





Figure 1: This figure contrasts the optimal face value of debt, default costs, taxes and total value of a
company with its bankruptcy-remote sponsor (in blue) and the equivalent stand-alone arrangements (in
orange) for different interest rate levels, ranging from 1% to 5%. The parameters are collected in Table 1.
The cash flows of the units are jointly normally distributed, with marginal distributions as in Table 1 and
correlation parameter 0.2.

outpacing the growth of expected tax savings to group value, which instead rises from 8.78%
to 9.59%. While the value of leverage, i.e. the difference between the optimal and the zero-
leverage value, falls from 6.49 to 4.54, the sponsor/backed unit remain 2.3% more valuable
than the stand-alone (198.96 vs. 194.42). While debt market value — concentrated in the
backed company — increases by 14%, from 117.06 to 133.43, the equity value (concentrated
in the sponsor) increases much more, by almost 33%. This is why the market value of
leverage does not increase. Such increase in equity value, due to the discounting effect of
lower interest rates, provides the capital buffer needed to enhance the support provision to
the backed unit.

The riskiness of the backed unit increases, as the risk-free rate decreases. Indeed, as
portrayed in Figure 2, the default probability increases as the rate decreases, hitting 63.3%
when the risk-free interest rate is 1%, up from 47.38% when r = 5%. The spread of the

backed unit increases accordingly, topping 12.11%, as does the loss given default, from 148.98
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Figure 2: This figure contrasts the optimal face value of debt, 5-year default probability, annualized credit
spread and loss given default of a company backed by a bankruptcy-remote sponsor (in blue) and the equiv-
alent stand-alone (in orange) for different interest rate levels, ranging from 1% to 5%. The parameters are
collected in Table 1. The cash flows of the units are jointly normally distributed, with marginal distributions
as in Table 1 and correlation parameter 0.2.

to 168.68 (or from 67.72% to 68.29% in percentage terms). Again, the backed unit behaves
very differently relative to the stand-alone, whose default probability and spread decrease
when the interest rate decreases. On the contrary, the zero-leverage sponsor is insolvent very
rarely in all interest rate scenarios. This happens only when both its cash flow realization
is negative and the backed unit payout is not large enough to cover such losses. This is why
the joint default probability is unaltered when the interest rate changes.

Figure 1 and Figure 2 show that the patterns we just discussed hold uniformly as the
level of the risk free rate falls from 5% to 1%. Furthermore, the above results qualitatively
hold true for different correlation levels, as reported in Table 3.

In particular, higher cash flow correlation makes support more valuable because it allows
for higher tax savings. To obtain such tax savings, the sponsor has to be able to provide

funds when the supported unit has positive cash flows. Both the optimal face value of debt
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Table 3: Optimal Value and Debt: Sponsor/Backed Unit

Market Debt Value
Equity Value
Total Value

133.58 (0;133.58)
32.74 (32.74;0)
166.32 (32.74;133.58)

153.38 (0;153.38)
42.88 (42.88,0)
196.26 (42.88;153.38)

117.06 (0;117.06)
49.52 (49.52;0)
166.59 (49.52;117.06)

133.43 (0;133.43)
65.53 (65.53;0)
198.96 (65.53;133.43)

115.53 (0;115.53)
51.84 (51.84;0)
167.36 (51.83; 115.53)

Correlation
-0.8 0.2 0.8
Parameter Interest Rate Interest Rate Interest Rate
5% 1% 5% 1% 5% 1%
Face Value of Debt 183 (0;183) 201 (0;201) 220 (0;220) 247 (0;247) 227 (0;227) 257 (0;257)
(

133.55 (0;133.55)
66.70 (66.70;0)
200.24 (66.70;133.54)

6.23
7.57 (0; 7.57)
32.45 (20.01;12.44)

1.86
8.87 (0; 8.87)
39.73 (24.30;15.43)

6.50
14.62 (0; 14.62)
25.40 (20.01:5.39)

456
19.07 (0; 19.07)
29.53 (24.30;5.23)

7.27
15.50 (0; 15.50)
24.52 (20.01;4.51)

5.86
20.16 (0; 20.16)
28.44 (24.30;4.14)

Value of Leverage
Tax Savings
Taxes

Default Costs 1.91 (0;1.91) 7.29 (0;7.29) 8.13 (0;8.13) 14.50 (0;14.50) 8.24 (0:8.24) 14.29 (0;14.29)
Yield Sponsor (Spread) N/A (N/A) N/A (N/A) N/A (N/A) N/A (N/A) N/A (N/A) N/A (N/A)
Yield Backed Unit (Spread) 6.50% (1.50%) 5.56% (4.56%) 13.45% (8.45%) 13.11% (12.11%) 14.46% (9.46%) 13.90% (12.99%)
Default Probability Sponsor 0% 0% 0% 0% 0% 0%
Default Probability Backed Unit 11.05% 30.76% 47.38% 63.30% 50.43% 64.73%
Joint Default Probability 0.01% 0.22% 0.47% 0.47% 0.47% 0.47%

Loss Given Default Sponsor 0 0 0 0 0 0
Loss Given Default Backed Unit 113.28 129.38 148.98 168.68 180.21

Table 3: This table displays the optimal figures of a backed unit with its bankruptcy remote sponsor when
both units displaying the parameters in Table 1, for two levels of interest rates, 5% and 1%. Cash flows are
jointly normally distributed, with marginal distributions as in Table 1 and correlation parameter ranging
from -0.8 to 0.8. Yields and spreads are annualized, the default probabilities are the probabilities that
debtholders are not repaid in full when cash flows are realized at T = 5 years. Sponsor and backed Unit
figures are reported in brackets, respectively.

of the backed unit and its riskiness, as captured by the spread, increase with correlation and
top 257 and 12.99%, respectively, when cash flow correlation is equal to 0.8 and the interest
rate is 1%.

The statement below summarizes these patterns, assuming that only the risk-free rate

varies:

Observation 2. In a company backed by a zero-leverage sponsor, the optimal debt increases
when the risk-free interest rate decreases. Both the spread and tax savings, along with default
probabilities and losses upon default increase. These changes are larger the higher is the cash-

flow correlation between the sponsor and its backed unait.

Summarizing, this section shows that a Stand-Alone company does not increase its de-
mand for debt when the risk-free rate falls. With a tax-bankruptcy trade-off, marginal tax
savings decrease more than marginal default costs when the risk-free rate falls. In spon-
sor/backed unit constructions, instead, marginal default costs are kept lower than marginal
tax savings by the internal support mechanisms. As a consequence, optimal debt increases
and becomes concentrated in one unit.

These findings offer a rationale for the observations reported in the introduction. The

trend of falling interest rates in the first two decades of this century has been accompanied
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by a disproportionate increase in lending through securitization vehicles such as CLOs in
the US (Powell, 2019) and in borrowing by firms with lower ratings in both the EU and the
US (Darmouni and Papoutsi, 2021; Schularick, 2021).

5. A Leveraged Sponsor: the Parent-Subsidiary Case

The previous section shows that the optimal debt of a backed company may increase
in response to a decrease in interest rates, in contrast to the case of a stand-alone com-
pany. This pattern holds when the sponsor is optimally zero-leverage before the interest
rate reduction and remains optimally zero-leverage afterwards. In turn, this occurs when
the tax/bankruptcy-cost ratio is equal across the sponsor and backed company, or when it
is lower for the sponsor than for the backed company.

A change in the level of the risk-free interest rate may however prompt a restructuring of
the sponsor’s capital structure, as well. This section analyzes one such case for robustness
purposes. The sponsor initially displays positive optimal leverage at the base-case interest
rate level because of a higher tax-bankruptcy-cost ratio than its backed company. This case
is empirically relevant since we often see a leveraged parent in multinationals and other
corporate groups, which also acts as sponsor by backing its subsidiaries’ debt (Bianco and
Nicodano, 2006; Brok, 2022; Anantavrasilp et al., 2020). This case is theoretically interesting
because it involves a trade-off between leveraging the backed subsidiary, in order to exploit
the sponsor’s limited liability, and leveraging the parent, which enjoys higher marginal tax
rates and/or a lower proportional bankruptcy cost parameter.

A numerical example shows conditions such that the optimal response to a reduction in
interest rates is the creation of a LBO-like structure with debt concentrated in the backed
company and a zero-leverage sponsor. In other words, when interest rates drop, a parent
may find it profitable to sell its subsidiary to a zero-leverage private equity fund that will
lever up the LBO target, rather than entertaining itself this financial restructuring.

Let us consider the case when the tax rate of the sponsor company (7¢ = 24%) exceeds
the one of the backed unit (75 = 16%). Since the incentive to raise debt also in the sponsor
is in general stronger the higher is cash flow volatility, we set og = o5 = 0 = 44 % /5,

similarly to Nicodano and Regis (2019). We first focus on the base-case correlation (p = 0.2).
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Figure 3 reports the optimal debt, market leverage, tax savings and default costs of the
sponsor/backed unit organization and the equivalent two stand-alone units for interest rate
levels ranging between 1% an 5%. Figure 4 displays the optimal debt, default probability,
spread and loss given default of the sponsor and the backed unit, comparing them with
their equivalent stand-alone values. Table 4 reports the numerical values of the optimal
characteristics.

When r = 5%, our choice of parameters leads to optimal positive leverage in both units.
The total face value of optimal debt exceeds the one in two equivalent stand-alone units (191
vs. 169), and the sponsor raises only slightly more debt than its backed unit (98 vs. 93).
This may seem counter-intuitive, because the parent has a much higher tax rate, and the
debt tax shield is therefore more valuable in that unit. However, to preserve its ability to
provide support, the sponsor raises less debt than the equivalent stand-alone (98 vs. 103),
while the backed unit raises more (93 vs. 68). The sponsor bears much lower default costs
than the stand-alone peer as it receives the payout from the backed unit, a mechanism that
emerges in Anantavrasilp et al. (2020). In turn, to endow the sponsor with a positive payoff,
the subsidiary is not as leveraged as in the private equity case depicted in the previous
Section 4.2, but still raises higher debt than the stand-alone. Overall, tax savings decrease
relative to the stand-alone case (9.92 vs. 10.32), but default costs are mitigated (5.08 vs.
6.09), leading to higher total value (170.48 vs. 169.88). The sponsor and the backed unit
appear to be similarly risky, with a (5-year ahead) default probability of around 31%, but
they display respectively a lower (4.82% vs. 7.25%) and higher (annualized) spread (5.49%
vs. 4.74%) than their stand-alone equivalent.

As the interest rate decreases to 1%, we highlight two main effects. First, the total
face value of debt raised by the organization tends to increase, from 191 to 223. As Figure
4 captures, this is in sharp contrast with what happens to the two equivalent stand-alone
units, whose combined optimal debt falls monotonically from 170 to 121 as interest rates drop.
Second, debt is entirely raised in the backed unit only when the interest rate is small enough.
Indeed, when the interest rate falls below a certain level, the sponsor optimally specializes in
providing support as in the private equity-like structure described in Section 4.2. This occurs

because a lower interest rate shifts the balance between two opposing incentives, increasing
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the sponsor tax shield versus providing additional support to the backed unit, toward the
latter. The drop in interest rates reduces the incentive to leverage up the sponsor, since it
should bear higher default costs to reach the same tax savings level. The combination of
connected units is however able to exploit the tax shield, while shielding the sponsor from
bankruptcy, by leveraging up the backed unit. While the sponsor becomes zero leverage, the
backed unit maximally exploits the tax shield, allowing the organization to become more
valuable at the cost of increasing its riskiness.

The default costs of the organization increase sharply as the interest rate falls. In par-
ticular, those of the backed unit are more than 11 times the default costs of an equivalent
stand-alone unit (9.08 vs. 0.79) and the (5-year) default probability reaches 54% when
the interest rate is 1%. Losses upon default deteriorate as well, rising to 168.63 from 67.32
(75.62% vs. 72.38% in percentage terms) relative to the 5% interest rate case. These changes
affect the endogenous (yearly) spread, which rises from 5.49% to 10.32%. The default prob-
abilities of the two units move in two opposite directions. In the sponsor, as debt decreases
the default probability drops when the interest rate moves from 5% to 1%. Below 3%, when
the sponsor becomes a zero-leverage entity, it defaults only when its realized cash flows are
negative (9.68% probability), bearing no losses due to its limited liability.?

For our selected parameters, the transformation to a zero-leverage structure composed
of a sponsor and a backed unit occurs for every correlation level, leading us to the following

observation, under the usual coeteris paribus assumption:

Observation 3. When the risk-free rate falls, a parent-subsidiary structure with balanced
debt may transform into a zero-leverage sponsor and a highly leveraged company, even if the

tax rate (proportional bankruptcy cost) of the parent exceeds (is lower than) the subsidiary’s.

In Table 4 we let cash flow correlation vary for two risk-free interest rate value: 5% and
1%. First, we observe that, at the 5% interest rate level, the sponsor raises more debt than

its backed unit when cash flow correlation is positive. Indeed, when cash flow correlation is

9 As the risk-free rate approaches 3% from above, lenders’ losses upon default get closer to 100% since the
default threshold approaches zero, implying that there is hardly any recovery due to negligible or negative
after-tax profits.
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negative there are diversification benefits, since payouts from the backed unit help support
an insolvent sponsor, but little tax savings from debt. This is because the sponsor tends
to have positive cash flows when the backed unit has negative cash flows, resulting in zero
support being provided. On the contrary, when cash flow correlation is positive, tax savings
are maximized thanks to the support mechanism. Indeed, support to the backed unit is
more effective in saving default costs the higher the correlation. With negative cash flow,
the sponsor would be able to provide support when the backed company would not suffer
from default, or viceversa the sponsor would not be able to provide support when the backed
company faces positive default costs. Under both interest rate scenarios, as a consequence,
the total face value of debt (with the only small exception of moving from 0 to 0.2 correlation
in the 5% interest rate case) increases with correlation. Total default costs, accordingly,
follow the same pattern.

When moving from a 5% to a 1% level of the risk-free rate, we find that total debt of the
connected units always increases. This occurs for high enough correlation (|p| > —0.2). In
those cases, the support mechanism is valuable enough to mitigate the increased marginal
default cost associated with higher leverage. Default costs, instead, increase in absolute
value for all correlation levels (and as a percentage of group value, when correlation is not
extreme (|p| < 0.8)).

An important difference appears when looking at the magnitude of default costs relative
to stand-alone units. When the interest rate is 5% default costs in the connected units
are always smaller than the costs in the two equivalent stand-alone units (7.52), as in the
case presented in Figure 3, unless correlation is very high (0.8). On the contrary, when the
interest rate is 1%, this happens only for the lowest correlation level (-0.8), because cash flow
diversification limits joint default. Thus, transformation to a sponsor/backed unit following
a rate drop is privately optimal, but the organization is not welfare-optimal, as stand-alone
units display lower default costs. In the 5% interest rate scenario, instead, the privately
optimal and socially optimal firm combination is the same for almost all correlation levels.

Finally, default probabilities and spreads increase in the subsidiary for all correlation
levels following a drop in interest rates (with the only exception of the default probability

when p = —0.8, which only slightly decreases). The 5-year-ahead default probability tops an
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Figure 3: This figure portrays the optimal debt (face value and market value), default costs and tax savings
of the sponsor/backed unit arrangement (in blue) when interest rate ranges from 1% to 5% and compares
the figures with those of equivalent stand-alone units (orange). In the upper left panel, the red line depicts
the optimal debt of the sponsor.

impressive 57.44% when p = 0.8, and the annualized spread consequently reaches 12.85%.

Two further effects are worth noticing. Firstly, the probability of a joint default decreases
for all analyzed correlation levels when interest rate drops to 1%. This happens because of
the limited liability of the sponsor, which, being zero-leverage, defaults only when its cash
flows are negative. On the contrary, total default costs always increase, because debt is
concentrated in one very risky unit, which is very likely to default. Secondly, not only the
default probability (with the exception of very low correlation levels), but also losses upon
default in the subsidiary increase.

Again, some model-based insights are broadly consistent with observation. The model
predicts increased LBO activity when interest rates fall, and a consequent increase in default

risk. Lower interest rates have indeed accompanied higher LBO activity, although there may
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Figure 4: This figure portrays the debt (face value), default probabilities, spreads and loss upon defaults of
the optimal sponsor/backed unit arrangement (blue), the sponsor alone (red), the backed unit (green) and
compares their figures with those of equivalent stand-alone units (in grey and yellow, respectively). Spreads
are annualized, the default probabilities are the probabilities that debtholders are not repaid in full when
the cash flows are realized at T' = 5 years.

be other factors behind such association (Ivashina, 2022) beyond the demand-side factors
we stress. As for the default risk, the one of Ba issuers doubles after being acquired by a
private equity firm while that of B issuers rises by 75% (Moody’s, 2006). When adding other
controls in a regression analysis, the ratio of sponsored to non-sponsored default, 3 years

after the acquisition, is about 1.22 to 1.30 but depends on the industries the firms belong to.
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6. Concluding Remarks

This paper studies the heterogeneous sensitivity of optimal corporate debt to interest
rates, in a tax-bankruptcy trade-off model, highlighting the role of sponsored debt.

In our model,companies optimally decrease leverage when interest rates drop, because
the tax shield of debt become less valuable relative to expected default costs. However,
the presence of a sponsor mitigates the increase in default costs in the backed company -
arising from the reduction of the tax shield. This way optimal debt in the backed company
increases when the level of interest rates fall. This is the first corporate finance theory,
to our knowledge, that explains increased demand for debt in response to a lower level of
interest rates, complementing existing explanations that stress supply considerations - such
as investors’ search for yield and time-inconsistent monetary policy.

The spread of the backed company in our model exceeds the one of its stand-alone
equivalent, due to its higher leverage and default probability. The model implications are
thus broadly consistent with the observed disproportionate increase in borrowing by firms
with higher spreads and lower credit ratings, both in the EU and in the US.

Our model also suggests that the share of private equity funds (parent companies) pro-
viding support should decrease (increase) in the level of the interest rates. In other words,
the model predicts that more assets will be sold out to private equity funds when interest
rates fall beyond a certain threshold, which depends on the tax-bankruptcy parameters.

The implications of our model concerning optimal leverage and spreads are broadly con-
sistent with the observed concentration of leverage increases among high-risk companies in
the years of falling interest rates. The model also indicates that bankruptcy rates prediction,
in different interest rates scenario, flip sign depending on the presence and the characteristics
of a bankruptcy-remote sponsor.

Our model supports the financial stability concerns arising from the increasing leverage
of riskier entities, that appeared in association with lower interest rates. In fact, backed
companies in our model display higher default probabilities and default costs in comparison
to stand-alone counterparts. This conclusion is however conditional on the companies having
the same cash-flow distribution and the same horizon, as in our set up, while it is often the

case that highly leveraged ones have shorter horizons and operate in defensive industries.
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Furthermore, bankruptcy-remote sponsors hardly ever default contrary to their stand-alone
counterparts. Last but not least, the default probability of sponsored entities increases in
those interest rates scenarios when the one of stand-alone activities falls. This suggests that
heterogeneous company types smooth variation across interest rate scenarios of aggregate
defaults. A thorough assessment of financial stability in alternative interest rate scenarios

therefore deserves a much closer scrutiny.
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7. Appendix

7.1. Definition of the h(-) and k(-) functions

The function h(Xp) defines the set of states of the world in which the sponsor has enough
funds to intervene and save its affiliate from default while at the same time remaining solvent.
The rescue happens if the cash flows of the sponsor Xg are enough to cover both its own
debt obligations and the remaining part of those of the subsidiary. The function h(Xp),

which defines the level of parent cash flows above which the rescue occurs, is defined as:

h(Xg) = Xé+ {2 - 22 Xp < X%,
5) =
X2+ X4 — Xp Xp > XZ.

Similarly, the function k(Xg) describes the level of dividends required to rescue the

sponsor from default. It is defined as

d . Fs=X Z
e — 4 BT Xs < X§,
Fs—1sXZ—(1-79)X
X+ =i s Xs > X4,

When X5 < X7 (Xs < XZ) the cash flow Xp (X5) of the subsidiary does not give rise to

any tax payment, as it is below the tax shield generated in that unit.

7.2. Proof of Lemma 1
The derivatives of the expected discounted values of taxes and default costs are respec-

tively (we suppress dependence on F; and the subscript ¢ for notational convenience):

O _ T 09X pix7yer

dg ¢ do
oc Xt . C
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Recalling that X, = F — D, X? = F + =D, indeed we have: % = —%? and
oX? _ v 9D
dp — 17 do"

Hence, we need to focus on the derivative of market debt value with respect to ¢, for

fixed F' (dependence of D on F' is suppressed for notational convenience):

oD D dx? dx¢ dx”
% = 9 + ¢ {(1 —a) i XZf(XH+(1—a—71) {def(xd) — d—¢XZf(XZ) +
dx1
- wa(xd)} :
D 9D
0 = Dot - XX - o1 - a - ) X (X
— ol - NXEFX) 4o T px)|.

The derivative of D is positive if the term multiplying it is positive. Rearranging it:

T T

XX = (1 —a—1)X7f(X7) + ¢F

L+ orXPf(X7) 4 0F = f(X?) = 6(1 = a = 1) 7= (F + -——D)f(X) > 0.

1 + ¢(1—a)X?f(X?) —o(1 —a—T)l

-7 1—71

T

U erXZ I o R X a1 - 0 (115 ) DAX( - a7

- T

The first two terms are positive. We need to look at whether the (algebraic) sum of the

last two terms is non-negative:

T

o(a+ 7')F1

-7 -7

P = ot —a=7) (1 >2Df(Xd)20-

Since ' > D as soon as ¢ < 1, it follows that the above inequality is satisfied if

T

a+72(1—a—7)1
-7

a+T—ar—1">T—ar—71°

a+T12>T,

which is always true. Hence the market value of debt is increasing in ¢ for fixed F. As a

consequence,we have that Z—g > 0 and % > (0, which proves the lemma.
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7.3. Proof of Proposition 1

When proving Lemma 1, we proved that ‘Z—g > (0 for fixed F'. We want to prove now that

the equity value is increasing in ¢ as well, for fixed F':

OE  E ) CEUURR:) CRS B
T = Se| Tt 4 P x| -
FE 0X4 T FE 0X¢4 T T
= gﬁ—ﬂswf(Xd) |:TXd—1_ D:|:g+¢wf<Xd> [TF+T1—TD_1—TD =
_ g ¢ad—)$f(Xd) [rF —7D] > 0

This implies that the value of the firm, which is the sum of D and F, is increasing in ¢

(decreasing in the interest rate) for any F' and, a fortiori, at the optimum.

Finally, notice that, since % = —Z—i and ‘%sd = I%T‘?i—i, it follows that
|3XZ|>’8Xd’ 1> T
do do 1—7
. - 1
e T < —.
2

7.4. Proof of Proposition 2

Following Nicodano and Regis (2019), a sufficient condition for the sponsor to be zero-

leverage is:

. . xZBx Bx X
Ts(1 — 75)G(0)(1 — G(0)) < / A g (x Fsi @ > dx —i—/ i xg (x,Xg’f* — x) dx
0

OéB[l—TSG<O>] ’1—7'3 1—7'3 xZ:B*

The right hand side of the above inequality is increasing in ¢, because its derivative relative

to ¢ is

0X§4(F54)
dep

Hence, for fixed 75, ap and G(0) the condition is more likely to be satisfied the higher is ¢,

XgAg(XgA> >0

i.e. the lower the interest rate.
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