ge, but there is ng such that I ((min V) 1g, + le%‘)) > I (p), by monotonicity

1 (KL, +wlgg ) = 1 ((mine)1p,, +¢le, ) > 1(9).

(ii) implies (iii). By the Claim, it is enough to show that {p € A : G (t,p) < a} C A? for all t and
ainR. Let B, | Dand r € {pe A:G(t,p) < a}. Set ¢ =« and » = 3 with 8 > a vV 0. For each
k > 0 there is ng > 1 such that a =1 (p) < I (fklE + ﬂlE%’k).33 Thus, since

np

—klg, + ﬁlE,;;k < —klg, + Blge, Yn > ng.

32That is, such that inf,ca G (t,p) =t for all t € R.
33The first equality descends from the normalization of I that corresponds to the groundedness of G.
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it follows
a<lI (—klEn +/6’1E%) = iggG (<p, —klg, +ﬁ1E3> ,p) , Vn > ng.
P

It <r, —klg, + 51E%> <t for some n > ny, monotonicity of G (+,r) would deliver

pig£G(<n—klEn —|—ﬁ155>7p) < G(<r,—k1En +51E%>,7‘) <G(tr)<a

which is absurd. Conclude that <r7 —klg, + ﬂ1E$L> > t for all n > ng hence

—kr (E,) +B(1—r(Ey,))>t,  Vn>ng
—kr (En) + ﬁ > t, Vn Z N

—t
r(E,) < ﬁT, Vn > ny

and so lim,, r (E,) < k! (B8 —t) for each k > 0, finally lim,, r (E,) =0, i.e.,, r € A,

(iii) implies (iv). By (iii) and the Claim, {p € A: G (¢,p) < a} C A for all ¢, € R, moreover it
is weak* compact (by lower semicontinuity of G), and so, being included in A?, weakly compact (e.g.,
[20, Prop. 2.13]). Then, for all m,n € N, there is g ) € A7 such that p < q(n,m) Whenever p € A

and G (m,p) < n. Given an enumeration h : NxN — N of Nx N, set ¢ = Z(n)m)eNxN Q‘h("*m)q(mm).
Then,

U pea:G(mp) <n}CA”(g).

m,n=1

Let t,a € R, and choose m < ¢t and n > «, then G (t,p) < o and monotonicity of G (-, p) implies
G(m,p) <G(t,p) <a<n
thatis {p€e A: G(t,p) <a} C{pe A:G(m,p) <n} C A% (q).
(iv) implies (v) descends immediately from the claim.

(v) implies (i). Let ¢, T ¢g. For each n > 0, define v, : A — (—o0, +00] by

T (p) =G (/ wndpm) :

Each 7, is weak* lower semicontinuous, and the sequence {v, } is increasing. Moreover, 7,, pointwise
converges to Yo, i.e., v, 1 70. For, if p € A7 (q), then [¢@,dp 1 [@odp by the Levi Monotone
Converge Theorem (notice that ¢ is bounded below), and so, since G (-, p) is lower semicontinuous
and increasing on R, lim,, G (f <pndp,p) =G (f <p0dp,p). If p ¢ A% (g), then v, (p) = oo for all n € N.

We conclude that ~, pointwise converges (and so, by [11, Rem. 5.5], T'-converges) to 9. By [11,
Thm. 7.4], minyea v, (p) — mingea Yo (p), that is I (¢,) — I (¢o), and monotonicity of I delivers:
I(¢n) T1(00). u

B Integrals which are concave functionals

Let ¢ : R — R be an increasing and concave function. Motivated by the study of smooth preferences,

we are interested in the concave functionals g : X — R given by

g (x) = /A SUEa)) du(e), VreX, (58)
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where p is a countably additive Borel probability measure on the simplex A, i.e. u € A (B(A)).

To study the functional (58) we need some notation. We denote by ca (B (A)) the set of all
countably additive elements of ba (B (A)), cay (B (A)) = ca (B (A))Nbay (B(A)) is its positive cone.
Finally,

ba (B(A),p) ={veba(B(A)): BeB(A) and p(B) =0 implies v (B) = 0}
is (isometrically isomorphic to, e.g., [49, Ch. IV.9]) the dual of L™ (u) = L™ (A, B(A), ) and
ca (B(A), 1) = ca(B(A)) Nba (B(A), )

is (isometrically isomorphic to) L! (1) (via the Radon-Nikodym derivative v + dv/du).

Consider the mapping A : X — L (u) defined by Az = (-, z) for all x € X. A is well defined
since (-, x) is affine and continuous on the compact set A, then it belongs to L (u). A is linear, in
fact, for all z,y € X and a € R,

Afaz +y) (&) = (& az+y) =al,z) + (&)
=a(Az) (§) + Ay (§) = (adz + Ay) (§)  VEEA,
hence A (az + y) = aAz + Ay. A is bounded, in fact,
|[Az ()] = (&, )] < gl =]l = [[=] V€€ AzeX,

thus
[Az| poe(y S 1zl Vz € X,

and |||A||| < 1. Then A is continuous, and obviously positive.
Its adjoint is A* : ba (B (A), ) — X* is defined, for all v € ba (B (A), p) by A*v = vA, that is

(A*v,z) = (v, Az) = /

Azdv = / (& xzydv (&), Vo e X. (59)
A A

A* is continuous and A*v is denoted by [, £&dv (§) in view of (59).

Moreover, A* is obviously positive, and it preserves the norm between the positive cones ba (B (A))
and X}. In fact, if v € bay (B(A), ), then [[V]lyypia),y = V(A) = [yldv = [ (§e)dv(§) =
(Av,e) = A7V ..

For every £ € X7, define

(€)= (A) 7 () Near (B(A),u) = {v € car (B(A),p): A'v = €}

_ {yem(B(A),u):/ACdV@_f}'

T () is a (possibly empty) closed and convex (hence weakly closed) subset of cai (B(A),u) and
v(A)=¢&(e) for all v € T (€).34
In particular, if £ € A, then

r©={veari: [ -

Finally, in this case, for all k£ > 0, ' (k€) = kL' (£), and the same is true for k = 0 if T' (§) # 0, while
(k&) ={0} #kL' (&) =0if k=0and I'(£) =0. In fact,

34(A*)~1 (€) is closed in ba (B (A), i) since A* is continuous, while cay (B (A), u) is closed in ca (B (A), 1) which is
a complete subspace of ba (B (A), ). Moreover, for all v € T' (§), v > 0 and A*v = &, hence v (A) = (A*v,e) = £ (e).
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e if £k > 0, then v € cay (B(A),p) and A*y = &, implies ky € cay (B(A),p) and A*ky = k€,
that is kT (&) C T (k&), conversely, if v € cay (B(A),u) and A*v = k€, then v = k~lv €
cay (B(A),u) and A*y = Ak~ v = k=1 A*v = £, and v = kv, that is T (k€) C kT (§);

e if k=0, then v € cay (B(A),p) and A*v = 0 imply ||[v[|,,5(a), = A™V] x. = 0and v =0,

that is T (k€) = {0}, while k' (€) = {0} if T'(€) # 0 and k' (€) = 0 if T (¢) = 0.

Theorem 54 The functional (58) is finite, concave, continuous and monotone on X.
Its conjugate is, for all £ € X*,

@ =sw{ [0 (L©)w@vero}.

with the convention g* (§) = —oo if T' (§) = 0.
Moreover, for all (t,£) € RxA,

)

0
0.

Ge () = { inf {inkao [tk N (k(% (C)) dp (C)] NS F(§)} Z:fF(f) £
supyeg ¢ (k) if T ()

Proof. The properties of the functional g may be easily obtained directly but we shall get them from

more general results. Our starting point is the functional

u) = /A 6 (u () du (€)

defined for w € L* (p1). This is a normal concave integral, studied by [42] and [43].
By [43, Corollary 2A], I, is finite, concave, and continuous; monotonicity immediately descends

from that of ¢. Moreover, the conjugate I} : ba (B(A), ) — [-00,00) of I, is given by

15 (v) = Ig- (u / ¢* ( dp (€) (60)

if there exists u* € L' (u) such that

V(U):/AU(C)U*(C)du(C), Ve L (1),

while
I;; (v) = —0

otherwise By the Radon—Nikodym Theorem, the condition “there exists u* € L' (u) such that
= [ u( ¢)dp (¢) for all w € L (u)” amounts to “v is countably additive” and in this case
u* = dz/ / du is unique (as an equivalence class).?®> Therefore,

2L (())d if v is countably additive,
< { 2 (#©0)a© y 1)
—00 otherwise.
Consider the bounded linear operator
A: X — L™ ()
r = <" $>

35In fact, if v is countably additive, it is enough to set u* = dv/du to obtain w* € L!'(u) and v(u) =
[Au(C) dv(¢) = [au(Q)u* (¢)du(S) for all u € L (u) Conversely, if there exists u* € L' (u) such that
= fA C) u* (¢)dp(¢) for all u € L (u), then v(B) = [gu* (¢)du(¢) for all B € B(A), which implies v

is countably additive and v* = dv/dpu.
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that we studied above. Clearly g = I40 A or, according to standard convex analysis notation g = I4A.
In particular, g is finite, concave, continuous, and monotone.

Since Iy is finite and continuous on L™ (u), [43, Theorem 3] guarantees that g* = (I,A)" = A*I}
where A* is the adjoint of A, and A*I7 is defined, for all £ € X*, by

AT (§)zsup{I; (v):veba(B(A),pu), A*'v=¢}. (62)

Moreover, the sup is attained if {v € ba (B(A),pn) : A*v =&} # 0.
But, I, is monotone, therefore I} (v) = —oo for all v ¢ bay. (B(A), ). Then (62) implies

g (6) = sup {I5 (v) v € bay (B(A),p), A'w = £} (63)
By (61), I (v) = —oo for all v ¢ ca (B (A), u). Then (63) amounts to
g (&) =sup {I}(v) :vecay (B(A),pn), A'v=¢} =sup{I}(v):v el (£}
and (61) again delivers

s©@=an@-sw{ [ o (L0)w@ero)

By Lemma 31, G¢ = g¢ for all £ € A. By Corollary 36, for each (¢,&) € R x A,

Ge(0) = juf (ke — g (k) = ut {or—swn{ [ o7 (@) au(wer o }}.

thus, if I' (€) # 0, it follows that

Ge(0) = jut {oe—sup{ [ o ("2 0)) w0 eT 01}
ol
- {wemw):iﬁfcdw(o—& {tk - /A ” (ka (O> o (O}}

. . o [, dy > }
inf inf <tk — k— d ,
YEAT (): [ 5 Cdry(()=€ k>0 /A¢ < dp (©) ) dntc)

else, if ' (¢) = 0,

sup { [ 0" (42(0)) dn(¢) s v e T (k) p = sup { [y & (42 (0)) du ()17 €T (&)} = —00 if k>0
sup { [ 6" (4 (0)) du(Q) v € T (k§) } = ¢ (0) = infrer {~6 ()} = —supren 6 (k) ik =0

and
d
Ge( = jut fo—su{ [ o7 (F10) (0w eT ()} } = sups ().
Which concludes the proof. |

B.1 Normalized Smooth Preferences Functionals

In this subsection we assume that ¢ is strictly increasing (and concave from R to R), and consider the

normalized version

g@)=¢! [ [ ottenan (f)} (64)

o1



of (58). First observe that ¢ (R) is an open half line (—oc,a), with a = supycg ¢ (k). Then ¢!

. T~ can
be extended to an extended-valued continuous and monotone function from [—oo, 00| to [—o0, 0] by

setting
00 ift>a
ﬁ(t){¢1(t) ifa>t>-oco0 ,

(65)
—00 ift =—00
this extension is simply denoted ¢~!. Application of Theorem 54 and Lemma 32 delivers, for all
(t.§) € RxA,
—1{(: . _ * dv . .
Gf(t):{ ¢! (inf {infizo [th = [ " (k32 () du ()] v eT(©)}) HO#0
¢! (supgep ¢ (k) = o0 I =10

Ge () = 67! (inf { inf [tk - [ (kj: <<>) dy <<>] ver (5)}) (66)

with the usual convention inf ) = oo.

Lemma 55 For a twice differentiable ¢ : R — R with ¢’ > 0 and ¢”" < 0, the following facts are
equivalent:

(i) In() =0 (67 (-) + A) is concave on ¢ (R) for all X > 0;

(i) —¢'/¢" is weakly decreasing.

In this case ¢ is said to be DARA.

Proof. ¢! is differentiable too with strictly positive derivative. Setting ¢—! () =1 (r), we get

In(r) = 6 (r) + A
N p—

¢ (¢ (r))

and Jy is twice differentiable with

/ ¢ (r) + Al
A= 6
. S, SO A (6 ) - o 1)+ ) S
e o 0)P
for all r € ¢ (R), A > 0. Therefore (i) is equivalent to
GV EN W)
500 ¢ (W (r) — ¢ (Y (r)+A)

. YW o yreg®,A>00
(¢ (¢ ()]
)= @) +N) " (¥ (r) <0 Vred(R),A>0s
)

¢ W(r) ¢
" (W (r) asf'(w(r)méo vrep(R),A20
LAWOEN S,

(W) +N) = @ (W (r)) Vre¢(R),A>0

which amounts to (

g

ii) since v is onto.

92



Proposition 56 If the scalar functions Jy (r) = ¢ [dfl (r)+ )\] are concave on ¢ (R) for all X > 0,
then (64) is 1-Lipschitz.

Proof. By the Jensen Inequality, we have

A ( / ¢<<5,x>>du<s>) > [ It due (67)

¢<¢‘1 (/A¢>(<§,x>)du(§)) +/\> z/A¢>(<§,x>+A)du(§)
2 ([oteanan) +xzo7 ([ sleatraano)

g@)+A>g(x+ Xe)

for all A > 0. Proposition 49 delivers 1-Lipschitzianity. |

Proposition 57 The functional (64) is translation invariant for all p € A% (B(A)) if and only if ¢
is CARA.

Proof. We only prove the “only if,” the converse being trivial. If g is translation invariant for all

4 € A7 (B(A)), then
(/¢ (6,0 + X)) dp (¢ ) (/¢> (€,2)) du (€ )

forallz € X, A € R, p € A? (B(A)). In particular choosing &; # & in A and the probability measure
w=(1/2)d¢, + (1/2) d¢,, we have

o1 <¢(<§1,1’> +A) + 0 (&) +)\)> _ ! <¢(<€17w>) +

A
2 2 +

¢ (<€2,w>))

The linear map x — ({£1, ), (€2, ) from X into R? is onto, because &; and &, are linearly indepen-
dent, therefore

L (N
o ( '

¢(r+A>):¢1 (W)“ Wt,r, A € R. (68)

By [14, p. 28] ¢ is CARA.
We report his argument for the sake of completeness. Wlog, assume ¢ (0) = 0. Next observe that
Jy is affine for all A € R, in fact it is continuous and, for all t' = ¢ (¢) 7" = ¢ (r) € ¢ (R), by (68)

(659l () o] o (2522

_ Gt +NFo(r+N\] o+ N)+o(r+N)
—olo () -2
0 @)+ | 40 60+

2 2

1 /g =1 (p
_o(s (2t)+>\)+¢(¢ (2)+)\)=%J>\(t/)+%J,\(T/)'

Moreover, Jy (0) = ¢ (¢~ (0) + ) = ¢ (A) for all A € R. It follows that there exists k : R — R such
that
In(w)=kMN)w+o(N) Yw € ¢ (R), X €R.
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Again by (68), for all t,r, A € R,

PE+N+o(r+)) :¢(¢—1 <¢(’f)+¢(7“>>+A) — (‘/5“)*‘””> — e &2

2 2

thus, for r =0, ¢ (t+ ) + ¢ (A) =k (X) ¢ (t) + 2¢ (A), or

Pt+A) =kN @)+ (N

and exchanging the roles of ¢t and A

PA+1) =k()¢(N) + (1)

hence
k(N o)+ (N) =k(t)d(N)+o(t)
thus if t, A #£0
E(A)—1 _ E(t)—1
o) o)

that is there exists a constant C' such that

=C

kE(t)=C¢(t)+1

for all t # 0, but also if ¢ = 0, (71) delivers &k (0) = 1, and (72) holds.
Finally, plugging (72) in (70),

dA+) =N +o(t)+Cohp(N) o (t) vt, A e R.
If C =0, ¢ is linear; else

(Co(t)+1)(Co(N)+1)=Ch(t)CH(N) +Coh(AN) +Co(t) +1
=C(@N)+o(t)+Co(N)o(t) +1
—CH(t+N)+1.

Thus C¢ (t) + 1 is exponential.
B.1.1 Relative Entropy
Here we further study the CARA case.

Proposition 58 The functional g : X — R given by
1 — T
9(a) =~ log [ e Edu (o),
A
with 6 > 0, is translation invariant and, for every (t,£) € RxA,

g (€)= 5 nf (R | ) v €T},

Gg(t):t—kéinf{R(V lpw):vel(§)}.

(73)

Proof. We first consider the case § = 1. In view of Theorem 54, let ¢ (t) = —e~! and consider the

functional

gm:A¢&@mmo5£ﬂ%@ww.
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Clearly ¢ is concave and increasing. Next we evaluate ¢* (t). Set 9 (t) = e,

rlogr—r ifr >0
P (r)y=4¢ 0 ifr=0 .
00 ifr<o0

r—rlogr ifr>0
o (r)=—v*(r)=<¢ 0 ifr=0 .

—00 ifr<o0

Claim. For all v € A? (1) and t € R

d
i, [t’f - /Asb <kdu (0) dp <<>} = —ete RO,

Proof of the Claim. First,

) dv . dv dv dv

int [ek = [ o (K520 ) an@)] =t o [ (K520~ kG2 @0k (@) au(©)]
If R(v | ) < oo, then, for all k£ > 0,

/(’fdu(o L (C)longu(O)dM(C) /A<kd”(o kd(g)logk—kgy(C)logZ:(C)>d/~L(C)

d,u du du
dv dv dv
= [ =0z k) 52 (O = kG (©)1og T (O (0

=k—klogk—kR(v | ,u)
=k — klogk — klogeR"Im
=k — klog keRIW

__ L (emunu) k — RO Jog (RO k)

BRIl
" <6R(V||u) k) 7

R(v||p)

and

; dv . 1,
ot ot = [0 (K5 ©) an O] = uf |6~ caiye (21w
1 *
= cat fuf [¢ (") - o7 (W)
1 . 1 .
= oremn b it —¢" (0] = e Jof lir — o7 ()

S SR — et RO
= w0 ? )= mapa @) =—ce :

Else if R(v || p) = o0

dv dv dv dv dv dv
[ (K © = K5 1ok 5 (©) ) ) = [ 0= ko) 57 (0) = K52 (€108 2 () (0

is 0 if £k = 0 and —oo otherwise. Then

d
15 [”f - /A ¢ (kdu <<)) dy (c)} = 0= —¢ e RO,

%)



As wanted. O

As a consequence, in view of Theorem 54, for all (¢,£) € Rx A,

~ _f inf{—ete B0y eT (&)} () #0
Ce )= { suppep —€ " if (&) =10
| —etsup {e BUIW cp e T (£)} T (E) #D
1o if T'(¢) =0
Moreover, g(z) = —log [, e~ (&%) (d¢) = —log(—g(z)), but 7 — —log(—r) is monotone and

extended-valued continuous from [—o0,0] to [—00, 00]. Therefore, if T (£) is not empty,

Ge (t) = —log (e*t sup {efR(VH”) vel (f)})
= —loge " —log (Sup {efR(VH“) vel (f)})
e 1 )

=t—sup{—-R(v | pn:vel (&}
=t+inf{R(v | p):vel ()}

while, if I' (¢) is empty, then
Ge(t)=—log(0) =co=t+inf{R(v || pn):vel(§}.

Monotonicity, translation invariance, concavity, and finiteness of g are easily shown. The conju-
gate of g can then be calculated by (iii) of Corollary 37, thus for all £ € A, ¢*(§) = —g:(0) =

—inf{R (|| p):veT (&)}

Finally, if 6 # 1, write gg to emphasize the dependence on 6 with 19 = g. Clearly, gg (z) =

0~ 1g (6x), therefore
(vg)" = g
09) = 09

and ¢G¢ can be calculated by (iii) of Corollary 37. [

C A Family of Statistical Distance Functions

Throughout this section we adopt the convention 0 - co = 0/0 = 0. We consider a strictly increasing
concave function ¢ : R — R (with supg ¢ = a) and a countably additive probability measure y on a
measurable space endowed with a o-algebra B that contains at least two singletons (e.g. the o-algebra
B (A) considered in the previous section, provided A contains at least two elements). We extend ¢
by continuity to [—o0,o0], by setting ¢ (—oc0) = —occ and ¢ (o) = a and we extend ¢! (again by
continuity) as in (65). It is important to notice that such functions are extended valued continuous
and monotone.

We extend I (- || ), as defined by (19), to A (B, u) by setting I (v || p) = oo if v & A7 (B, u).

Before proving the basic properties of I; (- || 1), it is worth noticing few facts. The function

g(f)z/(b(f)du, Ve L (),
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is (finite) concave, continuous, and monotone, see ([43, Corollary 2A]). It is well known that (L> (), |||, , >)
is a normed Riesz space with order unit, ||| is its supnorm, and its topological dual is ba (B, 1). In
particular, see again ([43, Corollary 2A)), for all v € A (B, 1) and all & > 0,

(kL) dy ifk=0 e A7 (B, p),
g*(lm):{ffb(d#)u i or y (B, 1)
-0 otherwise.
By Lemma 31 and Corollary 36, for all (t,7) € R x A (B, u),

infrso {kt s (kj—j) du} if v € A% (B, ),

Gy (t) = gy (t) = inf {kt —g" (kv)} =
! K keRy Supg @ otherwise.

By Lemmas 28 and 29 the mapping (¢,v) — G, (t) is quasiconvex and lower semicontinuous (when R
is endowed with the usual topology and A (B, 1) is endowed with the weak™ topology). From

L(ylm=¢""(Gy () —t, V(7)) €eRxA(B,p), (74)
we obtain some important properties of Iy (- || w).
Proof of Proposition 11. Indeed we show that for all t € R,
(1) Li (u || 1) = 0;
(ii) It (v || ) > 0 for each v € A (B, p);

(iii) I (- || p) is quasiconvex, weak™ lower semicontinuous on A (B, ), and {y € A (B, ) : It (v || u) < ¢}
is a weakly compact subset of A% (B, u) for all ¢ € R.

Monotonicity of ¢ guarantees that dom ¢* C R,.

(i) By the Fenchel-Moreau Theorem,

umHM—¢1<gﬂm—/w(ﬁx)wb—w—¢1@@%%¢%M)4—¢1w@»4—0

(ii) The inequality is trivial if v ¢ A (B, u). Else, by the Jensen inequality, for all k£ > 0,

/¢* (kzjl) dp < ¢° (/ kjldu) =¢" (k) = /¢>* (k;lz) dp-

Hence, I; (v || u) = ¢! (inszo [k:t — [¢* (kg%) duD —t>¢! (inszo [kt - [¢ (kil%> d,uD =
I (p |l p) = 0.
(iii) Let ¢ € R and set,

C={velAB,u): L(v|p<c}.
Next we show C ={v e A(B,u): G, (t) < ¢(c+1t)}.
C) Let v € C, then positivity of I (- || 4) guarantees that
t< ¢ (Gy (1) Sctt,
and G, (t) € ¢ (R), therefore
b(t) < Gy (D) < d(ct1).
D) Let v be such that G, (t) < ¢ (¢ + ), monotonicity of ¢~ delivers ¢~ (G, (t)) < c+t, that is
Ii(vllp)<e
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By Lemmas 28 and 29 the mapping (¢,7) — G, (t) is quasiconvex and lower-semicontinuous.
Therefore {v € A (B, u) : G, (t) < ¢ (c+ 1)}, that is C, is convex and weak* compact. The observation

that C consists of countably additive measures delivers weak compactness (e.g., [20, Prop. 2.13]). B

Proof of Proposition 13. We first prove that (i) implies (ii). Let p € A7 (B) and t € R. The
inequality holds by definition if I? (v || 1) = co. Assume I? (v || u) = ¢ < oo, then

02 (1) < G2 () < b2 (c +1). (75)

Since ¢; is more concave than ¢o, then, for each f € L (u), by Jensen’s inequality,

/¢1(f)du<h(/¢z(f)du),

6= sw [anas sw i [ornan) <n(@ o).

/deSt /fd“/it

Where the last inequality descends from (75) and monotonicity of h. Moreover, notice that G% (t) €
¢2 (R), therefore h (G2 (t)) € ¢1 (R), and so does G (t). Finally,

B lw+t=(0) (G 1) < (61) " (h (G5 (1) = (¢2)7" (G5 () = I7 (v | 1) + 1.

Conversely, let u € A% (B). The function h = ¢ o ((bg)_1 : ¢9 (R) — R is strictly increasing and
¢1 = h o ¢o. Then, for any f € L (u),

n([ortnan) =n( o 2 ([rar)) = (mre@) (2 ([ra7)). o)

where ¥ € A7 (B, 1) and G,% (/fd’_y) € ¢2 (R). Set t = /fd’y.
This implies that ¢; ' (G2 (£)) € R and by (74)

63 (G5 (D) =T (V|| ) +1.

This and (ii) yield 0 < I} (¥ || p) < I (¥ || p) < oo. By (76), we conclude that

hence,

n([oran) o610+ 200 (1 61 +0).
Since I} (7 || ) = ¢7 " (G2 (t)) —t is finite, then G} (f) € ¢1 (R) and
o1 (I (7 || ) +18) = (61 (G (D) —E+18) =G5 (D)

—ci([rn) = i & ([ra) = [ortnan= [n )

Finally, i ([ ¢2 (f) dp) > [ h(¢2 (f))dp for all p € A (B) and all f € L> (p). Since B contains two
singletons, this implies that h is concave. |

Corollary 59 Let ¢1,¢2 : R — R two strictly increasing and concave functions, then the following

conditions are equivalent:

(i) ¢1 is a positive affine transformation of ¢o (i.e. ¢y = ¢2);

(i) It (v || ) = 17 (7 || p) for allt € R, p& A7 (B), and v € A (B, ).
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C.1 Order Orlicz Functions

Lemma 60 If ¢ is order Orlicz, then lim;_,o ¢ (t) =0 and lim;_, o ¢ (t) = 0.
Next proposition regroups the properties of functions that satisfy these tail conditions.

Proposition 61 Let ¢ : R — R be strictly increasing, strictly concave, differentiable, with ¢ (0) =0,
¢ (0) =1, limy_oe &' () = 0, limy—_o0 ¢’ (t) = 00, and set 1 = (¢')"".

o lim; oo & (t) /t =0 and lim;—, _ oo @ (t) /t = 0.

e ¢ : (0,00) — (—00,00) is continuous and strictly decreasing with lim;_,o+ ¢ (t) = oo and

lim; 00 ¥ (t) = —00.

o o* is strictly concave on (0,00) and

minger (kt — ¢ (k) =t (1) — ¢ (¥ (1) if t >0,
¢" (1) =4 —supyep ¢ (k) ift =0,
—00 if t <0

moreover, it is differentiable on (0,00) and (¢*) = 1.

Finally, arg max ¢* = {1}, max ¢* = 0 and ¢* is strictly increasing on (0,1) and strictly decreasing
on (1,00).

The proofs are long but standard exercises in Convex Analysis (see, e.g., [41]), that we leave to the
reader. We extend 1 from [0, oo] to [—o0, 0o] by continuity, that is we set ¢ (0) = oo and 9 (00) = —o0.
This delivers

9" (0) = —sup ¢ (k) = —¢ (00) = =9 (¥ (0)) = 0 (0) — ¢ (¥ (0)).

keR
That is ¢* (t) =t (t) — ¢ (¢ (¢)) for all ¢ > 0 and —oo otherwise.
Next proposition shows the effects that the constraints on the elasticity of ¢ in the definition of
order Orlicz impose on its conjugate ¢*. This is a variation on classical results in the theory of Orlicz
spaces (see, e.g., [31]).

Proposition 62 Let ¢ : R — R be strictly increasing, strictly concave, differentiable, with ¢ (0) =0,
@' (0) =1, lims—oo @' (t) =0, limy—, oo @' (t) = 00, and set p = —¢*.
The following statements are equivalent:

i) There exists Ty > 1 >¢e1 > 0 and h € Ry such that p(k/2) < hp (k) for each k € (0,e1) and
p (2k) < hp (k) for each k € (T1,00).

it) There exists To > 1 > €9 > 0 such that for each | € (1,00) there exists h(l) € R4y such that for
each k € (T, o0)

p(UR) < h (D) p (k)
and for each l € (0,1) there exists h (1) € Ry4 such that for each k € (0,e3)

p (1K) < h (1) p (k).

iit) There exists T3 > 1> e5 >0 and a € (1,00) such that for each k € (0,e5) U (T3, 00),

'kp’ (k)
p (k)

’ <a. (77)
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iv) There exists Ty > 0 > t4 and o € (1,00) such that for each t € (T4, 00)

to' (t) !
o) ~ (a+1)

IN

b

and for each t € (—00,t4)
t¢’ (t) o

That is, ¢ is order Orlicz.

Proof. i)=i). If [ € (1,00) then there exists n € N such that 2™ > . Pick k > T3. It follows that
2"k > 1k > k> Ty and p(lk) < p(2™k). Therefore, since k € (11, 00), 2™k € (T1,00) for each m € N
and we can apply the inequality of i), obtaining p (Ik) < p (2"k) < hp (2"'k) < h"p (k). Similarly, if
1 € (0,1) then there exists n € N such that 27™ <. Pick k < 1. It follows that 27"k <[k <k < &;
and p (Ik) < p(27"k). Therefore, since k € (0,e1), 2™k € (0,e1) for each m € N and we can apply
the inequality of i), obtaining p (Ik) < p(27"k) < hp (27" T'k) < h"p (k). If we define £, = £; and
T5 = T the statement is proved.

ii)=iii). Pick [ = 2 then for k € (T3, 00), we have p (2k) < h(2)p (k). Since Tp > 1, %kk’)) > 1
hence h (2) > 1. This implies that for k € (T, 00),

2k 2k
b () = [ ) ds < [0/ (5)ds = p(20) ~ p () < p(20) < h(2) p (B).
k k

We can conclude that for k € (T3,00), where T5 = Tu, |kp' (k) /p (k)| (2).
Now, pick | = 1/2, then for k € (0,e3), we have p(k/2) < h(1/2) p (k) that in turn implies that
for k € (0,e2),

‘“,o'<k>=/kp'<k>dsz]p'<s>ds=p<k>—p(’;) >0 (5) =1 (3) 0.

This implies that for each k € (0,e3), where €3 = €2, —kp' (k) /p (k) = |kp' (k) /p (k)| <2k (1/2).
If we define @« = max {2h (1/2),h(2)} then a € (1,00) and we finally obtain that

‘kﬂl (/f)‘

p (k)

ili)=+iv). By Proposition 61, recall that, for each k € (0,00), p (k) = —k¢ (k) + ¢ (¢ (k)) and

o (k) = = (k), where ¢ = (¢/)”". By (77), it follows that for cach k € (T3, 00), kv (k) (@ — 1) <

ag (¢ (k).

t t4 = ¥ (T3), since ¥ ((0,00)) = R, 9 is strictly decreasing and continuous, and ¥ (1) =

(¢*) (1) = 0, then ¢4 < 0 and for each t € (—o0,t4) there exists k € (T3,00) such that ¢t = 1 (k) =

(¢/)"" (K), therefore

~
~
—~
oy
N
IN
>
\)
—

|

|
ol

<a Yk € (0,e3) U (T3, 00) .

te' () (= 1) =4 (k) k(a—1) <ag () (k) = ap(t).

Since t < 0 and a > 1, this implies ¢¢’ (t) /¢ (t) > «/ (o — 1) for each t € (—o0,t4).

Similarly, by (77), for k € (0,e3), kv (k) < a[—ki (k) + ¢ (¢ (k))], which implies that for k €
(0,5), ko (k) (o + 1) < g (4 (k).

Set Ty = 1 (e3), then Ty > 0 and for each t € (Ty, 00) there exists k € (0, e3) such that t = (k) =
(¢/) " (k), therefore

te (t) (a+ 1) =9 (k) k(a+1) <ad () (k) =ap(t).
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Since t > 0 and « > 1, this implies t¢’ (t) /¢ (t) < o/ (o + 1) for each t € (Ty, o).
iv)=1) Let &1 = ¢' (Ty). Since ¢’ : (—o0,00) — (0,00) is onto, strictly decreasing, ¢’ (0) = 1
and ¢ = (¢/)7", then g, € (0,1) and for all k € (0,£;) there exists ¢ € (T},00) such that k =
@' (t). Therefore t = 9 (k) and t¢’' (t) (¢ + 1) < a¢ () implies k¢ (k) (e +1) < ad (¢ (k)), that is
—kp' (k) /p (k) < . Similarly, T1 = ¢’ (¢4) belongs to (1,00) and kp' (k) /p (k) < a for all k € (T7, 00).
Thus, for each k € (T3, 00),

2k 2k

/
p (k) 5

k

which implies for each k € (11, 00), p (2k) < 2%p (k). Similarly, if k € (0,¢1),

k k
o p(k) _ pl(s)s -« 1s:—ozo
lgp<§)/p(s)d2 /sd log 2.

[N

2

This implies that p (k) > 27%p (k/2) for each k € (0,¢1), hence the statement. [

Remark 63 Notice that if i) holds, for each I € (0,00) there exists hi (1) > 0 such that p(lk) <
hi (1) p (k) for each k € (T1 V17! 00). Indeed, pick | € (0,00), then there exists an i € N such that
2" > 1. Since k € (Ty V17!, 00) then 2"k € (Ty VI, 00) for eachn € N and

p(lk) <p(2"k) < h"p (k).

Similarly, for each 1 € (0,00) there exists ha (1) > 0 such that p(lk) < ho(I)p (k) for each k €
(0,51 /\l_l). Indeed, pick 1 € (0,00), then there exists an i € N such that 1/2™ < I. Since k €
(0,51 A l’l) then k/2™ € (0,51 A l’l) for each n € N and

p (k) < p(27"k) < h"p (k).
Let v € A7 (B, p), for all ¢ € R, define F} : [0,00) — [—00, 00| by k — kt — [ ¢* (kg—l) dpu.
Proposition 64 Let ¢ be order Orlicz, if v € A% (B, ) then int domF; € {0, R4 }.

Proof. If int domF; = () there is nothing to prove. Else there exists k € R such that k& € int domF},
and so fp(kf%) dp < oo. Fix [ € (0,00), define f = kg—z and call A = {w: f(w) >T1V 1},
B={w: f(w)e (0,e1A7)},C={w: f(w) =0} and D = (AUBUC)". Then, it follows that

F) =ikt — [ o (fydu=tke+ [pnydu=tkt+ [pandu+ [opan+ [oas)ydn+ [ps)du
A B C

D

Slkt+h1(l)/p(f)du+h2(l)/p(f)du+/p(f)du+(p(lelAl)Vp(lT1\/1))u(D)<00
A B C

Indeed Proposition 64 shows that for an order Orlicz ¢ and v € A° (B, ), ¢* (r (dy/du)) € L' ()
for some r > 0 if and only if ¢* (r (dy/du)) € L' (u) for all v > 0.

Lemma 65 Let ¢ be order Orlicz. If v € A% (B, ) and ¢* (dy/du) € L* (i), then ¢ (k (dy/dp)) €
L' () for each k > 0.
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Proof. Notice that for each hy, ho,t > 0 we have that

< ¢* ((h1 + ha)t) — ¢" (hat)

Y ((h1+ha)t)t "

<y (ht)t. (78)

Let k > 0. Define A = {w : kfi% (w) zO},B = {w : k(‘j—z (w) € (l,oo)} and C = {w : kfi% (w) € (0,1]}.

Set hy = k and take any ho € (0,00). Then for each w € B, since (kj—; (w)) < 0 and j—;’ (w) >0,
by (78), we have that

N D)) — o (K9 (w
o ((k+h2) dﬂ<h>2) o (k@) <w(ka(w));lz

(w)<o0 (79)
that is

Ong 1B

i\ dy 0 (k5) = ((h+ha) 2)
w(kdu) dp = ha

By Proposition 64, ¢* (r (dv/du)) € L* (u) for each r > 0, therefore, [, ‘w (kf%) ‘ dy < .
Consider again (78), but set hy = hy = g If w € C, it follows that,

Y (D)) — o (9 (w
o0 (k) fes® (k5 ) —o (55 )
that is

()= ),

0<lc

By Proposition 64, ¢* (r (dv/dp)) € L' () for each r > 0, therefore, [, ’z/; (k;%) ‘ dy < 0.
Finally ~ (A) = 0, therefore, [, ’¢ (k:j—:t) ‘ dy < co. Conclude that

)= LGl Ll (e o ()

and ¢ (k (dvy/dp)) € L' (7). u

Proof of Proposition 15. By Proposition 61, ¢ : (0,00) — (—00, 00) is strictly decreasing and onto.
Let t € R and v € A7 (B, ) be such that I; (v || u) < oo. It follows that ¢* (kd—Z) € L' (n) for

d
some k > 0 and that
sl (el /(54

By Proposition 64 and Lemma 65, we can define I' : (0,00) — R by I' (k) = [ ¢ (kdﬂ) dvy. In order
to show that k () € (0,00) is well defined and unique, we will prove that F is strictly decreasing and
onto. Let k,h € (0,00) such that k > h, then kd'y > hd'y v-a.s. and, since v is strictly decreasing,

we have 1) h@) > 1) (kg%) ~v-a.s.. By Lemma 65, 1/)( @) ) ( Z—Z) € L' () and it follows that
T'(h) > T (k). Hence, T is strictly decreasing.
By the Monotone Convergence Theorem, it follows that

s [y (§) (e

(1) [ () (o mn
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Monotonicity of I" implies that
lim T' (k) = —oo and lim T (k) = co. (80)

k—o0 k—0+

By the Dominated Convergence Theorem, for each kg € (0, 00),

st 2) v o (-} ) e -
o<t (tos L) = o () o (D) Y]y 0

Monotonicity of I implies that

and

lim T (k) =T (ko) = lim T (k). (81)
k—kg k—kg

From (81), we derive the continuity of I' that matched with (80) implies that I is surjective. Therefore,
for each t € R there exists k* € (0,00) such that " (k*) = ¢. Since T is strictly decreasing, such k* is
unique. This proves that k () exists and it is unique.

Fy (k) = kt — [¢* (ki—l) dp for k € (0,00) is (finite) convex and differentiable. Convexity is

obvious. Next we show differentiability. Let h, k € (0,00), then for each w ¢ N = {w . (w) = O},

dp
. & () — g (K
oo ))$<w>§¢ (tk -+ ) 22 ¢ Z) o (ki @) co($2w) E 0. e
by (78). Moreover,
* a) g (L
/¢ ((k"‘h) dl;) ¢ <kd“>d,u0. (83)

N

This is obvious if p (N) = 0 or if ¢* (0) is finite; else [ ¢* ( ) dp= [y ¢* ( ) dp+ [ye @ ( ) du
= —00, which is absurd. From (82) and (83), we obtain

F(k+h)§/¢* <(k+h)%) o (ki )d,u<1“(k) Vh,k € (0,00) ,

which, together with continuity of T', delivers F} (r) =t —T'(r) for all r € (0, 00).
Finally, F/ (k) = 0 if and only if / " (kj—l) dy = t, that is k = k (7) and

nf F, (k) = inf F (k) = Fy k(7).

By Proposition 61, we have that ¢* (k) = k¢ (k) — (¢ o ¢) (k) for all kK > 0, and so

Rl =07 (k) —t =07 (k)= [or (ko) 5 ) au)
o (kee- [ (k) 2o (k) ) - 00 ¢>( ) ) )~
=g (k(v)t—/k(v)%(k@)fw)dw/wow(k@)jl)du)—t
(ko= /w( )+ [ 100w (ke L))
o (fin G

as desired. [
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D Proofs

Proof of Lemma 1. It is a direct consequence of Lemma 51. |

Lemma 66 If - satisfies A.1 and A.5. Then, 7, satisfies A.3 if and only if f,g,h € F, f = h, g = h,
and o € (0,1) imply af + (1 —a) g h.

Proof. We prove the “only if” part, the converse being trivial. Suppose A.3 holds. Since 77 satisfies
A.1, to prove the result it is enough to show that f = g implies af + (1 — ) g 77 g for all @ € (0,1).
Suppose, per contra, that there exist f = g and @ € (0,1) such that af + (1 —a&)g < g. Then
a€f{ae0,1):gnaf+(1—a)gt # 0. By A5, this set is compact. We can therefore set § =
ma ({a € [0,1] - g & af + (1 —a) g}) and f3 = 6 + (1 — ) g.

Claim. f3 ~g.

Proof of the Claim. We have § € {a € [0,1]: g Z af + (1 —a) g} and 8 < 1. In fact, if 5 =1 then
g 7 f, a contradiction. Now suppose fz ~ g, that is, g = fz. Theset {a € [0,1] : g > af + (1 — ) g}
is open since it is the complement of the closed set {a € [0,1] : af + (1 — ) g 77 g}. Hence, there
is an open neighborhood V in [0,1] containing 8 and contained in {a € [0,1]: g = af + (1 — a) g}
Since § < 1, we can then pick a point 3/ > §in V so that g > 5'f + (1 — ') g, which contradicts the
maximality of 3. We conclude that fg ~ g and this completes the proof of the Claim. O

By the Claim, we can apply A.3 to fg and g. Hence, Afs + (1 —A)g 5 g for all A € (0,1), and
0 < a < 3 implies 3~ 1a € (0,1). Thus

gig(ﬂf+(1—5)g)+(1—g>g:af+gg—ag+g—gg:af+(1—a)g<g

a contradiction. We conclude that af + (1 —a) g 7 ¢ for all a € (0, 1), as desired. [

Lemma 67 A binary relation 77, on F satisfies Aziom A.1-A.5 if and only if there exists a nonconstant
affine function u : X — R and a function I : By (X, 4 (X)) — R normalized, monotone, quasiconcave,
and continuous such that

fZge=1(f))=1I(ulg)- (84)

Moreover, u is cardinally unique, and, given u, there is a unique normalized I : By (X,u (X)) — R
that satisfies (84).

Proof. We only prove the sufficiency of the axioms, the converse being routine. The existence of a
nonconstant affine u and a normalized and monotone I satisfying (84) can be derived using the same
technique of [34, Lemma 28|, where for the existence of u we use axiom A.4 in place of the stronger
Weak Certainty Independence axiom of [34]. In particular, By (X, u (X)) ={u(f): f € F}.

By Lemma 66, - is a convex preference, and so I is quasiconcave. Continuity follows from A.5
and Proposition 46.

Finally, cardinal uniqueness of u is a standard result (u is affine and represents 7~ on X). Suppose
that, given w, the normalized functionals I; and I satisfy (84). For all ¢ = u (f) € By (2,u (X)),
let zy € X be such that f ~ zy, then I) () = I (u(f)) = I (u(zyf)) = u(zy) = L (u(zy)) =
L(u(f) =1L(p),so 1 =Is. [ |
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Lemma 68 Let -, I, and u be like in Lemma 67. The following facts are equivalent:
(i) 7 satisfies A.7.

(i) For every z,z' € X, with z' < z, there are y' <y such that, for all f,g € F

1 1 1 1 1 1 1
—y ~ 59(8) 45y Vs S = cayp+ =2 3 zxg+ =2 (85)

1
2/ 8+ 3 2 2% ~ 73 2

2
(iii) I is uniformly continuous.

Proof. Clearly (i) = (ii). Next we show that (ii) = (iii). Let € > 0 and choose z, 2’ € X such that
u(z) —u(?) <eand 0 < u(z) —u(z) <supu(X) —infu(X). Let y,y’ € X be such that (85) is
satisfied and set 6 = u (y) — u (y/').

Notice that § € (0,supu (X) — infwu (X)). Clearly § > 0, moreover, taking f = y and g = ¢’ we
have

1 1, 1 1, 1, 1 1 1
- Syl = Syt 2y~ Sy oy == Zy Vse S
2f(s)+2y Uty ~ Yty 2g(s)+2y s €
hence Ly + 1o/ — 1 1.0 <1 1, — 14 1. Then 1 1, (1) < Loy (/) o L d
sY+ 52 = 5wy 4+ 52" 2 529+ 52 = 3y + 52, Then su(y) + 5u(2') < su(y’) + 5u(z) an
§=u(y) —u(y) <u(z) -

) —u(z) <supu(X)—infu(X).
Let ¢ € By (X, u (X)) be such that ¢+ 3§ € By (2,u (X)), and g, f € F be such that ¢ = u (g) and
o+ 3d=u(f). Then

u(f(s) =) +d=ulg(s) +uly)—u)

for all s € S,

1 LA Loy =1L Lo Luen+ L) =u (L 1
w(570+ 5) = gul )+ 3u0) = 50l + 3ul) - gul) + 5ul) = (5009 + 5
and hence

1 _|_}/<1 + =
5%t T 52 J 5%+ 52
that is

Suleg) + gu(z) < sulny) + gu ()
and I (p+6) = I(u(f)) = u(zy) < ulrg)+ (u(z) —u(Z)) < I(u(g)) +e=1I(p)+e. Hence, by
Proposition 48, I is uniformly continuous.

We conclude by showing that (iii) = (i). Assume [ is uniformly continuous. For all z,2" € X,
with 2z’ < 2, choose 6 > 0 such that |I(p)—I(¥)] < u(z) —u(z) for all p,9p € By (X, u (X))

such that |[¢ — ¢|| < §. Take y' < y such that u(y) — u(y’) < §. Then for all f,g € F such that
3f(s)+ 3y 2 39(s)+ gy for all s € S, it must be the case that

u(f(s) Sulg(s) +uly) —u@) Vses (86)

Set ¢ = u(f), ¥ =u(g), 7 =uy), t =u@), ' =7-1t€(0,0),c=u(z)-u),k=
max {max ¢, max,7} € u(X). Notice that:

e ¢ < (¢p+ ') A k. This follows from (86) and the definition of k.
e (Y+d0)ANk € By(X,u(X)). Infact, p < (v + )Nk < k.

o (W+Nk=WA(k=0))+d and pA(k—0) € By (Z,u(X)). Infact, k > k-6 =k—7+t >
T—T+t=1¢.
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Therefore
I(u(f)=I(p) <I((@+)Ak)=T((A(k=5))+0)
but clearly ||[((¢ A (k—0")) +0") — (¥ A (k—0"))|| = ¢ <6 and uniform continuity guarantees

I(WA(k=0))+0) < T@WA(k=0))+e<I(¥)+e=1I(u(g)+u(z)—u(),

hence I (u(f)) < I(u(g)) +u(z) —u(2) and u(zy) —u(zy) < u(z) — w(2’) which amounts to
s+ 52 3 334+ 32, as wanted. ]

Lemma 69 Let 7 be a binary relation on X represented by an affine functionu: X — R. u(X) =R
if and only if = satisfies A.G.

Proof.* Assume u (X) = R, we want to show that there are x > y in X such that, for each « € (0,1),
there exist 2,2’ € X such that az+(1 —a)y =z =y = az’+(1 —a)z. Letx € w1 (1),y € u=t (-1),
3 3
and for all « € (0,1) choose z = z (o) € u™?! () and 2/ = 2/ () € u™! (—), to obtain
o !

u(oz+(1—a)y)
(z)
(y) =
)

u(az’ +(1—a)x

)+ (1-a)uly)=3—-1+a>2

au (z
U 1
U -1
u(z

au(Z)+ (1 —-a)u(r)=-3+(1—a) < -2.

Conversely, assume there are x > y in X such that, for each a € (0, 1), there exist z, 2’ € X such that
az+(l—a)y =z =y>az +(1—a)z. Wlog, assume u(x) =1 and u(y) = —1. Foralln € N
there exist z,, 2], € X such that

1 1 1, 1 .
2+ |(1=—=]y>=xz>y>—2,+|1—— ]z ie.
n n n n

1 1 1 1
“ul(zp) =14+ =>1>—-1> ~u(z 1——
nu(zL) + S>1>-1> nu(zn)—l— -

then u (z,) > 2n —1 and 1 — 2n > w(z))) for all n € N. Thus u (X) cannot be bounded above or

bounded below, and therefore it coincides with R. [ |

Proof of Theorem 3. Suppose (i) holds, i.e., 7 satisfies axioms A.1-A.5. By Lemma 67, there exists
a nonconstant affine function v : X — R and a function I : By (X, u (X)) — R normalized, monotone,

quasiconcave, and continuous such that

fZge=1u(f)=1(u(g).

By Corollary 35, I (¢) = infpea G ({p, ¢)) for all ¢ € By (L, u (X)), i.e.,

i) =t G, ([unw)  wier

pEA

where G, (t) =sup {I (¢) : ¢ € By (X,u (X)) and (p,¢) <t} for all (t,p) € u (X) xA.36
Lemma 28 implies that the map (¢,p) — G, (t) is quasiconvex on u(X) x A. Monotonicity of
Gy (+) is obvious. Moreover, for all t € u (X),

t=1(t) = inf G, (1) = inf G, (0).

36Indeed Gp (t) is defined for all (¢,p) € R x A, but notice that (p,¢) € u (X) for all p € By (Z,u (X)).
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Therefore, G* : u (X) xA — (—o0, 0] defined by G* (t,p) = G, (¢) is well defined (the above equation
rules out the value —o0), belongs to G (u (X) xA), is linearly continuous because of continuity of I,
and (7) holds. This proves (ii).

Conversely, suppose (ii) holds. Since G € G (u (X) x A), then, by Lemma 50,

I(p) = ;gge(m ©),p) Yo e By(Xu(X)), (87)

is finite, (evenly) quasiconcave, monotone, normalized. Linear continuity of G implies continuity of I,
and (7) amounts to

fRg=Iu(f)zI(u(g). (88)
Lemma 67 guarantees that = satisfies A.1-A.5, i.e., (i) holds.

Assume (i), or (ii), holds and v : X — R is nonconstant affine, H € G (v (X) xA), for all f and ¢
in F,

rrae i ([onas) = wa([o@as). (59

Notice that we are not requiring that H be linearly continuous. Define
J(p) = imf H((p.¢),p) Vo€ Bo(%,v(X)). (90)

Since H € G (v (X) x A), then, by Lemma 50, J is finite, (evenly) quasiconcave, monotone, normal-
ized,

H{(t,p) 2 sup{J (¢) : ¢ € Bo (%, v(X)) and (p,) <t} V(t,p) € v(X) XA, (91)
and (89) amounts to

fmge=JW()=J (). (92)

Since J is normalized, by (92), v represents - on X, then it is cardinally equivalent to u. Assume
v = u, then (88), (92), and Lemma 67 guarantee that J = I (in particular H is linearly continuous
too). By (91), for all (t,p) € u(X) x A,

H (t,p) > sup{I(¢): ¢ € By (Z,u (X)) and (p,p) <t} =G, (1).

Since [ is finite, normalized, monotone, quasiconcave, and continuous, we can proceed verbatim like
in the proof that (i) implies (ii) (starting from “By Corollary 35...”) to show that G* : u (X) xA —
(—00, 00] defined by G* (t,p) = G), (t) is well defined, belongs to G (u (X) xA), is linearly continuous,
and

ftg<=>pig£G* </U(f)dp7p> ZgggG* </U(9)dp,p>' (93)

Thus (u, G*) represents 7 in the sense of (ii) and G* is the minimal element of G (u (X) xA) with
this property. Moreover, for all (¢,p) € u (X) x A,

sup {uten): [utnan<eh s {1 [uinan<e)

—sup{I(¢) : ¢ € By (S,u(X)) and {p,) < £}
— Gy (t) = G* (t.p).

Finally, it is easy to check that - has no worst consequence if and only if infu (X) € u (X). In
this case, By (X, u (X)) is lower open. By Lemma 29, the map (¢, p) — G, (t) is lower semicontinuous
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on u (X) x A, thus p— G, ({p, p)) is lower semicontinuous on A, and the infima in (93) are attained.
|

Proof of Proposition 4. Let (u,G) be an uncertainty averse representation of a preference 7.
If (@,G) is another uncertainty averse representation of =, then by standard uniqueness results,
there exist & > 0 and 8 € R such that @ = au + 8. By (8), for all (¢,p) € u (X) x A,

G (t,p) = sup {U(If):/u(f)dpét} — sup {au(xf)+ﬂ:a/u(f)dp+ﬁ§t}

feF fer
a}sc,gg{u(zf) : /u(f)dpﬁ t_aﬂ}wLﬂaG (t;ﬁ’p> + 5,

as desired.

Conversely, if there exist @ > 0 and 8 € R such that & = au+B and G (t,p) = oG (o' (t — 3) ,p)+
B for all (t,p) € 4 (X) x A, then 4 : X — R is affine nonconstant, G : 4 (X) xA — (—o00, 00| belongs
to G (u(X) xA), is linearly continuous, and, for all f and g in F,

Iy <:>pig£G</U(f)dp,p) Z;relgG(/U(g)dp,p)

= o ([ ) > e ([ 54 L0)
< inf G (fu(f)dp_ﬂ,p> > inf G (W,p)

pEA pEA

<~ inf [aG (fa?f)dpﬁ,p> +ﬁ} Zpigg [aG (M(‘Q)(;M,p) +ﬂ}

pEA «

<:>pig£G</ﬁ(f)dp7p) Z;ggG(/ﬂ(g)dp,p>7

and

G(t,p) = oG <t_aﬁ,p) +

zasup{u(zf):/u(f)dpﬁtﬁ}—Fﬁ

ferF «

= sup {au(:vf)+6:a/u(f)dp+5§t}

feF

= ;gg{u(fﬂf) : /ﬂ(f)dp < t}

for all (¢,p) € @ (X) x A. [ |

Proof of Proposition 5. Let 7~ be uncertainty averse and satisfy axioms A.4-A.6. Assumeu : X — R
is affine, G € G (u(X) xA) is lower semicontinuous, and, for all f and ¢g in F, (7) holds. Then, by
A6, u(X) =R (see Lemma 69). Set

I(p) = nggG(@, ®),p) Vo€ By (X).

Since G € G (R x A), then, by Lemma 50, I is finite, (evenly) quasiconcave, monotone, normalized,
and (7) amounts to
fZg=1T(u(f)=1(ulg).
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for all f and g in F. Since G € G (R x A) is lower semicontinuous, then it satisfies the assumptions
of Lemma 39, and
G(t,p) = sup I(p)=  sup  I(u(f))  V(p)eRxA,
PEBo(E):(p,p) <t FeF(pu(f))<t

But, since I is normalized and I (u (-)) represents 27, then I (u (f)) = u (z¢) for all f € F (notice that
the existence of z; is guaranteed by A.1, A.2, and A.5), therefore

G (t,p) = sup I(u(f))sup{u(xf):/u(f)dpgt} v (t,p) € R x A.

feF:(p,u(f))<t fer

This proves that that (8) holds, and G = G*. [

Proof of Theorem 9. Suppose 7 satisfies axioms A.1-A.6. By Lemma 67, there exists a nonconstant
affine function v : X — R and a function I : By (X, 4 (X)) — R normalized, monotone, quasiconcave,
and continuous such that

fZge=1Iu(f)=1(u(g).
Moreover, by Lemma 69, v (X) = R. Then By (3, u (X)) = By (). Set

G, (t) =sup{I(¢): ¢ € By (X) and (p,p) <t} Y (t,p) € RxA.

Theorem 33 guarantees that I (p) = minyea Gy ((p, ) for all ¢ € By (¥). In particular,

It =minG, ([u(ap)  vrer.

pPEA
and (13) holds. Lemmas 28 and 29 guarantee that the map (¢,p) — G, (t) is quasiconvex and lower
semicontinuous on R x A. Monotonicity of Gy, (-) is obvious. Moreover, for all ¢t € R,

t=1(t) =minG, ({p.1) = min G, (¢).

Therefore, G* : RxA — (—00, 00] defined by G* (t,p) = Gy, (t) is well defined, lower semicontinuous,
and it belongs to G (RxA). Since I is continuous, G* is linearly continuous. By Proposition 5, (u, G*)
is an uncertainty averse representation of .

If 7 also satisfies axiom A.7, that is (i) holds, by Lemma 68, I is uniformly continuous. Then, by
Theorem 38, dom (G,) € {0,R} for all p € A, and {Gp}peA:dom(Gp):]R are uniformly equicontinuous,
implying G € £ (RxA) and hence (ii).

Conversely, suppose G € G (RxA) is lower semicontinuous and linearly continuous and w is affine
and onto. Since G € G (R x A), then, by Lemma 50,

L(p) = wf G(p.@).p) Ve €Dbo(¥), (94)
is finite, (evenly) quasiconcave, monotone, normalized, and (13) amounts to

fRg=1T(f)=TI(ulg). (95)

Since G is linearly continuous, I is continuous, thus, by Lemma 67, 7 satisfies A.1-A.5. Since u is
affine, u(X) = R, and u represents 7~ on X, then Lemma 69 guarantees that 7~ satisfies A.6. By
Proposition 5, (u, G) is an uncertainty averse representation of 7-.

If G € £ER x A), that is (ii) holds, then G satisfies the previous properties. Hence, - satisfies
A.1-A.6. Further, by Lemma 52, G € £ (R x A) implies that I is uniformly continuous, thus, by
Lemma 68, - satisfies A.7 too. This proves (i).
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From this point until the end of the proof we (only) assume - satisfies axioms A.1-A.6 and denote:
by (u,G) an uncertainty averse representation, and by I the functional defined in (94).

By Theorem 3, u is cardinally unique, by definition of uncertainty averse representation, for all
(t,p) € R x A,

Gt =sw futen: [unav<eh=sw lram: [uninsi]

fer feF
=sup{l () : ¢ € By (X) and (p,p) <t} =sup{Il(p):¢ € Bo(¥) and (p,¢) =t}

sup {10+ [utnap=tf =sw futen: [uiran=1}.

where the equality in the second line descends from Lemma 31. This proves that, given u, G is unique
and that (14) holds.

Finally, assume X is a o-algebra. If ~ satisfies axiom A.8, assume ¢, % € By (X),k € R, X > E, | 0,
and I () > I (). Choose f,g € F and = € X such that ¢ = u(g), ¥ = u(f), and k = u (z), then
f > g and there exists n € N such that zE, f > g, that is

I(klp, +¢lpg) =1 (u(@)1p, +u(f)1p;) =1 (u(@Eaf)) > I (u(g)) =1 (¢).

By Theorem 53, there is ¢ € A% such that G (-,p) = oo for all p ¢ A (g), thus the minima in (13)
are attained in A% (q). Conversely, if there is ¢ € A? such that G (-,p) = oo for all p ¢ A (q),
by Theorem 53, for all ¢,¢) € Bg(X), k € R, ¥ > E, | 0, I (¥) > I(p) implies that there exists
n € N such that I(klEn—i—leﬁ) > I(p). Let f = gin F, z € X, and ¥ 3 E, | ), then
p=u(g), v =u(f) €By(X),k=u(x) eR,and I (¢) =1 (u(f)) > I(u(g)) = I(p). Then there
exists n € N such that I (klg, + ¢1g:) > I (), but

and I (p) =TI (u(g)), thus I (u(zE,f)) > I (u(g)) and zE, f > g. In conclusion, A.8 holds. |

Proof of Proposition 6. By standard results ([21, Corollary B.3]), (i) implies that u; &~ uz. Wlog,
uy = uy = u. By (10), for all f € F and z € X, f ~y x implies f 2o x, and so 3 ~g f 2y a7} (where
f o~ x} € X, for i = 1,2). Hence, u (az?) >u (m}) for all f € F. By (8), for all (t,p) € u(X) x A,

¢ <t,p>—sup{u(x}):/u<f>dp<t} <sup{u<x§-) :/U(f)dp<t}—G2 (t.1),

fer ferF

and so G < Go.

Conversely, assume wlog u; = uy = u. Then, for all f € F and = € X,
froix = inf Gy </u(f)dp,p) > inf Gy (/u(m)dp,p) =u(x),
PEA pEA
but G; < G5 implies
inf > inf > = inf
Inf Ga (/U(f)dpm) 2 Inf Gy (/U(f)dp,p) 2 u(z) = inf G (/U(w)dp,p>,
which delivers f =5 x. |

Proof of Proposition 10. If (u,c) is a variational representation of 2, it is routine to check that

(u, G) is a representation in the sense of (7). Moreover, since u (X) = R, then Proposition 5 guarantees

that (u, @) is an uncertainty averse representation.
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Conversely, if (u, G) is an uncertainty averse representation of -, and there exist v: R — R and

c¢: A — [0,00] with infpea ¢(p) =0, such that
Gtp)=~@)+clp)  V(,p) eRxA,

then for all t € R

t=pig£h(t)+0(p)] =7(t)+pig£C(p) =7(t).

Hence, v is the identity. Moreover, if p, — p in A, then (0,p,) — (0,p) in R x A and lower

semicontinuity of G delivers
liminfe (pg) = liminfG (0,p,) > G (0,p) = c¢(p),
(03 [0

thus c is lower semicontinuous.

Finally the quasiconvexity of G implies that ¢ is convex. In fact, let p; and ps in dom (c¢) and
a € (0,1). Pick to,f1 € R so that ¢(p1) — ¢(p2) = to — t1, namely, t1 + c¢(p1) = t2 + c(p2). As
G : (t,p) — t+ c¢(p) is quasiconvex, then

aty + (1 —a)ta +c(apr + (1 — ) p2) < max {t; +c(p1),t2 +c(p2)} =t2 +c(p2),

hence,
clapr+ (1 —a)p2) <c(pz) +t2 —aty — (1 —a)ty = c(p2) +t2 —at1 —t2 + oty
=c(p2) +a(tz —t1) = c(p2) + al(c(pr) —c(p2))
=ac(pr) + (1 —a)c(pz),
as wanted. |

Proof of Theorem 16. Assume (18) holds, i.e.

o= [o [ut@ae) = [ o [ueEn)do
for all f,g € F. Set

1) = [ ol dum) o ®)  Voe By (). (96)
By Theorem 54, J is finite, concave, continuous and monotone on X. Therefore the functional
I=¢toJ (97)
is well defined, quasiconcave, continuous, monotone, and normalized. Moreover, by (18)
fZge=1(u(f)=1(u(g).

Thus 7 satisfies axioms Axiom A.1-A.5 and its uncertainty averse representation (u, G) corresponding
to u satisfies, for all (¢,p) € R x A,

Gt =spfun: [una<t)= sw  sui)- s 1)

fer (pu(f))<t PEBo(X):(p,p) <t

by (66)

WEBO(;I;:Izp,W)StI (p)=0" (inf {gg{) [tk - /A " (kfj: (q)) dp (Q)} el (p)})



and F(p):{VEN(B(A),M):p=/Aqdu(q)};

by definition of I; (- || ),

51 (inf{mf [tk /A¢ (/fd:( )) du(q)] v eF(p)}>

= int o (jut |- [ o (K2 @) an@)]) = int (100140

vel(p) k>0 du ver

=t+ inf I ,
Vélrl(p) ¢ (v || p)

and the infimum is attained since T (p) is weakly closed and I; (- || u) has weakly compact sublevel
sets. That is
G(t,p)=t+ min [ (v p)
vel (p)

for all (¢,p) € R x A.

Conversely, assume (u, G) is an uncertainty averse representation of -, where

G(t,p)=t+ min I; (v | p) (98)
vel(p)
for all (t,p) € R x A, with I'(p) = {vr e A7 (B(A),n):p= [,qdv(q)}, under the convention

G (,p) = oo when T (p) = 0. Then7 for all (¢,p) € R x A,

dv
t,p)=¢ ' inf < inf |kt — k— ) d
son = (i, [ Lo (52) o)
and defining J and I like in (96) and (97), it descends from (66) that

G (t,p) = sup I(p)  V(,p)eRxA.
PE€Bo(X):(p,p)<t

Since [ is finite, quasiconcave, continuous, monotone, and normalized, by Theorem 33,

I(w)=z}g£G(< >p)=gggG(<p,<p>,p) Vo € By (%) . (99)

Since (u, G) is an uncertainty averse representation of 7, then, for all f and g in F,

U(f)dp,p> >pig£G</u g dp,p)

/ (9
/U(f)dp,p) > minG (/U(g) dp,p)
>

= o (u(f)) z o (u(g)))

<=>/ (/ (f (s))dp (s ))du(p)>/A¢(/SU(9(8))dp(8)) dp (p) ,

as wanted. Finally notice that (98) and (99) imply (23). [

f§g<:)infG<
PEA

Proof of Corollary 17. Set ¢ (t) = —e =%, then ¢~ (t) = —0~!log (—t), and for all p € By (X)

! </Ad>(<p, ¥)) dp (p)> = *%log/A e dp (p);
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call this functional I ().
Let (t,p) € R x A. By (66)

dv
I — —1 f . f k . % av d : I
weBo(sEI)IZIZp,WSt ()= (m {’?ZIO {t /A ¢ < dﬂ) 4 Ve (p)}) ’

by Proposition 58,

1.
swp  I(g)=t+ st {R(v | p)ivel ()},
PEBY(Z):(p,p) <t

Theorem 16 delivers the equivalence between (i) and (ii), while Proposition 10 that between (ii) and
(iif).37 n

Proof of Theorem 18. By Proposition 57, the functional

()= o ( [ ot an <p>) Ve € By (S),

is translation invariant for all 4 € A (B (A)) if and only if ¢ is CARA.

Next we show that for each given p € A% (B (A)). (u, ¢, ) represents a variational preference if
and only if [ is translation invariant.

Assume (u, ¢, ) represents a variational preference with variational representation (v,c). As ob-
served in the proof of Theorem 16, I is well defined, quasiconcave, continuous, monotone, normalized,

and
frg=I(f)=I(ulg).
But, by definition of variational representation, the functional

I@)=ﬁ%“n¢%+d@) Vo € By (%),

(which is concave, continuous, monotone, normalized, and translation invariant) is such that

frge=TI{(f)=1((g).

But then, there are & > 0 and 8 € R such that u = av + 3, and (u, ac) is a variational representation
of 7. Then the functional

1(@)=;g§(@%¢>+@€@ﬁ Vo € By (%),

(which is concave, continuous, monotone, normalized, and translation invariant) is such that
frge=Tu(f)>1(ulg).

By Lemma 67, I = I and I is translation invariant.
Conversely, if I is translation invariant, consider the preference = represented by (u, @, u). I is

well defined, quasiconcave, continuous, monotone, normalized, and

ftg<=>/A¢</Su(f)dp>du(p)>/A¢(/SU(9)dp>du(p)<=>I(U(f))>I(U(g))~

It is easy to check that 7 satisfies axiom A.9 (on top of Axiom A.1-A.6), thus it is a variational

preference. |

37Notice that p € T ([ qdp (q)), hence infpea (67 inf {R (v || ) : v €T (p)}) = 0.
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Proof of Theorem 21. By Theorem 3, G is lower semicontinuous. Set

I(p) = minG (/ wdp,p) Vo € By ().

pe

Since (u, G) is a representation, I : By (¥) — R is normalized and f - g <= I (u(f)) > I (u(g)). By
Lemmas 67 and 68, I : By () — R is normalized, monotone, quasiconcave, and uniformly continuous.
Moreover, for all (t,p) € R x A,

G(t,m:sup{u(xf): /U(f)dp<t}= sp T(f) = s I(g). (100)
feF feF:(pu(f))<t PEBL(X):(p,p)<t

(i) implies (ii). For all f € F and « € (0,1), A.10 implies that
frzp=af+(1—-a)z, ~axs+ (1 —a), (101)
thus,8 for all ¢ = u (f) € By (%)

Iag) =I(au(f) + (1= a)u(z.)) =1I(u(af+ (1 -a)z.))
=I(u(azs+(1—a)z.)) =u(azy+ (1 —a)z,)
=au(zy) + (1 —a)u(z.) = au(ry) = al (u(f)) = ol ().

If @ > 1 we then have I (¢) = I (a 'a¢) = a~'I(ag¢), and we conclude that I : By (X) — R is
positively homogeneous. By Theorem 41, this implies (ii).
(ii) implies (iii). Let (t,p) € R x A, by (ii)
f(m ift>0andpeC
G (t,p) = ﬁ(m ift<OandpeC
00 ifpe A\C

t

T(mzmﬁ(m ift>0andpeC

0o =tXo00=|t X o0 ift>0andpe A\C
- t LY 1 .

b = (1) (—Cz(p))_|t|>< (_%)) ift <0andpeC

00 =—t X 00 =t X o0 ift<Oand pe A\C

It suffices to set v (¢t) = |t| for all t € R,

)

1 jfpecC
di (p) = { c1(p)

—_1_ ifpecC
: and ds (p) = @ P
00 ifpe A\C

00 itpe A\C

to obtain (iii).

(iii) implies (i). If ¢ > 0, then v (¢) > 0 and, since G € G(Rx A), t = inf,ea G(t,p) =
infyeay (t)di (p) = v(t)infpen di (p). Thus inf,eadi (p) = a € (0,00), and v (t) = a~'t. Anal-
ogously, if ¢ < 0, then v (t) > 0, and ¢ = inf,ca G (¢,p) = infpea v (t)da (p) = v (¢) infpea da (p),
hence inf,eca da (p) = —b, with b € (0,00), and () = —b~'¢. Thus, for all (t,p) € R x A,

3

v(t)da(p) ift<OandpeA t2®)ifp < pandpe A

t)d ift>0andpe A t4®) it >0andpe A
G(t,p):{y() 1(p) ift>0andpe :{ ” ift>0andp€

and G (at,p) = aG (t,p) for all (¢,p) € R x A and o > 0. In turn, this implies I is positively

homogeneous. Together with u (z,) = 0, this allows to show that - satisfies axiom A.10. |

38Notice that condition (101) is weaker than A.10, and it is sufficient to drive the result.

74



Proof of Corollary 22. (i) implies (ii). Immediately descends from Theorem 21.
(ii) implies (i). Let, for all (¢,p) € R x A,

lep) ift>0andpeC

G (t,p) = CQEP) ift<O0andpeC

oo ifpe A\C

and

L(p) = inf G(p,0).p) Vo €Bo(¥).

By Lemma 44, I is finite, monotone, upper semicontinuous, positively homogeneous, quasiconcave

. )
I(p) = min (“j; o - o) ) —minG((pp)p) Vo€ By(), (102)

and
sup I(¢¥)=G(t,p) V(t,p) € R x A. (103)

YEBo(X)(p,¥)<t

Moreover, by (103) and Theorem 41, I is monotone, quasiconcave, uniformly continuous, positively
homogeneous, and normalized. While, by (28) and (102), for all f and g in F,

fzge=1u(f)=1(u(g).

By Lemmas 67, 68, and 69, - satisfies axioms A.4-A.7, and it is easy to show that positive homogeneity
guarantees that also A.10 holds.

In this case, by (103) and Theorem 38, (u, G) is a representation of 7 in the sense of Theorem 9.
If ¥ is a o-algebra, then 7 satisfies axiom A.8 if and only if there is ¢ € A such that G (-,p) =
for all p ¢ A9 (q), that is if and only if there is ¢ € A such that C' C A7 (q).

Finally, if v : X — R is affine and onto, with v (x,) = 0, D is a nonempty, closed, and convex subset
of A, and dy,dy : D — [0,00] are functions such that the first concave and upper semicontinuous,
with 0 < infyepdy (p) < max,epdi (p) = 1, the second convex and lower semicontinuous, with
minyep de (p) = 1, and for all f and ¢g in F,

(fo(Hdp)"  (Ju(f) dp)>

f 7 g<= min —
peD

> min

dy (p ds (p pED di (p) da (p)

((fv(g) dp) " (fv(g)dp)> .

Then u and v represent =~ on X, therefore there is a > 0 such that v = cu. Thus

<(fu(f)dp)+ (IU(f)dp)> <(IU(9>dp)+_(f“(9)dp))_ (104)

f = g <= min > min

peD dy (p) ds (p) peED di (p dz (p)
Set . B
o= (50 -ay)  wenm)

It can be shown, as we did in the proof that (ii) implies (i), that J is monotone, quasiconcave,
uniformly continuous, positively homogeneous, and normalized, moreover, by (104), for all f and g in
F,

fzge=J(f)=J(ulg)-

By Lemma 67, I = J and, by Lemma 44, (C, c¢1,c2) = (D, dy,ds). |

75



References

1]

[16]

[17]

[18]

J. Aczel, Lectures on functional equations and their applications, Academic Press, New York,
1966.

C. D. Aliprantis and K. C. Border, Infinite dimensional analysis, 3rd ed., Springer Verlag, Berlin,
2006.

F. J. Anscombe and R. J. Aumann, A definition of subjective probability, Annals of Mathematical
Statistics, 34, 199-205, 1963.

K. Arrow, Essays in the theory of risk-bearing, North-Holland, Amsterdam, 1970.

F. Bellini and M. Frittelli, On the existence of minimax martingale measures, Mathematical
Finance, 12, 1-21, 2002.

T. Bewley, Knightian decision theory: part I, Decisions in Economics and Finance, 25, 79-110,
2002.

S. Cerreia-Vioglio, F. Maccheroni, M. Marinacci, and L. Montrucchio, Complete quasiconcave

monotone duality, mimeo, 2008.
A. Chateauneuf and J. H. Faro, Ambiguity through confidence functions, mimeo, 2006.

A. Chateauneuf, F. Maccheroni, M. Marinacci and J.-M. Tallon, Monotone continuous multiple
priors, Economic Theory, 26, 973-982, 2005.

1. Csiszar, I-divergence geometry of probability distributions and minimization problems, Annals
of Probability, 3, 146-158, 1975.

G. Dal Maso, An introduction to T'-convergence, Birkhéauser, Boston, 1993.
G. Debreu, Theory of value, Yale University Press, 1959.

B. de Finetti, Sulle stratificazioni convesse, Annali di Matematica Pura e Applicata, 30, 173-183,
1949.

B. de Finetti, Sul concetto di media, Giornale dell’Istituto Italiano degli Attuari, 2, 369-396,
1931.

W. E. Diewert, Duality approaches to microeconomic theory, in Handbook of Mathematical Eco-
nomics, (K. J. Arrow and M. D. Intriligator, eds.), 4th edition, v. 2, pp. 535-599, Elsevier,
Amsterdam, 1993.

L.G. Epstein and M. Schneider, Recursive multiple-priors, Journal of Economic Theory, 113,
1-31, 2003.

H. Ergin and F. Gul, A subjective theory of compound lotteries, mimeo, 2004.

W. Fenchel, A remark on convex sets and polarity, Meddelanden Lunds Universitets Matematiska
Seminarium, 82—-89, 1952.

M. Frittelli, Introduction to a theory of value coherent with the no-arbitrage principle, Finance
and Stochastics, 4, 275-297, 2000.

76



[20]

[21]

[22]

[23]

P. Ganssler, Compactness and sequential compactness in spaces of measures, Zeitschrift fur
Wahrscheinlichkeitstheorie und Verwandte Gebiete, 17, 124-146, 1971.

P. Ghirardato, F. Maccheroni, and M. Marinacci, Differentiating ambiguity and ambiguity atti-
tude, Journal of Economic Theory, 118, 133-173, 2004.

P. Ghirardato and M. Marinacci, Ambiguity made precise: a comparative foundation, Journal of
Economic Theory, 102, 251-289, 2002.

I. Gilboa, F. Maccheroni, M. Marinacci, and D. Schmeidler, Objective and subjective rationality

in a multiple prior model, mimeo, 2008.

I. Gilboa and D. Schmeidler, Maxmin expected utility with a non-unique prior, Journal of Math-
ematical Economics, 18, 141-153, 1989.

C-W. Ha, Minimax and fixed point theorems, Mathematische Annalen, 248, 73-77, 1980.
E. Hanany and P. Klibanoff, Updating ambiguity averse preferences, mimeo, 2007.

L. P. Hansen, Beliefs, doubts, and learning: valuing macroeconomic risk, American Economic
Review, 97, 1-30, 2007.

L. P. Hansen and T. Sargent, Robust control and model uncertainty, American Economic Review,
91, 60-66, 2001.

I. Karatzas, J.P. Lehoczky, S. E. Shreve, and G. L. Xu, Martingale and Duality Methods for
Utility Maximization in an Incomplete Market, STAM Journal on Control and Optimization, 29,
702-730, 1991.

P. Klibanoff, M. Marinacci, and S. Mukerji, A smooth model of decision making under ambiguity,
Econometrica, 73, 1849-1892, 2005.

M. A. Krasnosel’sii and Y. B. Ruticjii, Conver Functions and Orlicz Spaces, Gordon and Breach
Science Publishers, New York, 1961.

F. Liese and 1. Vajda, Convex Statistical Distances, Teubner, Leipzig, 1987.
W. A. J. Luxemburg and A. C. Zaanen, Riesz spaces, vol. I, North-Holland, Amsterdam, 1971.

F. Maccheroni, M. Marinacci, and A. Rustichini, Ambiguity aversion, robustness, and the varia-
tional representation of preferences, Econometrica, 74, 1447-1498, 2006.

F. Maccheroni, M. Marinacci, and A. Rustichini, Dynamic variational preferences, Journal of
Economic Theory, 128, 4-44, 2006.

M. Marinacci and L. Montrucchio, Introduction to the mathematics of ambiguity, in Uncertainty
in Economic Theory, (I. Gilboa, ed.), Routledge, New York, 2004.

M. Marinacci and L. Montrucchio, On concavity and supermodularity, Journal of Mathematical
Analysis and Applications, 344, 642—654, 2008.

R. Nau, Uncertainty aversion with second-order utilities and probabilities, Management Science,
52, 136-145, 2004.

J-P. Penot and M. Volle, On quasi-convex duality, Mathematics of Operations Research, 15,
597-625, 1990.

(s



[40] L. Rigotti, C. Shannon, and T. Strzalecki, Subjective beliefs and ex-ante trade, Econometrica,

forthcoming.
[41] R. T. Rockafellar, Convex analysis, Princeton University Press, Princeton, 1970.

[42] R. T. Rockafellar, Integrals which are convex functionals, Pacific Journal of Mathematics, 24,
525-539, 1968.

[43] R. T. Rockafellar, Integrals which are convex functionals, II, Pacific Journal of Mathematics, 39,
439-469, 1971.

[44] W. Schachermayer, Optimal Investment in incomplete markets when wealth may become nega-
tive, Annals of Applied Probability, 11, 694-734, 2001.

[45] D. Schmeidler, Subjective probability and expected utility without additivity, Econometrica, 57,
571-587, 1989.

[46] K. Seo, Ambiguity and second-order belief, Econometrica, forthcoming.

[47] M. Siniscalchi, Dynamic choice under ambiguity, mimeo, 2006.

[48] T. Strzalecki, Axiomatic foundations of multiplier preferences, mimeo, 2007
[49] K. Yosida, Functional analysis, Springer, New York, 1980.

[50] A. C. Zaanen, Riesz spaces II, North-Holland, Amsterdam, 1983.

8





